Physics 741 — Graduate Quantum Mechanics 1
Solutions to Chapter 2

4. [20] A particle of mass m and energy E scatters from the negative-X direction off of a
delta-function potential: V (x)=A5(x).
(a) [4] For the regions X <0 and X > 0, find general equations for the wave, eliminating
any terms that are physically inappropriate.

In both regions, the potential vanishes, and therefore the solutions just look like

. On the right side, however, we want only a transmitted wave, so we throw out one of the
solutions and write
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v, (x)=Ae"+Be™, y,(x)=Ce™, E= .

(b) [5] Integrate Schrodinger’s time-independent equation across the boundary to
obtain an equation relating the derivative of the wave function on either side of the
boundary. Will the wave function itself be continuous?

As in class, we start with Schrodinger’s time independent equation
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and integrate it across the boundary at X = 0:
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This implies a finite discontinuity in the derivative, which means that the function itself is
presumably continuous, so we also have v, (0) =y, (0).

(¢) [6] Solve the equations and deduce the transmission and reflection coefficients T and
R. Check that T+ R=1.

The continuity of the wave function tells us that
A+B=C,

while the first derivative condition tells us that
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If we substitute the first equation into the second, this becomes
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We can then solve this and find
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The reflection and transmission coefficients are then
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In this form it is obvious that R+ T = 1.

(d) [5] A delta function potential V (x)=A5(x) can be thought of as a very narrow
potential of height Vo and width d, with V,d = 1. Show that you can get the same

result using (2.38), where you can approximate sinh(ad ) =qad since d is small.

This is really pretty straightforward. We simply use the approximation and the suggested
formula, and we find
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Indeed, it came out exactly as before.



5. [10] A particle of mass m is trapped in a potential V (x) =—A5(x). Show that there is
only one bound state and find its energy.

Let the energy be E, which must be negative. Schrodinger’s equation then gives
ndy
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—Ey (x)-A8(X)y (X),

Which, away from x = 0, has solutions y (X)=e"”*, where E =-#4”/2m. We divide it into

two regions, region I with X <0 and region I with X > 0. To keep the wave function from
diverging, we must pick

v, (X)=Ae”™ and y, (x)=Be™.

If we integrate Schrodinger’s equation across the boundary at x = 0, we find,
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Since the derivative of the wave function has a finite discontinuity, the wave function must be
continuous at the boundary, so we have y, (0) =y, (0), which implies A=B. Then the

equation just derived for the discontinuity of the derivative become
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Substituting this in for the equation for the energy, we find E = —#"/° / 2m=-mi’ / 20
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