MTH 352/652: Homework #8

Due Date: April 12, 2024

Problems for Everyone

. This problem shows that taking integrals of solutions can sometimes give you another solution.
Consequently, integration is another method of superimposing, or adding, a continuum of
solutions. Hint: The assumptions on c in these problems ensure that you switch the order of
differentiation and integration.

(a) Consider Laplace’s equation uy, + uyy, = 0 for z € R and y > 0. Show that e*¥ sin(kz) is
a solution for any value of & > 0 and show that for any bounded and continuous function
c(k) that

u(z,y) = fooo c(k)e ¥ sin(kz)dk

is a solution to the same equation.

(b) Consider the heat equation %, = u, for € R and ¢t > 0. Show that e ***sin(kz) is a
solution for any value of £ > 0 and show that for any bounded and continuous function
c(k) that

u(t,z) = /oo c(k)e'kgtsin(kx)dk

-0

is also a solution.

In class we showed that linear, homogenous PDEs with constant coefficients admit complex
solutions of the form
u(t,z) = Ae'thz—wk)t)

which are called plane waves. The real and imaginary parts give real solutions:
Re(u) = Acos(kz — w(k)t) and Im(u) = Asin(kz — w(k)t).

If w(k) is complex the PDE is called dissipative or diffusive and if w(k) is real and w”(k) # 0,
the PDE is called dispersive. If the PDE is dispersive, it means that the phase velocity or wave
speed w(k)/k depends upon the wave number k. For the following PDEs, find the dispersion
relationship, classify the PDE as dissipative, dispersive or neither, if it is dispersive find the
phase velocity, and finally describe the qualitative behavior of plane wave solutions.

(a) up + ug + ugzz = 0 (Shallow water wave equation)

(b) u¢ = Ugzzze (Super diffusion)

(€) ue + uz — uzze = 0 (Another water wave equation)

(d) wet = gz — Uzzzz. (Beam equation)

(€) uy = —=u — duzgz — Uzgya, & > 0 (Flame front probagation equation)



3/ Figures (a-c) below are contour plots for the real component of plane wave solutions u(z,t) =
eilkz=w(®)t) to an unknown linear partial differential equation.

(a) For each figure determine the value of k£ and w. Hint: Think about how & and w are
related to spatial wavelength and temporal period.
(b) Make a conjecture of the dispersion relationship w(k).

(¢} From this dispersion relationship determine the partial differential equation these plane
wave solutions satisfy.

47 .1 4r n 1
7r2 08 7xp2 ‘ 0.8
0.6 |08
3
> 0.4 04
5#/2 ’ 02 Sx/2 0.2
32 : 02 3gr2 0.2
: 0.4 -0.4
08 06
/2 08 ™2 0.8
0 * - -1 1) - - -1
2n-3nf2-x -2 0 x/2 = 3x/2 2n 273n/2 -7 -xf2 0 72 x 3n/2 2x
E x
(a (b)
4x 3 = il
Tnf2 { :0'8
3 i 08
5 04
5"’2 0.2
- 2r 0
3nf2 -02
D4
r
086
xf2 08
-1

?21-31&'/2 -r-nf2 0 xf2 ® 3n/22n
z

(c)

e Show that Laplace’s equation ., + u,, = 0 is invariant under a translation of coordinates
£ =z +a,n=1y+b; that is show

Uge + Uyy = 0.
Show that solutions to Laplace’s equation are also invariant under rotations by an angle a:

¢ =z cos(a) + ysin(a),
7 = — zsin{e) + y cos(a).
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5. Recall that in polar coordinates r = /22 + y? and = arctan(y/z) that = = rcos{d) and
y = rsin(@).

{(a) Show that

o & sin(0) &
7 =~
o _ . 9 , cos(9) &
i sm(B)E =%

{b) Show that

3—2 = (cos(ﬂ)% =) E) (cos(f))% - ES‘g—)g)
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(c) Show that Laplace’s equation Au = w4, + uy, = 0 can be expressed in polar coordinates
as

1 1
Au = upr + “Ur + L2 U60 = 0.

@pg. 170, #4.3.25

7. Consider the following boundary value problemn on a quarter wedge of radius R:

Au=0,r <R, 0<8<7/2,
u(R,8) = sin(20),
u(r,0) = u(r,n/2) = 0.

(a) Solve this boundary value problem.
(b) Sketch a contour plot of your solution. (If you want to, you can use software to do this.)

Consider the following boundary value problem on an annulus:

Au=0,1<r<2, 0<80<2nm,
u(1,0) =0,
u(2,0) = sin?(0).
{(a) What additional boundary conditions must be imposed to make this problem well posed?

(b) Solve this boundary value problem.

(c) Sketch a contour plot of your solution. (If you want to, you can use software to do this.)
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_Solve the ‘FD“QMM)z bounola_fy valve p.rlb(cw_\ﬁ

(a)Av=0, f"fy%l,ﬁx’, X = |

b Av=0, X' <2 v=lalxhyt), X =
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. Consider +he -&Uowm; hwnolar; value Pr.oblem ol _an annulus.
| Av=0, |<p<2, 0zps2r

! 0(,l,ﬁ)_o f

I V(L H=5n"8

| Solve -l'hls_b,oumim/ valve ]b_{bblem.

. The gewerse solution is_of +he form
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= =y
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=> Ul_ln(;)f'az__, y Li'a; $C =1
2 t 2
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and_all other Coefficicats are Zerp, 5&21:4«, condiHion at
r=| Lmplies
O:’-b ) qz+cz_=o —’-';QL:"'CL_.

L Therefore,
l a=_{ ., MG+ =\ >-6,=-2D¢ =2
24.(2) b 2 5)
(—Ons“{ucnt‘;!
v, )= ,é»-(r‘) =2y os26)F 2 ¢ Nos(24).
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