
I\ITH 22.5: Homework #9

Due Date: April 19. 2024

1. Consider t lie follo\villg cjuadratc form of real variables :i’ (‘i ..r2 .r):

(a) Express Q(i’) as ITAI for a symmetric matrix A.

(h ) Diagonalize Q (which is equivalent to diagotializing A) 1w finding flC\V variables .Jt- ff2 aii(l
4’3 (express each in terms of a- •2 and x3), so that there are constants a.b.c C R wilL

CC• .13) = oy + b4 + cy?.

2. Consider I lie following quadratic foirizi of real variables f = (xi x2):

Q(2) = Q(:ri.Jr2) = + •12 +8x.

(a) Express Q(i) as 1’Ai for a symmetric matrix A.

(h) Diaginialize Q and nse it to graph the ellipse

Sc2 + 4xy + 8y2 = 1.

3. For what valnes of a. b. c C IR is the the qnadratic form

q(x. y. z) = + org + + b.c + C?JZ +

nonnegative for all valnes of (at. y, z) C R3.

1. (a) Prove that if A E Al, n(C) is positive definite then clet( A) > 0.

(h) Prove that if A e Al,-. IC) is positive definite then Tr( A) > 0.

(c) Prove that if A c 412X,h) is Hermitian and satisfies Tr(A) > 0 and det(.4) > 0 then .4 is
positive ciefinite.

(o) Find a sv]nnietrie niatrix A C AL33(C) with positive deternnnaiir and positive trace that is
I ii)t )i)Si t iVe definite.

5. Show’ that A C Jun and AT C Mn ,, have the same characteristic polynomial.

6. Show that A € Af >-, and AT C AI have the same eigenvaliies. Find a connterexample to show
that they do nor necessarily have the same eigenvectors.

7. TIme refined GersImgoriim doinam is given Iw D = D4T fl D. Show that the eigenvalnes of A innst
lie in the refined Cershgorin domain.

8. Show that if A is Hermitian, strictly diagonally dominant and each diagonal entry is positive, then
.4 is positive defininite.

9. Find an invertible matrix A € i\I22(C) whose Cershgorin domain contains 0.



10. For each of the following matrices, (i) find the Cershgorin disks of A and AT, (ii) plot the refined
Gershgorin domain in the complex plaiie, (Hi) compute the eigenvalnes and confirm the truth of the
Gershgorin circle theorem.

1 3 —1 0 —1 1 1 0 1 0
andB= —1 2 —1 andd’= 2 2 —1 andD= 0 1 1

2 6 0 —1 3 0 3 —1 0 —1 1
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