MST 750
Homework #3"#5

Due Date: February 28, 2022

1. pg. 97, #1.
2. pg. 97, #3.
3. Let I be a closed and bounded interval in R containing 0.
(a) Let Y C C°%I;R) be the space of Lipschitz continuous functions with Lipschitz constant

L > 0. Show that Y is a Banach space with respect to the norm || f|. = sup;;{| ()}
(b) Let Z C Y be defined by Z = {f € ¥ : f(0) = 0}. Show that the mapping [lz:Z—=R

defined b
e 50
[fllz=sup {—IT}

tef\{o}
defines a norm on Z,
(c) Prove for all f,g € Z that |f — g|lz < L.
(d) Prove that Z with respect to the norm || - ||z is a Banach space.

4. In this problem you will need the following definition. A map 7 : X — Y between two Banach
spaces with norms || - [ix and [ - ||y is continuous if for all z, € X satisfying z,, — z*, i.e.
limg o0 [ — 27 ||x =0, it follows that T(z,) — T(z), i-e. lim,_e0 [T{z,) — T(z)||ly = 0.

(a) If X is Banach space prove for all f,g € X that ||| f|| — lelll < 11f - gl

(b) If X is Banach space prove that the norm on X is continuous when viewed as a map from
X to R. That is, prove that the map T : X ~ R defined by T(f) = ||f|| is continuous.

(c}) If X, Y are Banach spaces with the norms || - |x and || - ||y prove that the product space
X x Y with the norm (f,g) = ||f|[x + lig|ly is a Banach space.

(d) I X is a Banach space prove that the transformation T : X x X — X defined by
T(f,g) = f+ g is a continuous map from X x X into X.

(e) If X a Banach space prove that the map T': X x R — X defined by T(f.a} = af is
continuous.

5. Let T: X v X be a transformation of a Banach space X such that 7™ is a contraction for
some 7 € N. Show that:

(a) T has a unique fixed point zg € X, i.e. there exists a unique zg € X such that T(xp) = zy.

(b) For each z € X the sequence T"(z) converges to zp when n — co.
6. pg. 98, #4.
7. pg. 99, #7. There is a typo in the book. The first guess should be ug(t) = a.
8. Consider the following first order system.
& =2t - 2v/max{0, 2},
z(0) = 0.

Apply Picard iteration with the initial guess zg = 0. Explicitly find the pattern for the
iterations. Do the iterations converge?






() _ﬁumw__# B

| 35

T

a_dns;d_and_hmukd_mmﬁl_mm,/_ﬂ N
L C(L}_LL_'I'_L C thkz Lankinvors foncitiens

_uLuﬂu_LLpﬁxh_ti_mjm:t_l._aL_Eh wthet L. 0s @

Wit respect 4o the ol ”
S B T S
L)} Ver Z<Y b 4 LJ—'MLIL;;Z—M’-‘- iHoy=p3. Show
- the m_-n%mmz_&@m b
NH\z = N
| A€ Jiet. 7 |
_._dLﬁaﬁs_a_hum_en_E.i I
- L) Provtt far all -&71 EZ that .
e

(

Bﬁna ch soatc

fﬂl_l Erzm;tbﬂi wths_ﬂjy_t_ﬁ"_m _horu_lUlz_lts_ﬁ__

" B (,ELE Lﬂ_n_'i’ha.d' C’CE JR)_H- 4 Banat l-_\_ﬁ_P;iﬁ_W 4;-._

respect 1 lillpe _'WJ Just mecd 4o Shew/ that ie

;_4&,,_61_3_{,_«&7 thad i¥ Convinges b a Pr—-ﬂr 1
Y. T LT T Cavihy twon daere eRistSs £E:¢H,_‘ﬁ)

