Homework 7

Mathematical Modeling
Due: October 31. 2018

1 Problems for Everybody

1. Consider the following system of differential equations:

& =1 —y—x(2? +557)
y=x+y -yl +y°)

{a) Classify the fixed point at the origin.
(b) Rewrite the system in polar coordinates.

(c} Determine the circle of maximum radius centered at the such that all trajectories have a radially
outward component on it.

{d) Determine the circle of minimum radius centered at the origin such that all trajectories have a
radially inward component on it.

{e) Prove that the system has a limit cycle.

f=x—y-—1z°
p=x+y-y°

~

Prove that the system

has a periodic solution.

3. Consider the systemn
F=x(l -4 - y*) - Jy(1 + 1)
§=y(l =d4z? = *) + 2e(1 + )
{(a) Show that the origin is an unstable fixed point.
(b) By counsidering V, where V = (1 — dz® — y?)?, show that all trajectories approach the ellipse
A+ =1ast = oo.

4, Show that the system
i=—x—y+x(2®+2°%)
§=u-y+yl?+ 27
has at least one periodic solution.
5. For each of the following systems, locate the fixed points and calculate the index.
() k=2 g=y
(b) i=y'g=u
(c) i=py—ux, =107
(d) s=ay.y=r+y

6. A closed orbit. in the phase plane encircles S saddles. N nodes. F spirals. and C centers. Show that
N+ F+C=1+8.



A smooth vector field on the phase plane is known to have exactly three closed orbits. ‘I'wo of the
cycles, say C and Ch. lie inside the third cycle C3. However, C, does not lie inside Cs. nor vice-versa.,

(a} Sketch a possible arrangement of the three cycles.

(b) Show that there must be at least one fixed point in the region bounded by C,. Ca. Cs.

. A smooth vecior field on the phase plane is known to have exactly two closed trajectories, one of which

lies inside the other. The inner cycle runs clockwise. and the outer one runs counterclockwise. True
or False: there must be at least one fixed point in the region between the eyeles. If true, prove it. If
false. provide a simple counterexample.

. Counsider the bllowing system i polar coordinates

F = r(1 + cos())
0 = r(1 — cos(0))

Sketch the phase portrait.

Problems for MST 651 students only. Students in MST 351 can
complete these problems for extra credit

. Consider the following system

x = F(x),

where F : R? — R? is a smooth function. Suppose V - F' does not change sign in a simply connected
region U in R%. Show that there are no periodic orbits inside U. Hint: Suppose there is one and
consider the line integral of F along this curve and apply Green’s theorem.

. Show that if f,g: R~ R are smooth functions, then the equation

&= f(y)
i =g(=)+y°

has no periodic orbits.

"



BT‘O blems For EVcr,yboA,)/
42

.
————=

Prove +that +he Systtim
X=X—y—x3
V= Xdy—y?
has o PC!‘Toohc 5olution .
0lvtion:
Tktrc

s sigle S priar o (0,0) with, Jacoh o

(v, 0) :D - ll]

Whieh Tmplies that (0,0) 'S an unsduble s’:ira\.wc NWOW Canstruct g

1"‘0, sy, Tegion
LAk AN

A
| b
Consequently, by +he Poincare=Bendixpn The thee exisys a Lk
C)’(.(t arbuv\(‘. (OJO)‘



3.
Consider +he s 75+ e
EX X(\—-‘h&- “)"'—y (\+x)
7=y (%54 4 2 x Q)

Ch)Sk»w that the oy

\7.,. S an unstuple £ixed port.
go\v-hm'

The Jacob: an 2+ the pp

7‘/\ 1S
(0, 0)= [\ -%

Which \wpms Yrat (0,0) 75 an uns+able sP?ml.

