MTH 225: Homework #9

Due Date: April 19, 2024

. Consider the following quadratic form of real variables ¥ = [z, 22, 23):
Q(:E) = Q(a:l,:rg,a::;) = 6:!2? —dxixe — 2223 + 6:1.‘% — 2x0x3 + 527%

(a) Express Q(F) as ¥7 AT for a symmetric matrix A.

b} Diagonalize @@ (which is equivalent to diagonalizing A) by finding new variables y,,y» and
Y ¥
ya (express each in terms of z,,z» and z3), so that there are constants a,b,c € R with
Qz1, @2, x3) = ayf + byd + ey

. Consider the following quadratic form of real variables T = (x|, z3):

Q(T) = Q(z1,22) = 5z + 42,72 + 822,
(a) Express Q(Z) as T' AZ for a symmetric matrix A.
(b} Diagonalize @ and use it to graph the ellipse

522 + day + 8y = 1.

. For what values of a, b, ¢ € R is the the quadratic form

g(z,y,2) = 2 + azy + y° + bxz + cyz + 2°
nonnegative for all values of {z,y, z) € R3.

(a) Prove that if A € AL, «,(C} is positive definite then det(A4) = 0.
(b) Prove that if A € A, (C) is positive definite then Tr(A4) > 0.

(c) Prove that if A € My42(C) is Hermitian and satisfies Tr(A4) > 0 and det{A) > 0 then A is
positive definite.

(d) Find a symmetric matrix A € Af3,3(C) with positive determinant and positive trace that is
not positive definite.

. Show that A € M, «, and AT € M, . have the same characteristic polynomial.

. Show that A € M, x, and AT € M, ., have the same eigenvalues. Find a counterexample to show
that they do not necessarily have the same eigenvectors.

. The refined Gershgorin domain is given by D% = Dr N D4. Show that the eigenvalues of A must
lie in the refined Gershgorin domain.

. Show that if A is Hermitian, strictly diagonally dominant, and each diagonal entry is positive, then
A is positive defininite.

. Find an invertible matrix A € Myy2(C) whose Gershgorin domain contains 0.



10. For each of the following matrices, (i) find the Gershgorin disks of A and A7, (iI) plot the refined

Gershgorin domain in the complex plane, (iii) compute the eigenvalues and confirm the truth of the
Gershgorin circle theorem.

Lz 3 -1 0 11 1 0 1 0
A-—[l §] andB=|-1 2 -1l andC=|2 2 -1 andD=1|0 1 1f.
3

2 88 0 -1 3 0



Howeworis #9
IE:2
Consider t+he follpwi. ﬁs&dmh‘c Form
QURVZ X, = Fx X =2 X X3 46X, =2X . Ks + 5X;
(a) Ezs_};_rcﬁ} QLX) as KAR For a_semmeteic matrix A.

()0) Dia orald2e G? bﬁp‘"d:"}l hew LV“ﬁ&u-f"—)f'T%, ¥ >0
Cthar QX% % )=A0 g 2

NP 121875 o
() T¢ A=[S j_;{} i+ follows that QRI=XTAS.

Sl Bt )
(h) des ()\Z*A)Z_Jé_f( A6 2 .i\D
5 R X

= (AL AUNS)-1)-2(200-5)- D+ 2-2#E
=N -1IN+29) = 2(ZXN) #2 =) +6
=08 (N=NN129) —4N+2242-N+4
= (0-b) (NN +29)430-5 )

== INA2ZANEN b X - £:29 +30-5
=X 17N 90N - 144
=p(N) ‘
Now, p133= 31757105~ 163"
=29 (3~17+80-{L)
=0.
Theee =3 % an e?/fnvalut. We wow divide +he pelymonal




S 4
N3 [XE7 +50%- I

—~ =33\
=14 % o
+{ PN -420)

452141

T‘\Creﬁpﬂ)
pix)= (X" 3Y (02— 1) +48)
=( X3 N ~L)(N-8)

COnjc ucmkl,j
=34, 3

~

3 2 IM+3R2 [0 §-~5}7/5 6 - 6 [ <
>\I" [ -3|]—2R3 3[0 -5-§ *N’—_‘,[Ooo] %[00 ]
b 1-2 V12 | 1-2R L1 0-1

:é o 2 | o 2| 0 211/ [To W
)‘I'A:[z o) t}-zk@"‘"[o 1-|]+M =!"[o ) o\ ’—?[o o 5‘\
f ol b L 44=Yary L1 O Loy,
= Ker (NT-A)= Sfm E[‘; :—B-‘-’syaﬂg [_‘%B
z yArs
A=g.

