Homework 9

Analysis
Due: April 09. 2018

1. H T is a contraction mapping lor ¢ < 1, show that we can estimate the distance ol the fixed point .~
from the initial point xg of the fixed point iteration by

1
d(z®,xo} = ——d(x1, z0).
l1-¢
2. Using the contraction mapping theorem, show that the following differential equation has a unique

solution

dx 1 2
= =1 (1 + sin*(x)}

3. The following integral equation for f: [—ae,a| — R arises in a model of the motion of gas particles on
a line:

1 7/ 1
f($)=1+;f_umf(y)dh

for —a € £ < a. Prove that this equation has a unique bounded, continuous solution for every
0 < a < co. Prove that the solution is nonnegative. What can you say if @ = co?
4. Logistic Equation: The logistic map 1: [0,1] — [0, 1] is defined by
Tpgr = Ty = ra, (1 = x,),
where r > 0.

(a) Show that for 0 < r < 1 there is a single fixed point 2* for this problem. Prove that if 0 < r < 1
then for all ¢ € [0,1]
lim T"zxg = z".
oo
(L) For what values of r will there be exactly two fixed points for this problem. For what range of r
will at least one of these fixed points be stable.

{c) A period two orbit is a point z* satisfying 7%z = x*. For what ranges of r will there exist period
two orbits. For what ranges of r will there exist a stable peried two orbit?
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Home work H9

3,

Is T isa Contraction Mqrrin7 For c< |, Show +hat we

COn estimate the distance 5 € the Fixed point X* From +1,
wikial Fol‘n-i' X, o the Pixed point ‘Heration b/

d (X*.l x')s —l:"z-d (X\)Xo)‘
Sblb-": Dn:

B/ Co-n«}—:nu'-‘\'/ (R ¥ol|ows +hat'
»* — I
a(x* %)= L d(x., %)

= 1 fd (%, x,)+d [%,,%)]

= LA (Te), Tex) £, %]
= oL edt, %)+ dix, x,5]
S e ld b, x) + d(xxa)rd (e, ).
ndocrively T+ Sllows +hat

R BN [CHBIIER IS

=_1 W Ko ) s
A%, Xx,)

C.on\\-lnu}n



2.

Us:a +he contraction ’W\araPin theorem, Show +that +he
%l\ow-n?. diEferentral equation has a Unigue Solution.

dx — .+ NG
E.a_;_ L (1+s532*(x)
X(0)=|

Sb|u+iat\_:

The & bove cc,ua’rfm s c«:‘ui\mlenr to the -F;Ilow‘m?, in+c7,r~ql
efbua—!-\non:

X(#)= |+ -L'T-Sfms'.ﬂULs)))ds. (k)

Dedme T C(EO,H)-?C‘((_EO. £1) b,
T(x)=\ *—-J;Sb (\ tSntxee)))dls,

CDkSeﬁvan-';, Sbly{-}pns +» OQ-) COW‘CSfDMJ +2 -?.)(gd Fo:V\‘l“S of T.-
or  0<£<) i+ Lollows has

T (x)) ~Tly ()| = 'LH Sf[s'm"( X(s)) - 5'-—~1[yls\)]d$‘
.-S_-j-r-go"'\ Sin (XY= Siatpesy) ds,

m~ T Bllows gt

¥y lsy)| < Z1os (51l | xts)- w5y
Therefore <2 '\X(a)-)/(s)\.

TN -Tty vy < L Sj'z\x(s\—y(s)\ s

= Sj\\Y\- 7Aoads
= L eyl S:_o\s
< 'lf.\\X'ynw
%l\TK-Ty‘\Ui\\x—yn,ou | |
Thff*ﬂ %fm, b] +he  contraction w\aPP}nr Freorewn | has a
Lnigue  Riyed prat  XiEf(ToT),



We can Use +he Same clrgoment + Show the existence of

a I)Vt'.?vc Solution owv +he Taterval 2] for +he ‘p"“'-"w;")’
di $erpm +ial € vation .

dy _ 1L S
{ 2%— =y 1+$n lX))’
X()= X¥)

ontinvi., indvstivel, Fves @ unigue solutin, on all 5 £ R,
4

The S hwtng tnte ‘ .
Wodel o :k) +,Y’n| eguation Sor 4. [—a,q]__}\R ar

¢ motion of gas Faﬂ-t‘ClcS oh a |line'! ] nad
F(x)=| +L09_) |
11—-51 s $Hy)dy,

'?w ~AS X34, Proy, +Hrat
§°n+:nvous Solvdion
13 VHWIV\C’A-HVC;

Solv-l-\'w\:
Vefine To' ([, 4 )= E( 4,47

o his €quation hag g uni1uc boumted,
e r ever, o<a<oo.?r~ovc thet +he solutian
at Can va Sa)r e a-'-—-ﬁ@?

