MTH 357/657
Homework #10

Due Date: April 14, 2023

1 Covariance

1. The joint probability distribution p(z,y) of random random variables X and Y satisfies

1 1 1
p(0,0) = ﬁ: p(l,O) - 61 p(2,0) - ﬂ)

1 1 1
p(O, 1) = '47 p(l,l) = Zr p(2v1) = =

40’
0,2) = =, p(1,2) = =
p b _8,p ) “201
1

p(0,3) = 120"
Find Cov(X,Y).
@If the joint probability density of X and Y is given by

1@2z+y) for0<z<1,0<y<2
0 elsewhere

flz,y) = {

find Cov(X,Y).

Suppose X,Y are discrete random variables with joint probability distribution p(z,y) satisfy-
ing p(—1,1) = 1/4, p(0,0) = 1/6, p(1,0) = 1/12, p(1,1) = 1/2 and is zero for all other values.
Show that

(a) Cov(X,Y)=0
{b) The two random variables are not independent.
Suppose the probability density of X is given by
1+2 -1<z<0
fz)=¢1-2 O0<z<1
— elsewhere
and U = X and V = X2, Show that

(a) Cov(U,V)=0
(b} U and V are dependent.



5. If X1, X2, X3 are independent and have the means 4, 9, and 3 and the variances 3,7, and 5,
find the mean and the variance of

(a) Y =2X, - 3X,+4X,,
(b) Z=X; +2X5 — Xs.

f the joint probability density of X and Y is given by

1
_Jale+y) for0<xr<l,0<y<2
Pl y) {0 elsewhere

find the variance of W = 3X + 4Y — 5.

A quarter is bent so that probabilities of heads and tails are .40 and .60. If is tossed twice,
what is the covariance of Z, the number of heads obtained on the first toss, and W the total
number of heads obtained in the two tosses of the coin?

&'E[‘he inside diameter of a cylindrical tube is a random variable with a mean of 3 inches and a

tandard deviation of .02 inch, the thickness of the tube is a random variable with a mean of
-3 inch and a standard deviation of .005 inch, and the two random variables are independent.
Find the mean and the standard deviation of the outside diameter of the tube.

2 Conditional Expectation

1. With reference to problem #1 from the “Covariance” section, find the conditional mean and
the conditional variance of X given Y = 1.

2. With reference to problem #2 from the “Covariance” section, find the conditional mean and
the conditional variance of Y given X = 1/4.



i i ‘»._H.n.mmat._tm.__.v_..f

—_— e ——

| 42
1 I,E_tLL_p_M_PDJ:Lb,l ity Atn.i.d;r of X and I 13 ;g_mg lyr :
I | i y()s,;rl-'é-r U-Xfr) 0<x<|, o<y<22

/| 0 , elsewhewe N

Il P:AA_CO_L(.I,E-\‘ it

| Soliotten: -

1 C_ﬁ_lcvlm?,., m. have that
E— :EDLI-.L? ﬂ_)!,z)_d,g&

=% 'l2)<1+ 3x7)], dx
-'Lgf 4x*+ ZXM)L

I "'("'/nu-x pIN

H(%+1)
—/‘r( 5)

-E [Il:tSJ (2xy+y° )A{dzs__ ;
=) (x 5

‘tiy’

—. -

Cixt %

e
"E(u’“r%x}L
. | *t(.l-i-%)

H i\ l\l

I 4/,

=7

- - ELxT1= 355,080 g
o NG R RSS2, S

| “‘LS,‘LIx 5 %x)dx o
_-T;S‘L% + %L




_-I-hiu_gl:u-c ) e SCIPLP S |

!
|
"73-*/71. N Il
e =Y S Il
==V Gt . I

SV??IK_‘X?Z_RIL_AJ(r{‘t{_I‘ME !"-ﬁ_ull_ﬂnb\."m I'("i |~ —
2¢re Gue all oanmLithmu n .