A -[2 2 V1-2R}
AL A"[z 2 |\-M ’—"[
L1}



o Thepefore T Vi
Y5 -/E A1
L ¥ e
e e
— | A% /8 A%

R [-m‘-%rz—%z;-
A=A 6 |

Co wscquearly

Ty
5 %
= A AT K LG X, + K5 X%

Yo = NEX~ NEX, 4 KT X
My = Z\LZ)C, ‘yﬁ_h

= Q)= A Y D +N % . .
= (%8 Y4 (X4 K= 2K, ) 4 (%~ X,

#*2.
- Consider 4ne -Fal\awi7 quadeatic form of real variables
L X= (%, K )
._ QURY= 5%, 41X, x,+ I
I la) EXPnc.ss Q(i) as )’(TAX 'FJJ‘ A 5 yrawetyic ma$r X A

(b) Diagonalize QA and vic i+ -hr?rt-}pl- He clllpsc

e 3 8% -)-ff)/a"-’- I,
(o) A= [5-_3 .
(1) des (AT-B)=det ([ 5og))
= XN=13xt10-4

=2 +3L
= (\-4)(\-9)



Therehrre, the c.}mvalucs._arc A= and A=9.

Az
NT-A= [:5 ﬂ = kerl NE-A) =‘_5pgni L 12157-’5?_@“1 f'/f/ﬁ's-?ﬂ

-y
amut

_fp_v_ucqum&l , ¥ i =
TZ= '2/_\@' ‘/\!‘5’ :=>U:[:7\T? A5
F‘/J's‘ Vi A% ’/Js']
and  +hos
¥ = ~ATx + A5 X, .
%= WEX + NEX,
-Da.tr_c{om!y

QR ="ty s Ty .
=-..L..l:.{ -2 X,-}-X,_)é‘f’j_ (Ln 2 X,:)
) 5
=2 Sx"ﬁx/ +27/"=_“ST_,..(—?.5+7)L+_‘_§_, (x+27)2=- .
,Y_;_lz.é : =-2x, . o Y=
A=l p(s)=l X !
b4 X:-"'/bff =2 Y= Are e \\’,‘T,i —
y2 BT x="XF e T
‘lp 1 'ly ! /
X'ty =250 Xtz F () /|
= /4 = K



&3
Ebr what values_of G, _,L_GJ? 15 +he ?uadna-hc -Pbm
40 - EI= X rax gt y 4 b2 rorZz ez
bonngatve for all valves_of (X, 2) eR’.

Lc.-l- a."'"/i b”"’b/ and c.l= . The a.ssoj.‘a-fed

= o’ b’
=1 ef—+e’
b' ¢’ |
-2 a b
des(A- m#«»([ e ‘D
B ¢’ 1-X

= (0= ) =a"(@0-2)=c Y Db (e~ b 1-3)

=W 1-2040-¢") =a"* (1-)) +aCh PVl b U=2)

= I:Z.A+)f-c‘z-}~+_l)\2'~>,3+)\c ~a" X
$22°¢b- b’ LA

" The charactu: s-hc al newmigl is ‘H\ecc-&u )‘vcn b/

F()\) )\ 3)\ (3=a b INra Wire = 2acb’- 1\,
We__need 4o determine 1(/4 Hative  Fearures et the ?_.ﬂplu
We  Kwew  +hat }-——PO«J'—"N ond siges A T Hermibion
that all of +he rsots are Y‘c:q\ Cbnsu’vml-y, generic
Versions of +he ?MP}\ °+P%; o+ be of #he Qrm

AP A p0%)

y\‘r
ia




The condidion that all of the roots ane Poa:-r?vc arce f(o)w
and 145 Lirsy crifical Fﬂ‘nﬂ"'TS 7r6a+¢r +han 0. Corn)odﬁn L Wwe
»\ﬂwt
PN = 3N = bh + (3= ")
Tlfwrof'rc., PIO\) =0 S e
S A= 62 34-1203~52p"2c™)
b
=1 J120g ' 4"
b
=1k g e
J3

chm-{—sr\(/ Q,— one CondiFlom we hccal

| ~Jap et >0

N
= ’q”:"}?,&‘rc‘ t < Jg‘

= o' " 4 < 3

Now,
po)=ar " e 2ab=1 <0
= a' bt/ < 2a’t’h +)
The Ywo  conditions ant +nceefore
a':'+b"‘+c'2<3
o’ ¥h F et < 2a 4 |



- (8) Prove tnet i ¥ AeMagnl£) is_positive definte then der(A)>.
(b)) Frowe Huat 76 AEMma (C) Epras:ﬁu. deficire thew TrLA)>o.
LQ)_FY‘QVL YT TARE X Aﬁ'nmit) s Hﬂ:m'-i'tgn_ané‘_iﬂhs#?ej_ T_LCA")_ZG
and De#(A)>0 +hew A T s_fms}.f;va dekimie.
L AF s Spmami e matrix AEMuqlE) wist pesinve dernrans-
and Fﬂé}.fifﬂ Yrace thay is net pasitoie L'F_‘m;:‘:ﬁ_t

| Cﬁ:"b) Sonce A ?:_ju;.ﬁm defivire_all g:f::_,i-l:é_s’_l}m values
are positve ond thes DAY= N ). >0 andl
TriM =N +ientda Z0.

