
MST 750
Homework #2

Due Date; jauuarv 21. 2022

- Consider the di fici-ent ial equal urn

= (Z(t)X + g(t).
x(t) = a’9.

(a) Show by direct substitution that

x(t) = x9A( t to) + f A(t. .s)g(.9)cts.

:s a solution \vl ierc

= CXI) (f’ 0(8)4.9).
(h) Suppose a C is a coustant mid g is a coat muons. iic)’it egat ive periodic function with

period one. i.e. g(f + 1) = g( t ) Find conditions on a and J such that rU) is a periodic
solut ion

2. For the following tli iferent ial equations, sketch a phase port i-a it and determine I lie explicit
lorm of any periodic orbits. Be sure to sketch the nnllcliiies, the overall direct ion of the
flow iu each region separated by the nuliclmnes. the location of any fixed points. and enough
trajectories to lutist rate the qnalitative behavior of the flow. Feel free to use lat lienatica to
check your sketch. To determine the location of any periodic orbits, converting the system to
polar coordinates i r- cos() p = r sin(d) could be nseful.

1± =
— .2)

(a)
.

= —.r(w — .c)

= —yt .r(l — .c’
—
y2)

I
= , q(1 —

—
y2)

1± .r(10 —
— y2)

= —

— y-)

3. Consider the following system of differential equations:

fi’ =x+3y2

(a) Calculate any fixed points and sketch a phase portrait for this system.
(h) Show that this system is conservative. ic. there exists a function E(x, p) such that E

is constant along solution trajectories. Hint: If E is is conserved then along solution
curves we must have t hat

(I . liE cix liE dq0 = —E(a’(t).y(t)) = -——— +dl dl cit Op (It

(c) A homoclinic orbit is a solution that connects a fixed point to itself. Using the fact that
E is constant. determnine an expl:ca formula for am- honmoclirnc orbits in this system.

1. Consider tIte fohowing system of differential equations in polar coordinates:

=0
O = (r — 1)(r2 (.()52(O) + r sin(O) + 1)
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(a) Sketch a phase portrait for this system.

(b) Determine if this system is conservative and find a conserved quantity.

(c) Show that the period of any pertodic orbit is given by:

T(ro) / (r
—

I)fr cos2(O) + r0 sin(O) +
dO.

where , is the initial ranial coordinate. i.e. r(O) =
(d) Show that in a neighborhood of the origin:

T(0) 2 — ar + o(rg).

for some constant a 0 Note, given a function g : R such that g(1)/,1k p

when .r —, 0. w-e write gr) 0(,1L ) Hint: Think about Taylor expanding or using the
geometric series assuming r < 1.

5. pg. 6-1. # 8.

6. pg. 6-1. # 10.
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