*-
i I _Sveh 'l"_hﬂr‘}_'&'n"" +« Forthirnerd,

- = =12 = L) =5, 1,31_

=2 le:;*_l
_and twes £reX, “

ﬂl\ T. B _J_u:‘l"_ }_*n_l_eng n+_tk_g_ﬂm-7l¢_m« A _

._..k M

*_iuuj. he e propeedicy are. obviess, For -5:,? E;,Z_ L IS
J\\ows that

il a f\m% Lﬂ@?‘@}_ - -

po—_— - —— —




=>|15-5la f;iﬁﬁﬁl—ﬂ%g—@# O

< 59713 r ) & o i
teso) U |41 5*:—1:\‘- 403 ":lﬂ 3
s [_E) I_'Sr_ ‘F‘jﬁ.l?_z hen )
| NE-IN=s5ep  ( EIIRCYZD)
ﬁ]i_.._#f\f‘% e /

(.DD LL*_L_EZ_hL_CE -Mi.h: -..;_ [hﬂc&hﬂd_-&r_dﬂ_tiiﬂ_( y
i+ -F‘ue.vj_.d..m.mﬁiﬂ i

o il T L

= | 1)~ () L= Ne—pilla 1], :

e Lonicquerly, falt) D Cowchy as segutms o€ peal

“PMM%MLML

o = =0
' ‘i‘:ﬂ:hi 7 ;" y Y -
Li—dale), £ 0. ti3

Morcover, .Ain.u,_-En_ﬁ_Ca-f,;kyL e a\l 970 Hur exisrs

N & MQMLLHI;_?H:& Vi

R

8| = |La-fnl<f (£70).
| 4

Tak: N A S A 29 80 Nl Db B ()
a L t _—




W 'F_Lnn_l.\y need -4 preve +hat :FF s L.,;"jx schid &
U Lomtnvpus. E J_bn-t'-.ﬂ.v_?et; ot | '_11 t_Follows Puut
| $5C ) ~ £ 0= | S0 e ) =S = L -\,

B h=> %
L LTE X 15 o Banagn spate prove for all &,}E‘X: t+hat
| ==L £l

LB Prove pher TULR ddekind by TIE)=NA] T5 Lomtinvens.
| (L_) Fr.o_y.u Yoottt Pr_-'lﬂi- $paic LxT it Hae
1] Nateen) pote s 6 Banack 3pece.
il (d) Frove #rar the !up_T_'I. XAXAX detad Ey
TC‘Y“,Z)-"—'-{: Ny lenrnvevd.
LL) Provl a3y’ tme Gt T\ TxR—>X_detind fy

TL’E,Q): a{; I's ﬁnnj’:ﬂvﬂwi..... i

:4 . (=) Flor {:, EX iy fellows duar
1 .‘H‘.ﬂ’-"—ll;f?". : .IIQLE}IIHI;,M
1 Al""ﬂlﬂ}"ﬂ?ﬂﬁ I+ 71.1.. .

50,
=]y =-£a1l < e IR
= [ly = llEl= 1 4-00)
[ Thotowe, \
| NENE LEDIE B BIRPUES EIVETEZN
i 1}71. SPL}&M Fa=75. Thirebore, :
i LT = Tes) =N - s | 2 - 1)
'ﬂnil Fhd T&*) "’TL."")
(). S P pasce., ('&,Fs\ ("X,I s Caven, wivh _vespelt +o
Il the nore ULE =Nz elipily. Thirehye, -En,}.ﬁ
art Gav oy \n x’LY: and. s Heere cgi5ts “?‘;7
Soth that T ,‘ i ..?*'. Mo.reover,
A AL ban 57, 9,900 = Lo Ui =2 N5l ) =00,

n-yne nyoe




(fr) gun?gﬂg l_qn,&IMnhX ‘]:h.ﬂ_it.-_'i:nﬂ

TG, £33 - TLa% O = ) anf-a")

=g fa—aa s\ H a5

Naw, sintc (a,fa)-2(0", §7) 15 fulbws dout

s _,L__lﬁd_lﬂ!m Sad\ o e MGt ) OB e ol
. dnd  Yaus G D Iavnded Thepedort, Yhunc exirs M0 Sudh
o 4§ ean i 4Cl

0T Lany £)=TL% £ % MOS80 4 100 1AM

. = mxi.ﬂll&_llm%inﬂ-_ﬁl__

Lo Tley £)-TG#MN=06,

5 _ hdes : n

N

fe i XA by 8 Sranihovibatin ab

| Sedl " &M, _thay

| ()T has g v W_E-;;Lm[..pgind:;_.

|I W!'Iﬂn h"*ﬁo.

lu‘n.

