Homeworl 1

Mathematical Modeling

Due: September 7. 2018

1. Consider the system i = sin{z}.
(a) Find all fixed points of the flow.
(b) At which points & does the flow have the greatest velocity to the right?
(

¢) Find the Hows acceleration £ as a function of .

(d) Find the points where the flow has maximum positive acceleration.

2. For the following equations sketch the vector fields on the rea! line, if possible find all fixed points,
classify their stability and sketch the graph of x(t) for different initial conditions.

)
{c) £ =1-2cos(x).
(d) £ = eT —cos(z}. (You won't be able to find the fixed points explicitly, but you can still determine
the qualitative behavior).

3. The curves (1) illustrated below correspond to solution curves for the differential equation & = f(z].

{a} Sketch a one dimensional phase portrait that is consistent with this figure.
(b} Sketch a graph of f{x) that is consistent with this figure.

(¢) Give a formula for f(x) that is consistent with this figure.

4. For each of parts (a)-(e), find an equation & = f(x) with the stated properties, or if there are no
examples, explain why not.

{a) Every real number is a fixed point.



(b) Every integer is a fixed point, and there are no others.
{g) There are precisely three fixed points, and there are no others.
Jg There are precisely three fixed points, and all of them are stable.
e) There are no fixed points.
_Af) There are precisely 100 fixed points.

5. The velocity ©(1) of a skydiver falling to the ground is governed by the equation mé = ing — ki, where
nt is the mass of the skydiver, g is acceleration due to gravity, and & > 0 is a constant related to the
amount ol air resistance.

(a) Obtain the analytical solution for v(t], assuming that {0} = 0.
(b) Find the limit of ¢(t} as ¢ = co. This limiting velocity is called the terminal velocity.
(c) Give a graphical analysis of this problem, and thereby re-derive a formula for the terminal velocity.

6. Suppose X and Y are two species that reproduce exponentially fast: X = aX and Y = bY, respectively,
with initial conditions Xg, Yy = 0 and growth rates a,b > 0. Let z(t) = X{£)/(X(t) + Y (L)) denote
X's share of the total population.

(a) Show that £ = (a — b)=z(1 — z).

(b) Show that if @ > b then = is monotonically increasing and approaches 1 as ¢ = co. What does
this result imply about the population?

{c) Show that if a < b then x is monotonically decreasing and approaches 0 as ¢ — co. What does
this result imply about the population?

(d) What happens if a = b7

7. Consider the diflerential equation
dV

Shred

with & € R, where the potential V(z) is drawn below. Sketch a phase portrait for this system.

Vv

2=



Sﬁ\U""\DWS :

-'HZZ Gr‘ar\.‘*ul\/
a) x=1-x"
b) X=e¥sinx)
C-) = b-2¢ostx)
d) X= Cx-'[osbt),

dnaly zc +he -Pollw:.?, systems

SplU‘l"\\OV\s‘
Q) F‘.x(“ 3
FD'V)"‘S are :Vt *!__:_‘_
We lo|,+ X Versos X? " l7/ X "L Te deterimne S-[-;ln.‘]\‘V
ANX

e
b) ﬁ/\ i
) The Lixed ro'{n.H Are }:w_ b/

are ;VCV\’{\)‘?: TV, The relevan+

7”}0(«5

—— —_—T

{—2«1’ - N 'Z T4




C) T\ﬁc' Fixed Po‘-m-s are 7Ewn ‘o)r x""":»*% + 20T, The relevant
?rnrhs 'fr( 7‘.\,“-, b/ '
A




3D,

O) Sk—d'i‘t\q O Oone 0‘
With this -F:;-uf(.

SPLU-F\O\/\:
ThL FL\QSL PDNPQ""' TS?:VCY\ b)r
o=y
i 2 X

b') kereh a riph oF FR) thar s consisyent with Pnis -P?urc.

