Quiz 9

Analysis
April 9, 2018

This is a group assignment. You are encouraged to work together. You can use the board and talk to
each other. However, you cannot use the Internet! Jessi is a fantastic resource. Feel free to ask her questions
or ask for hints. The point of this assignment is learn how to construct smooth functions with compact
support. This will constitute your lecture on this topic.
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1. Counsider the following function:

0, z=0
e Show that ¢ is continuous at z = 0.
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e Show that ¢’ exists and ¢'(0) = 0.
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e Prove that for all k € N and = # 0,
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0, rz=0’

where py, is a polynomial. This proves that ¢ is a smooth function.
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e Sketch a graph of ¢(x).

» Find the Taylor series for @(x) about = = 0. How does this result not contradict the fact that ¢
is smooth?
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2. A smooath bump function with compact support on [a, 8] is a smooth function satisfying:

0, z<a
f(z)=<€e(0,1), a<z<b.
Or Izb

Sliow that a smooth bump function can be constructed by appropriately modifying the following

function:
=1f{z=alir-b)

pl)=c

Sketch a graph of your smooth hnnp function.
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3. Sometimes a refinement of the construction of a smooth bump function is required. Let 0 < r < R.
Construct a C* function ¥ satisfying:

1, if |z] < r
P(z)=<e0,1, ifr<|z|j<R.
0, if R < |z|

Hint: Let
() {e‘l/(“’)e'l/(n‘”, ifr<z<RnR
inlz) = 5

0, otherwise

R R =L
wg(sr)-—(f wl(t)dr) (f w:(t)dt) .

Finally, define ¥(z) = th=(|z).

Let
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4. Let  be a smooth bump function on [a, b} as constructed in problem #2. Define,

b - T
O(x) = (f w(t) dt) [_ wit)dt.

Sketch a graph of ®(x). Show that ¢ is simooth.
F.

5. In many applications, one wants to construct a smooth transition layer of width o between to
states ¢ and d. This is a function y € C™ satisfying:

[+ fr<a~a
x(z}={€elcd ife-a<zr<a+a.
d fr>2a+a

Find and sketch the graph of such a function. Hint: Use the function ¢ from the proceeding problem.
Let
Key=-c)B(x)+¢

Where E 1S Chejen as abeve with Y-g=20 gnd a=a—«.