L (e) Since A s .H@».laiq&]i* follows that _)\c,Ag_E: %
Thecetres, sunte - Det A =X Daie Pollows Haer XM
have the Sume sipm, Ficall, Siace TrlM=) ) 28 14

H| 'gb.l.l.awi et )u,.));. 2] mmf +hos A 1S .Ff.tjt;_v_c

| Semidefaide.

LLD A =fa100

oS
| 003

4+

T

Shew +hat AEMua ) and AT€Murn (&) haye the Same
| C\r\aY‘aL-l-(rj_S.ﬁLPQ!/_nam':cl-

SU '\On‘-
der (NT-A = detOT-AN)=AdeH O AT =d e+ (A\L-A).
|



xeb

dhow thatr A and AT have 4he_Same. ct/m valuves. Find A_counierexanp
to Show that they do wor necessar lf_lﬂdvc the_Same f?t.rl/‘éﬁf’dd,

-~
1P . }

SS'ACC A— Gnﬁt A’T haye +he 3amc C*hﬁf‘ﬂ&i‘tr?s:kté PDI/ngmi.alﬂ. 'HrlC;f
.l’\a.vc He _Same ﬂi?cnvafvcs. However i+ we les

A=
02

i+ Bllows t+hat +he c??nz_ccm's ot A nrc;?vxm_kx

it
Howcver,
5]

which bas ﬂ_i‘imrg C+Drs

V,:'[ 7 ’\Zz[o .
- N

;A

Th< refined Gemla;y'm domaiin :‘;Z}rm b D:-:: DAfn DA, Show
*f'}m-l- 'LBC. c?dgnvalu‘sh.mw'!- Iie i D;,

Solution,
dince the cigmvalues of A are the same as AT i+ Jollews
thad N§ DA:!' and A& DA. = \é& DA.""'AI@A.




dhow +hat 14 A is Hirmitian, sirichy diagonally dominand,,
_and each diﬂfp_nal totty Us pasitive, then A is positive defnide.

Since A s Heemitan +hen i+ e_?.mw.lws_am. real. Since

 each Gh'ﬂioml Zhtry ¥} porihive and #he matpix s Shict~
d'i.a?ahdy_ dvh;mm} 1+ -f—ol_lgws +hat +he Gtr&l-;:or‘._u‘ d.i.sK.S

?,wcr‘.m)y losk i]ﬁ;

X

|
MDMQ_VM‘_,’S]MC +he e:i&nwﬁlucs are_teal i+ &“g_zzs H‘l?’ areé
Parrb‘we. and +hys A 19 ?bsi-ﬁuc 4&.-%3,3.-.,?4—_4.

N
##

F'mJ an inver £ible maceiX A€Muo (€) whose Gvﬁlﬁ;.bt:u

d.oma:h_ﬂondn]ms L
Sp T
A={110
0 |
A 13 Saverrble Siace p(‘f‘[A’):", BU‘*}
OED=L2€ER 12~y ]<]0),



[0

For each 6F_the Following matrices

(i) F;na{ +he Gershgor.- a[.’.slﬁs of A and A—T’
(i) Plodt +Hhe refincd Garsk;,orih Aowmain _ia_+he co=plex plane.,

[E)Conpah. the eisenvaluzs and con
(nrsh; wia  Cirtle dheorem.

Firn the troth o€ e

) R T
A/ c‘J—T;J oz'f-t‘f O~|:

3 \
tovl -

) = {ze€ lz-([<%) , D AD={z€€ 1211<% )
A= Lzel ! |zo4 <5, DA )=tzef! |2k )<

YA
4" > D]_(Ab/‘ pg.(

/

T‘\b 5}\5.144 Pesion 195 +he rﬂ‘P\n&A
(W DBz f2ef 12-51s1) , D)=tz

A7)
— D, (A~ D, (AT)

Gcrj\nyaf-n e twns
€€\ 2-2|=! ?

b, (BV=(zE€ |2-1)22} " P (F)=02EE) 12-2]= 2]
b (pr=fzel’ |2-3]% l;ﬁ y% ()= czed) 12-3)=(3.




() plo=fze latll22Y D (CM=Sack myl]e23

D (O)={z€b (221533 | p(CT)=(2€R" |2-21543
D, (()=fzet! iz+*r1-<33 psc_) =fzef|zetl=2}

PH , b, (<)

| /,, S m

waw T
D ™ Q

D, (L)::D o )

DD, (oD, L) RCTIUDLTIuNE
Thc ﬁ'naaled rc;‘wn '5 e refined Genb?orn f‘?lom

LA DW=t zel 1215} | D ()={2EE | 21203

D.(p)=tze€ 12-11<] ), (N=¢z e }2-11=2]
D, (D)= { 2€€. 123\175\5 by (D)= tz €€ 2-1]= ]

T o@r—’x




I I =t | .
' - : AF
! 1 i
|-:: ) . o - Y
" X 2 :
e : ET
_ TINRL) :
? ey \ i :
-, [
L] yi
N g -
e ! 1,
. ., i
4
=
0. o A
] Fird