Sy i | wiﬁ £

D

o

;mL_m_uy_zﬁz_bf S =T74x),




lkmioﬁc,_{MlL%_ﬂN_d_-Luwﬁ_ﬂm
T =SB T (x) =T™e $17(x)

; WLHL4LL/mMLLL&SM _Cam_qmr_y,,_fw_a,he_ﬂ\l_

L Satiy

| ? umnslls_(LLn_S_(T"'(x,nn

4-‘?(:_115" T (T - T3 1

o | =) =S T o ST )
, | e e A ST TN —h

<Pty res )M

4£.‘IP ™

| \ALELM_H—M%__{I\S[T xN~-T '(ﬁpﬁ\[_,_'[hj_ﬁﬂ?_ym_l_u%g
_ani_ﬂus_tbit._nwﬁ_wuu L X=X

Ny

. . Nlhz} ]l:. ﬁmhm._\:f_ ok S5 ld'_'EbuEth_'thﬁ""
( I = ST

| Ny

L S (Xporm) o

=56

I u

"_-,U;_a_; L;hx____u a_ - _;_164_?;].-:-}- od S ald b_um_gm._}_m_

5 15 ﬂﬂnﬂ:«&ﬁm@’"

4 Lo TS = MjfLo_lL L TIXN)=TLE)

n—)m

“ha

Tn Show Uﬁqqﬂﬂﬂi v Plpﬂi _hd.ﬂn_._x‘,?ﬁ_ﬁiﬁ_é _I(_J_-'il‘!@_

] ﬂhd,_T_{ﬂ)ﬁ!allﬂu’_&L,— e e —
I  Xa )| = N T ) “TL)N= 1T L) ~T"Ca}ll < c.\].m—y.,ﬂ_

. _ ﬂml_ﬂjnsufmry_zqé i — — =
0 | . i R




¢ T&)=§:n(2wx)+>\(:_ :

2% l+{x-:rl

¥
= JarlX =X, LAl Sl X,

_ﬂq.d_:lzhub_T_-F_b_Lsz_mﬂﬂmM-

(b) For :E,? -1- :QDJ]M..M

IT-F—MJ;L;QJ, _131 l 5 l

l-rix ;( = i

5;}.15 | £) 5 00)] a‘,
b (g =)

‘1)\HI-Fﬁtﬂn..H—nn'“*ﬂ-l-*-l—a:“ X))

= XUl AN D) e

IOV A Q

T'In: r;;[:m;,_d',l)ﬂ_/_lr Ahis map Is @ doatrschide.




Fotahiomont J i+ F= dnd },30 i+ Fllows Hhat
TE0-Trool=(' 1 d,
Li_] r&;ﬂg :
i =D (s Lt R ke (1)
%llT-P-'E;_Uga '-:L}J'TVL; . .
L whigh Wil nee be a condractin~ if l}x.l.?fﬁl’

Cons:der the (3;]2.£.~
X=X
1] xlh)=a. -
L Use_Picurd 4erarions and Show ¥har the iderarions Convirpc
L oto 4he Ta)(hr Senies.
s
| The exac+ Solotvon Satisfics

1 .x dx =z
-

A =yl 4| =%
| Zx:  2q%
= \ . -x=1_
la* 2x*
==.o_2g|f__ =2
‘-"zﬂzx.'_ﬁ__.. V.
Lo x= | g% =q"(\-2a%)
| Jl-24°4 |
= x = all+ac+att + st

i USI n}, F?carJ Therations we _have
Xe =0 _ . .
X,= A+ X dt=at+a’s =all+a’t)
X, = +S: AllEag)dt .
=a4+ 2?0 rdat 43 e 4o ) At

= all+a’s+ %0l va4’ +aVa £ . ]



A B T T B Ta
N e e

T W e ¥

R ST T WMV Sl R ol B el JER i, il

" ]
i B
4 5,

+ I'.-‘.*‘&I;rﬂ .- e

iy = d
& F S $ r s ah ] gt
v & . o , Wt By T : S,
; w. 1 e X
H ﬁl’ RGN