)b
Ta (Sx))= 1+ 1¢% 4
There g, N S" Wg’)‘y'

I Ta (5 00)- =
a () Talg )= S_:W(J}()’)'ﬂ/»"l/
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a $wed point $%¢ E(ta,47)
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Now, le+ L5 devort Fhe wiwimon valve of $¥ and gstume Br
Contradic+ion that -9:40._1",,;”, there exists c€ [-¢ gl Such +hat

ST S
‘g‘m l+TTS_a\+lC-7)’_¥(7H7_

>\4__'_Sa ' $*d
Wi, \xle»)* " 4
Rl B LA nep gt S vy
l TS_% \Hc_y)z%—d//

Where He las+ ‘m&jwli*/ Ffellows Fron
Conu1uc».*|;5

%
A g
= 0.
}ﬁ QA CDnWﬂd?CHP’\ ah(ol %PS 4‘:’01

r’-“‘“y. i+ 0= we do pos
"'l\{ (Dnhﬁ({-ion hGPFin}, <H\('vrfn.. Ap

the aSSuerm that 'Ff‘o-

TL\'\ 9

?H' QA SHret Contvection anid Fhos
3

etk afpl),.
H

F Logisic Equartion

7
The \b?,?sh‘c wap TILOTo06,1] s defined b/

o =TEA =V R (1),
Whtre v30.

0.} Show - +hat Yor 0<r<l Yhere 35 Q Siesle Fiyed pornt K for +hs
problem. Prove that 1 0<v<! +hen For gll X, eTo I1:
YnTr=x
SD\U-\-\ ovn:
A $ixed potat satis$ies
X¥= x5
Whiey, :\nPhCﬁ
X*=0 or \=r(i-x*)

The sccond Fixred Pp‘u\"‘ exists Ya [p,\] if and enly if r>l1,



Fur-‘r)\"m.,u/ 1F r<] i+ Hllows +hat
| Tx~2|=lrx-x)] < IX(1-x)] < x| = | x-51,
CDnSt?uth]J T o Hlrball, 'c:on+mc+in) +o O,

b) For what valves of © Will +hepe be eXactHy two $ixed

svo'm)rs For this problem. For what range 26 r will at
east gne oF +we Fined Fo’-n+$ be Stable.

4

ib[U'l‘: oin s

T"' 'S:fu"‘“/5 "FTOIM +\e larcv.“ws CA‘CUfaﬁ‘on +hat+ e Y"‘?f
“r\ncrc qre +woe -P':xul FPiM—S. Le+

Flx\=rx(l-x).
Calcolating 1+ Ballows Hoat
$)= r(p-2x)
=>3$0l=r and '—S'(l*—r‘-):- I-r.
Cb\f\sc%uen-l")// O 5 Sywble ¥+ oO<r<l| and l"’J\;: 'S Staple
1§ \er<s,

C) A Pcm‘od Two orbi+ s a poink XF S‘ac+‘tsf7.1.) Tlx"-:)(*f For
What Tames of Wil there epist Ferrwl +wo orbits. For
What T’qy\?(,s oF © Wil +here exist q Stable Ptr":atl +we orkH‘?

Solution !
A peried twe orbib sasisdics |
X = T(TEN =509,
Where G(x) s deBined by

SEA=T(rx (1)) =r e 0-x1](1- Trixex))

=2 (X)=- Y‘-sxw-klr‘xa— (r’“-l-rl)Xz-'kra')( |
T-h‘”‘l we need to Liad rootrs of the e?uaﬁvm'
Pt 2r s (e ) XE rix X =0
= XCl-r+rx) (| +r-eX=rX+rx)=06



Conse 3um+ly, the non-+rivial Fcriod +we arbid s given lo),‘

Xe== L +r (,l+r3(r-i)—
2.
which existS o >3, S+abl|i17 s a mesS. Hewever

S'Cx)= T Tx) ’
= SIR=TIX) T
=4 42p-r"
=5 (x5l = | w - 2r-r]=< |
=> Jer<|+E.
That s, +he P"‘\"A +wo orbit s Stable VF

1<r< |+ E
]



