Homework 8

Mathematical Modeling

Due: Novewber 7. 2018

1 Problems for Everybody
1. Consider the following model for a drug prescription:
Ant1 = an = kap + b,

where a,, is the amount of a drug (in mg) in the bloodstream after administration of n dosages hourly.

(a) Discuss the meaning of the model parameters k& and b. What can you say about their size and
sign?

{b) Find the fixed points of the model and determine their stability.

{c) Perform a cobwebbing analysis for this model. \What happens to the amount of drug in the
bloodstream in the long run? How does the result depend on the model parameters?

(d) How should b be chosen to ensure that the drug is effective, but not toxic?

2. In this problem you can use Matliematica to help you with the calculations. You just need to include
a copy of your code. Consider the discrete logistic equation:

Tnst = rr(l ~ &),

{(a) Compute f2(x), f3(x). and f(z).

(b) Find the fixed points of f2(x), f3(x), and fi(x). At what values of r, if any, does a 2-cycle,
3-cycle, or 4-cycle appear. For what values of r are these cycles stable? Unstable?

3. Counsider the lollowing discrete dynamical system

Ty = azpe”" and xp > 0.
where a > 0.
{a) Find the fixed points and analyze their stability.
(b) Show that for all n, x,, > 0.

(c} Using Matlab, or some other software, create the orbital bifurcation diagram for this problem.
Print and include a copy of this diagram witli your homework. Compare and contrast this orbital
bifurcation diagram with the one from the logistic equation.
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Homework #8, Problem #2

Consider the discrete logistic equation: x,.1 =rx,(1 - x;)

Part¢ (a).
Compute 2(x), 3(x), f(x).

nfe21:= £[x_] ¢
glx_] :
hix_] :
k[x_] :

r+*x+ (l-x);
fLE[x]1;
fIE[E[x]]];
fLEE[E[x]]]T;

The computations are as follows:

inf671:= FullSimplify[g[x]]
FullSimplify[h[x]]
FullSimplify[k[x]]

outf167)= -2 (-1 +x) x (L+r (-1+x) x)
outriesl= ¥ (1-%) x (L+r (-1+%) %) (1+x? (-1+%) x (L+r (-1+%) x))

outrieel= ¥ (1-%) x (L+r (-1+x) x) (1+r? (-1+%) x (L+r (-1+%) x))
<1+r3 (-1+x)x (l+r (-1+x) x) (1+r2 (-1+x)x (l+r (-1+x) x)))

Part¢ (b).

Find the fixed points of f(x), f3(x), f*(x). At what values of r, if any, does a 2-cycle, 3-cycle, or 4-
cycle appear. For what values of r are threse cycles stable? Unstable?

Two Period Orbits
inf701:= Solve[g[x] = x, x]

-1+r r+r2-r\-3-2r+r? r+r2+rvV-3-2r+r?

0ut[170]= {{x -0}, {x -

infi72):= FullSimplify[D[g[x], x]]

oui721= -¥2 (-1+2%x) (1+2r (-1+x) x)

mni7a= gp[x_ 1 = -r?2 (-1+2x) (1+2r (-1+X%) x);

r+ri-rvV-3-2r+r?

2 r?

Out[179]= {{r»—l}, {r->3}, {ral—\/?}, {ral+\/?}}

inii79= Solve [FullSimplify[Abs[gp|

1] =1, 1]

This tells us that the period two orbits are stable between r=3 and 1 + \/?



Three Period Orbits

infig0l:= Solve[h[x] = x, x]

-1l+r

Out[180]= {{x -0}, {x -

IE

{xeRoot l+r+r? +( r- 2r3—r4)ttl+(r2+3r3+3r4+2r5)tt12+

(-r®-3r*-5r°- r)mf‘ (r* +4r5+3r6)tt14+(—r5—3r6>1115+r6tt16&,1”,
{xeRoot[1+r+r +( r-2r2-2rd )J:tl+(r +3r3+3r4+2r5)1112+

(— 3_3r*-5r°- r)ttl3+(r +4rd +3r)tt14+(—r5—3r6>1115+r61116&,2”,
{x»Root[1+r+r +( r-2r?-2r3 )tt1+(r +3r3+3r4+2r5)1112+

