
NITH 225: Homewoik #

Due Date: February 23. 2024

1. Consider the linear transformation T R3 —* 1W3 given by

T(o:.o2. 03) (1o; + 03. 2o + 302 + 203.01 + -103).

(a; Let S = { (1.0.0). (0. 1.0). (00. 1) } be the standard basis of E3. Find 7T(S. S)j the niatux of
T with respect to S.

(h) Find the characteristic pobilonnai of T. Are all the roots in R?
(c) Find the eigetivalues of T.

) Find a basis for i he eigenspace of T corresponding to each eigenva]iie. \Vhat are their dimen—
5] oiis

(e) Find a basis L for that consists of eigetivectors of 1.
(f) Fi ml [T(B. B)], the matrix of T \v] t hi respect to B.
(g) Find the matrix P so that [T(B. B)1 = P’ [1(5. 5)]P

2. If B PAP—1, then prove B” = PA”P1 ft)r am Ii E Z.

3. Suppose that A and B are ii x a tnagonalizaole iiiat rices wit ii the same eigenspaces (out lint neces—
sari!; the same eigenvalues) Prove that AB = B.4.

4. Let {A A2 } he a set of distinct eigenvalnes of T.and let {v1 . - a } he a set of vectors
snch that v1 is an eigenvector corresponding to the eigenvaiue A1. Prove that {t’1 Vt) is a set
of linearly independent vectors.

5. Consider er. e2t nir Show that cacti (If these fnrictions in C (R. ) is an eienvector for the
differential ion operator. Here, C(?. ) denotes t lie set of mhinrelv diherentiable rnictions from 1W
to K.

6. Letfi=(uj o,)ER” and i=(vi,...u,)ER”. LetA=ditT

(a) Find the colnmns of A in terms of ü and .
(b) Show that A is a rank 1 matrix.

7. Give an example of a matrix A e . (K) such that im(A) = ker(A). Show that there does not
exist a matrix A e L5.3(R) snch that iio(A) = ker(A).

8. Let U’. d€C’. Hint: For this problem yOU might have to review the geometric interpre
tation of how vectors are added and subtracted.

(a) Prove that (B+ , B — B) = — IFtiI2.
(b) Prove that if ü and B have the sanTe norni, then £7 + fT is orthogonal to ü — U.
Cc) Prove that the diagonals of a rhonibtis are orthogonal to each other.
(d) Prove the foliow’ing

jU+ UV + IlU’— = 2 (iI2 + 11R12).
(e) Prove that the stim of tIme squares of the length of the four sides of a parallelogram is eqnal to

the snm of the squares of the length of the two diagonals.

9. If B ., U are nltttually orthogonal nonzero vectors, prove that the; must he linearly independent.
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