The ;rayh is g{"vtn
A 56

by
_}/
AP 3

C) A possible Hrmvla For $ix) e ?.‘vch o)
FIxX)= (x+\)(x—1)?f

wnen Sona) Flnase \pof-l-rq‘r\‘ *thatr 15 consistent

|

Y

[ S

Fad an equption Xz#}(x) With the Stgted ,:ropcr-f-ie.s.

O.) Evclry Mreadd Nowmbper S a -ﬁ:x(pl Paln-h
Sblu-h‘on'.
)'(: D.
d) There are -rrcc'nsel/ three Hixed poinis and, o\l of them an
Sruble.
S"l\fi\\b-\.\
;k-& 5 Mot possible for 0 Smoorh R Since brtween dwe & ble
Ked points Phere st exist on Unsseble Lixed po’ st



C. T here arL o Foyed \Ov-n"f&
ngiﬁn.
X =\

'g \T\'\m am. pree 551), 100 Fxed Pp;n-i-s.
Svlv-l' ‘O,

“‘”ﬁl (x-4)
S,

The Vclw, -17 V() ot a Sk diver 13

7,vm |7/ lmv__w\ “F\/
Where w 'S

the wass ot Hr\t. Sk/d.\/cr s the Accelération
dbﬁ h;fav, , and KS>po v a Consteant Pelated v the Qwount
0‘[‘ a\c v\esaswmc
A.) Obtu'm an ahaly+u‘cal Selution for vit) ﬂé‘b‘uw:n), o) =0.
SD[U'i']Dy\'

ScPcme—m}, Variables i+ Lllows $aas
Md.ll.-—m;—kv
=3 S alV

|
T SU \/)(l-l-J_—\/)o{v s

'17&;\/
= | +{5mv . aEE#
-J= " °




b)) Find +he lir of W#) a5 £-5p9.This ttm:ﬁh}, velocit- is
Called +he *erw wnal VCIPCH}'-

So \owvt

Cq\c::ld-i-'m;f 1+ ol pws +hot !
o = i
e Vi) im&z .

C)G-Vc [/ ?ro}oln?ml Ciha|7$§5 of e PrDblzh.
Selvtion |

Tl‘\(, .Pl{nﬁét Fbr‘l"rn‘l‘l’ -t:pr .8 S ySte~ i3 ?,w“ 'a;‘

(= v
R 5z
CW\SL % venil

V) :}-;»?é V)= [z
e

_FSUFP’% X O“A:I are +wyp 5};;55 thet re,oraolum ex pn(y\'}-;a"/
it X-‘“—'QI, I=\of, Les X clenpte 'X.'.‘s share A+ +Hhe Fo4ul

T'P"\O‘i’\\br\.
Q) Show +nat >&=£a—b)xu-x).

10-) Show Het ¢ a¥b Tven p 4
qf?“’“‘""’ 1 as £ 4.
C)Show +hat 15 q<l +hen x
approates O a5 f—rso,

d) What \AaPPens v a‘-‘-'b‘.?
SDlU‘F‘W\"-
-‘-'"—'——--—.___.

—_—
N

s tnbno-\-pntc..l\/ \mcrea$37 and

T w\mo-{-m'?cqy dcwcuﬁﬂ) and

O) D‘T-N:er‘t r\Jr:OH‘}Y\Y i+ ‘F'b“PWS -l-\qa+ .
w=d X - (XK -X(x4T)
d* XAy (,-X:“'I)L
= X= (XHT)X - X(aX +bT)
(X+Y)*




= X = (0-0) XY
(X+X )

=> X =(a-b)x[I1-X)

b-c) Omet Xo)=x,<\,i% a»b (a<kb) then x>0 (X<D) which
I\V‘PHCS X Ti bhono-h,n:CnH/f :V\C.f'éﬂts:n)r (4CCV‘CQS:VI7>-

d) TEr a=%y the m 2:0 whi.eh :\r-P)i
FDPUlai—;oh; Femains fonstans,

¢s that +he ratio of