() Q‘:L(.X,ZEQ 'ﬁ_ —
Jb)_X.,Z_u'r_m_ognAqmmﬁ ) I
]
Jﬂmfwf |
- EIX) =) Ve e A Vo= Yo Sat Y= s |
_E{ﬂ"l Yot 1Yy = % . Er_
CEXYI=- Ve Vo= Y | —
 Theechors, Cov(XT)sYe-Vs-%e=0p 0 -
LhLFLufu ='h=P(x=\, T=1), Howeoer | B

. PX=)=YatVo=Z0
P(X=N)=Ys+th="4 I

Th ercfe re, - _ _,T:,
J;-lz;-xﬁmumr:n) . I |




|,
S pPest He P.r_obab_ld;r of X 0 }.\vm by
pOR)= [+X_ -I<xs0
=X 0<x<]
| 0  ¢lsewheee
L ond UzT and V=X Shew +hat
| (.It) Cov (‘U,'V_) =0
U (b)) T and sV aex d:;z;m[mf.

Solvl-‘»gn:
| (). Simee BIXT=0 wer have that
Cov (U, ’\C)’*’CW(X' x*)

SEL x (g ECYT]

=X’ ]-ELXELX]]

=k X°|- BT ELX]

=EIxX*T.
Nov, $Tace plr) 5 tven 14+ Lollows Hhat )&p(x) s odd
and thes E x’l=0 prov: “ that Cov(UTV) =0,

(b). P 0<T<lhy 0= <= P 0<x <Y, 0<T* V)
ZP(6<K<he).

TL‘NA-rc., s U‘V are :_I.\_O!.‘F_Q!‘_l_‘.n'l" i+ Hllows 4hat
Plo<X<%)Plo<X<Vy)=Plo<X<):)
2 Plo<xi V) =1,
= P(_ A ‘<X’</z.)" (
= 25,"(1 X)Ax l
= 2 (x-4x)%=)
= | - Y4 =|

which 75 a contradichon.




6.
I the joinr probabiliy demsisy of K and X 05 g0wa by
P lxy)= Ej's [¥17) 0<x<\,0<y<2 I

D, elsewhere

‘F‘.,.J the variante of W= 31X +4¥-5.

Salutna,
Stuce B any rendem variakle Z. Gnd Constmt C,
COYLEI )= EH,Z"’/U;._)(,C-' C)] =0
we have +hat
Covlw W)z Cov 3T+, 3E+4T-5)
= Cov (3 4T, 13’4—*@
= Lov(X,X) + 24 Cor T B 516 (v (T, 7)

Now,

FLxI=S, 5 F ) dode
,Lg (l( ;+1Z;ﬁﬁ dx
S (2.)( +Z}‘)a|x
~/s(/:x+x“)\
=h (%)

=4
ELT]= 5.5, (xy+ 7*)dyax
S (rgr 5yl
=S (Yax't + ¥)dx
=% (x*+ %),
=% (1+%)
=",



il Lets com wit The mar;;m.l_dfw;_bz_zgz;_tm¢ R —
- fx)=2 5 i)

= < I -/3()“/'1;3_)! ll E
Il 20 thl)
| )_)_So_(.éi,ZZAL s
P = h(Exny ),
il “/3{'L + Y)
I Theeehin, :
_W.____ﬁm,ﬂ_.._ﬁw (2x>+2%") dx
; -"-/Lﬁ.x‘fﬁ/)’)l, .
7 —zé/l,lz_t/ /3)
ELY =S /; (('Lz.yztx )d,
1l _A_Lé; 'y y")’ o
1 ”/L/H»‘[') | |
=h0%) S
| = 3}1[ L -
__‘__,__E[Xﬂ S,S,_M&)dydx
— Tx +ij’)l dx o
o L -/5_(231 + Y%x)dx
N =% (% +%)
= o
= ;; "j/h
- Cbh."?jfﬁnﬂx] —
Coy /Il B/lLL

I mlE/ '”/y\ -/3\

o L Cov Y, X )= Yp- =27
L Theeehree, NS
L CvWw)= G Yo e 2t C A L 2= 505 s, m




¥
A Qvﬂ.rh.r_hjln+gj_th‘#i¥_#nhdﬂiﬁx ot~

&

+als are

20 gnd 60, TH 1+ Ts hussed twize, what TS e Cevariance
The Mombir of hesds obtaincd tn e st hss, Gad W 4y
 Wumber ol heads ohinaed h two tasses af Fhe Coin ,7

So‘ v¥ie Q_.-

Ty Vs tomdear b express the yaint distebetiza ia a tuable.

SR~ I

AR

| 124 .24

Lo 46

and  $hes

Erzi=.2t+l6=1
EE\\/] =.t¥+ 2'.16:. ]

El2wl=_ (21 +2.]6=,56,

T w‘);—- 96-32~,2%