(-r*-3r*-5r°- r)m3+(r +4r®+3r%) 1ty (-r®-3r%) n1®+rfu1f s, 3]},
{xeRoot{1+r+r +( r-2r2-2r3 )J:tl+(r +3r3+3r4+2r5)1112+

(—3—3r -5r5- r)tI13 (r +4r5+3r6)til4+(7r5—3r6>1115+r61116&,4”,
{xaRoot[lJrrJrr +( r- —2r3—r4)nl+(r2+3r3+3r4+2r5)1112+

(-r*-3r*-51°- r)n13+(r4+4r5+3r6)n14+(—r5—3r6)n15+r6n16&,5}},
{xeRoot[1+r+r +( r-2r —2r3—r4)ttl+(r2+3r3+3r4+2r5)tt12+

(— 3_3r*-5r5- rs)tt13+ (r4+4r5+3r6)1114+ (7r5—3r6>1115+r6tt16&, 6”}

inf1871:= h [x]

oufisr= ¥3 (1-%) X (1-r (1-%)x) (1-r? (1-%) % (1-r (1-%)x))

infissl:= FullSimplify[D[h[x], x]]

ourisgl= —¥3 (-1+2%) (1+2r (-1+x)x (l+r (1+r (-1+x)x) (1+2r (-1+%) x)))

inpsgl= hp[x_ 1 = -r3 (-1+2x) (1421 (-1+x) x (1L+r (l+r (-1+x)x) (1421 (-1+%) x)))



In[194]:= Plot[{hp[Root[l+r+r2+ (—r—2r2-2r3—r4) #1 + (r2+3r3+3r4+2r5) #12 +
—r3—3r4—5r5—r6)1¢13+(r4+4r5+3r6)tt14+(—r5—3r6)n15+r6n16&,1]],
(r 2rf-2r-rf)ul+ (r?+3 0%+ 3+ 210%) 112
5- )n13+(r +4r5+3r6)n14+(-r5-3r6)n15+r6n16&,2]],
(r 2r?-2718 )ttl+(r2+3r3+3r4+2r5)1:tlz+
Sor)m1ds (rf +4r+3r6)1¢14+(—r5—3r6)1¢15+r61¢16&,3]],
hp[Root[1+r+r +(r 2rf-2r-rf)ul+ (r?+3 0%+ 3+ 2% #1%
>orf) mlds (r +4r+3r6)1¢14+(—r5—3r5)1¢15+r61¢16&,4]],
(r 2rf-2r-rf)ul+ (24307 +3 42 0%) w12
( -3rt-51r3- )1113 (r +4r5+3r6)1¢14+(—r5—3r6)1¢15+r61¢16&,5]],hp[
Root[l+r+r +(—r—2r2—2r3-r4)1¢1+(r2+3r3+3r4+2r5)1¢12+(—r3-3r4—5r5—r6)
#1%+ (r*+4r°+3108) #1t+ (-r>-31%) v+ 01, 6]]}, {r, 3.8, 4}]

Out[194]=

-5+

In[195]:= NSolve[Abs[hp[Root[l +r+rl+ (—r— 2r?-2r3 —r4) #1 + (r2 +3r3+3rt+2 r5) #12 4
(—r3-3r4—5r5—r6) n13+(r4+4r5+3r6) n14+(-r5—3r6)1¢15+r6nl6&, 1]]] 1]
outiesie {{r - -1.8415), {r - -1.82843), {r > 3.82843), {r » 3.8415})

From this we can see that the 3 period orbit lies approximately between r=3.82843 and r=3.8415

Four Period Orbits
inf196:= Solve [k [x] == x, x]

-1+r r+r2-r\-3-2r+r? r+r2+rvV-3-2r+r?

