PHY 742 Spring 2025 Solutions to Second Exam

Each question is worth 20 points. Some possibly useful formulas appear below or on the handout

1. A particle of mass x with momentum 7k scatters from a potential of the form
V(r) = Voe"”2 . Using the first Born approximation, find the differential and total cross-

section. I recommend working in Cartesian coordinates.

According to the first Born approximation, we need to first find the Fourier transform of
the potential, which is
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We now substitute this into the equation for the first Born approximation, which yields
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We then find the total cross-section
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2. A particle lies in a 1d moving harmonic oscillator with
potential V' (x,t) =1 me’ [x —a (t)]2 , where a(?) is a

smoothly increasing function from a (z‘ = —oo) =0 to

a (t = oo) = A. Itis initially in the ground state with -3

wave function y, (x) = (mao/zh)" e """ What is

the probability that it is still in the ground state at 7 = oo if the increase is (a) adiabatic,
(b) sudden?
If the process is adiabatic, the probability is just 1. If it is sudden, we use the sudden
approximation, where P(| 0> - |0'>) = |<O'| 0>|2 . The final ground state will look just like the

initial ground state, except it will be shifted to be centered at x = 4, that is, y; (x) =y, (x—4).
We therefore have
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3. A spin-’; particle is in a magnetic field in the z-direction has two spin states |i> with
energies £, =¥ 17%w,. Itis initially in the spin up |+> state. It is subjected to a brief
perturbation of the form W (¢)= AS_ e . What is the probability that it flips to the -)
state? Recall that S| |i> = %h|$> .
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To leading order, we use the formula S, = — j dtW,, (1)e™" , since the final state is
i —o0

different from the initial state. We need the frequency
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We now substitute this in to find the scattering matrix element, namely
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The probability of a transition is then just
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4. A system of pure photons is in the state |‘P> = A(4

8,q,7)—3i
g, = y . Find the normalization 4 and the expectation value of the magnetic field
(¥ [B(r)[ ).

9,q, r>), where q = ¢gx and

To be normalized, we must have <‘P | ‘P> =1, s0

=(¥|¥)=|¥)=4(4(8,q,7]+3i(9.q.7|)(4]8,q.7) - 3i[9,q,7)) = 4 (16 +9) =254,
A=1.
5

The magnetic field operator has one raising and one lowering operator. The raising term will
only be non-zero if it is increasing from 8 to nine photons, and only if the corresponding operator
is k=q and o =7, so we have
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5. An electron of mass m is in the

, > state of the 3D symmetric harmonic oscillator

with angular frequency . In the dipole approximation, which states can it decay to,
and what are the corresponding rates?

, > . We therefore start with

1)

We need to calculate the matrix elements < . Ds
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We are only interested in cases where the energy goes down, so one of the numbers has to
decrease. We have only three cases, which are
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We also need the energies to get the relevant frequencies. The energy of the state |n, p, q> is

ho(n+p+q+3). The initial state has energy E, = 1o (6+2), and all of the final states have
E. =ho(5+3),s0
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The three rates are then calculated using I" = Fa); |rF1 |2 to yield
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Though it didn’t ask for it, the branching ratios are <, § and ¢ respectively.

1D harmonic oscillator:

Possibly Helpful Formulas:

Spontaneous Decay
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Time-dependent Pert. Theory
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