\7‘) B/V (_Ohsld(tt V whtrt V [[—h "y‘) Slww +hat a“, -l’l'tht'fDY't(é
quronk Hae c(psc x™ L--l as A—>po,
SDIU{'\OA

V=201505) | = gus- -27)

=2(\- ¥yt )/)L ~Tx [ X(]-v = ‘) Lli-x))—?./()'(l"‘bg“ 1)4'17\(‘*')()))

=2 (-t2=y) (- g% (1 - ‘txy*)*r‘txy#rx/—z (\-‘f*7)"‘f*7““"‘17)
=2 (| th-z)(*SX(l—*kx )21~ wx ))

_gtﬂ\ ) [+ )

<

Conse mr‘/, (5 dcereat) "y for ol £ andd satis€ics V=P when “FXL+7L7’|~
Th(r&z« L"\ Ll‘XL\';L" .



Y,

Show +hat +he Systewm
E X=Xy + )05 2)
V= Xy ty (X+2)
\’MS a+ \eas+ on<t Fu:o‘hc solution.
SO\U‘HW\‘.

The Tacdsian a+ (o) is
3C0,0)=[2y -
L -
Which implm Yot (0,0) Vs an vnstuple Spirul. Ft"‘*‘htrmw{/ the femporal variatio
For s

F=Vcoss-x+rs gy -
: rczosaf— n:s+_ T$iad +reogs (rirs, A B))ATS (¥ costrmp siad t T 5t [ 1
— e era | #Costrsiit-+ 51 at-)

T (1 hsiak) 2oy gt
Th‘:::‘;"‘; f": CI>\ W+ Follows that T>O. C”‘"?“‘"’
%2_ ; ;ss " PPl the Polncupe BeadiXon Hhm,

I table Lot ele, There Fore, +he O
ihaals o CZClC. 7

I/) -ﬁv\ +we +ime Y‘cvcmcd
to yield the exstcnce
7"‘( '5/$+Cl~\ Conta.m 3 an vastuple

N ' =

A\ SWmooth \Vichir -FR\A ot the Pl\qst P‘aw— 15 Kmown 4o have CXQC'H)’ Yhavee dosed
OTHiHS , Two of +he tycles Say C, amg] C,, it inside $ne $hied eyele Gy Huwever,
C dues not 11e Anside Cpy ner Ve -virsy,
0) Sk(*H.\n o

SD\ v-Hon:

P'”\\n\c arv‘an;c went oF Hne e ¢ yeles,

b

) dhow Thatr +here mos+ be a+ Yeast one +
bounded by, ¢ o¢ ..
o7 TSy
SQ‘O"":"’“'
Dince Te, =T =T, =1 and T, =T +T, +index of

T'{' ‘FDH\’WS ﬂ‘a"’ Fhocs Mot W nd VWP a2 e Pdfarw ﬁv.tf

xed po‘w)- n the nr‘.v\

. . 0 <
Sxed poiars e (c.ue)ac
ﬂo}nJ—. -



8.

e,

A Swmepth Ve i Field on 15 knewn 4o have <xaetly +wo closed trajectories
one of which Vi inside +he other, The Thner one runs clockwise and +ne
O¥her one Puns Covnter clock wise, Thue o £alse, Fhere must e
W Yhe r1,7-:c.n between +he eyeles,

Selution

s+ a FiXxed povrt

Falsc, hene bs a Covnterexam
== U-r)(3-v)
B=~(2-r).

ple in Pelar coord; pates




Gradvatc Proglem

Considir the SyStom -)‘?':F(?) where IR R @ smosth fam cHon.
SoPposc V' F does not Ll\a\n;c Sign in a Sveply Conpeeted dowala, U
ohow that Yaere are ny pteiodic orbas ia V.

Sle'i'\'vV‘ :

For Contrtudic tiyn SVPpos € at U contuias g vk Crele [P witn oobwird
Nopmal N.Then forn o paraty)2etivn ot It Py S€Lo, 1]

Frowm Phe a’ivuycmc thwm +hat, e
0= Sl' F-Nds-—-jo r(,)‘((s))‘N[s)‘,O‘S‘: SS VE dxdy .
th imyl:c; VF Cku?cs $(\7h or V~F:% Por all 4 ;’V‘ D.
i}

' . 1
Ei:%w , L i equation
7:
has o Per:odu‘c Solutiang
Solu—!-im:
Vi =340
(K 1

Conye 9oty by Hae absve proplea +his Spstim Camnvl huve Rty yeles,