IPREE - JPRE S P~

{xeRoot[1+r2+ (—rz—r3—r4—r5) 01 + (2r3+r4+4r5+r6+2r7) 712 4+
(—r3—5r5—4r6—5r7—4r8—r9>1113+<2r5+6r6+4r7+14r8+5r9+3r1°) 714 +
(—4r6—r7—18r8—12r9—12r1°—3r11>n15+ (r®+10x®+17r°+18r'%+ 15 rt 4 r'?)
716 4+ (-2r8-14r9-12r1°-30r“—6r12) #2174 (6r9+3r1°+30r“+15r“) 718 +
(-x®-15rtt-20r'?) 01®+ (3t 41502 110 -6 rt? it 4 r2m1t? g, 1)},

{x — Root 3 4

3

Out[196]= {{x -0}, {x -

1+r? +<—r2—r -r —r5)1:t1+(2r3+r4+4r5+r6+2r7)1112+

( r’-5r° 4r6—5r7—4r8—r9>1113+<2r5+6r6+4r7+14r8+5r9+3r1°) 1%+
(-4r®-27 —18r8—12r9—12r1°—3r11>1:t15+(r6+10r8+17r9+18r1°+15r11+r12
18+ (-2rf-14r°-12r°-30rt -6r?) 17+ (61 +3r'%+30 !t 415 1%) n1® 4
(-x®-15rt -20r'?) 21%+ (3t + 15 r'?) 1110 -6 rP? m1tt 4 r12 n1t? g, 2]},

{xeRoot{1+r2+ (-e?2-rP-r*-r®)mls (203t 4 e e® 207 B2

—



(—r5—5r5—4r6—5r’—4r8-'r9)ni3+ (2r5+6r5+4r7+14lr8+5r9+3r1°) 1%+
(-4r®-r"-18r%-12r°-12r°-3r™) 1%+ (r®+10r®+17¢°+18 '+ 15! ¢ r'?)
18+ (-2r®-14r®-12r°-30rt -6r?)ml’+ (6r®+3r®+30rtt 152 m1®
(-x®-15r't-20r'?) 51%+ (3t 15 012 0110 -6 r12 matt 4 r2 1'% g, 3]},
eRoot[1+r2+ (—rz—r3—r4—r5) 71 + (2r3+r4+4r5+r6+2r7) 7112 +
(—r3—5r5—4r6—5r7—4r3—r9>H13+ (2r5+6r6+4r7+14r8+5r9+3r1°) 714+
(-4r®-r"-18r%-12r°-12r°-3r™) 1%+ (r®+10r%+17¢°+18 %+ 15 ¢!t 4 r'?)
18+ (-2r®-14r®-12r°-30r -6r?) ul’+ (6r®+3r'®+30rtt 15 r'?) n1®
(—r9-15 r'l-20 r12> 712 + (3 ril 115 r“) 1110 — 6 r12 1t 4 12 4112 §, 4]},
eRoot[l+r2+ (—rz—r3—r4—r5) 01 + (2r3+r4+4r5+r6+2r7) 712 4
(—r3—5r5—4r6—5r7—4r8—r9>H13+ (2r5+6r6+4r7+14r8+5r9+3r1°) 1% +
(-4r®-r"-18r%-12r°-12r°-3r™) 1%+ (r®+10r%+17 %+ 18 1'%+ 15 ¢t 4 r'?)
18+ (-2r®-14r°-12r°-30rt -6 r?) 17+ (6r° +3 1'%+ 30t 415 1%) n1® 4
(-x®-15r* -20r!?) 21°+ (3t + 15 ¢'?) 1110 -6 rP? m1tt 4 r12 1t g, 5]},
eRoot[1+r2+ (—rz—r3—r4—r5) 71 + (2r3+r4+4r5+r6+2r7) 712 +
(-xr*-5r°-4r®-5r"-4r®-r’)n1’+ (2r°+6r®+4r" +14r%+5r°+ 3% 1t
(-4r®-r"-18r%-12r°-12r1°-3r't) u1®+ (r®+10r%+17 1% + 18 r10+ 15 £t 4 r'?)
18+ (-2rf-14r°-12r°-30rt -6 r?) 17+ (61° +3 1'%+ 30t 415 1%) n1B 4
(-r9—15 ril - 20 r”) 712 + (3 ril 115 r12> 7110 _ 6 r12 4111 4 p12 4112 §, 6]},
»Root[1+r2+ (—rz—r3—r4—r5) 71 + (2r3+r4+4r5+r6+2r7) 712 +
(-x*-5r°-4r®-5r"-4r®-r’)n1’+ (2r°+6r®+4r" +14r%+52°+ 3210 1t
(-4r®-r"-18r%-12r°-12r°-3 ™) 1%+ (r®+10r®+17¢° + 18 %+ 15 ¢t ¢ r'?)
18+ (-2r®-14r®-12r'°-30rt -6r'?) ul’+ (6r®+3r'®+30rtt 15" H1®
(-x®-15r't-20r'?) #1%+ (3t 415 02 110 -6 rt2 it + r2m1t? g, 7]},
aRoot[1+r2+ (—rz—r3—r4—r5) o1 + (2r3+r4+4r5+r6+2r7) 7112 +
(—r3—5r5—4r6—5r7—4r8—r9>1113+ (2r5+6r6+4r7+14r8+5r9+3r1°) 714 +
(-4r®-r"-18r%-12r°-12r°-3r™) 1%+ (r®+10r%+17¢°+18 '+ 15 ¢t 4 r'?)
18+ (-2r®-14r®-12r°-30r" -6r?) ul’+ (6r°+3r'®+30rtt 15" H1®
(—r9—15 ril - 20 r12> 7119 + <3 ril + 15 r12> 7110 - 6 r12 11t 4 12 ttllz&, 8]},
eRoot[1+r2+ (—rz—r3—r4—r5) 01 + (2r3+r4+4r5+r6+2r7) 712 4
(—r3—5r5—4r6—5r7—4r8—r9>H13+ (2r5+6r6+4r7+14r8+5r9+3r1°) 1%+
(-4r®-r"-18r%-12r°-12r°-3r™) 1%+ (r®+10r%+17¢°+18 1'%+ 15 ¢t 4 r'?)
18+ (-2r®-14r®-12r'°-30r -6r?)ul’+ (6r®+3r'®+30rtt 15?7 m1®
(-r®-15r* -20r'?) m1%+ (3P 415 r1?) 10 -6 rtP 1t 4 21t g, 9]},
eRoot{1+r2+ (—rz—r3—r4—r5) 71 + (2r3+r4+4r5+r6+2r7) 712 +
(—r3—5r5—4r6—5r7—4r8—r9>H13+ (2r5+6r6+4r7+14r8+5r9+3r1°) 714+
(-4r®-r"-18r%-12r°-12r°-3r*) 1%+ (r®+10r%+17 %+ 18 %+ 15 ¢! 4 r'?)
18+ (-2r®-14r°-12r°-30rt -6 r?) 17+ (61° +3 1'%+ 30!t 415 1%) n1® 4
(-x®-15rt -20r'?) 21%+ (3t + 15 ¢??) 1110 -6 rP2 w1t 4 r12 n1t? g, 10}},
eRoot[1+r2+ (—rz—r3—r4—r5) 71 + (2r3+r4+4r5+r6+2r7) 712 +
(-xr-5r°-4r®-5r"-4r®-r’)n1’+ (2r°+6r®+4r" +14r%+5r°+ 320 1t
(-4r®-r"-18r%-12r°-12r1°-3r't) 1%+ (r®+10r%+17 ¢ + 18 r10+ 15 !t 4 r'?)
18+ (-2rf-14r°-12r°-30rt -6 ) 17+ (6r° +3 %+ 30t 415 1%) n1B 4
(-r9—15 rll - 20 r”) 712 + (3 ril 115 r12> 7110 - 6 r12 4111 4 p12 4112 §, 11}},
»Root[1+r2+ (—rz—r3—r4—r5) 71 + (2r3+r4+4r5+r6+2r7) 712 +
(-x*-5r®-4r®-5r"-4r®-r’)u1®s (2r°+6r°+4r" +14r%+52°+30%0) Mty
(-4r®-r"-18r%-12r°-12r°-3 ™) 1%+ (r®+10r®+17¢°+18 %+ 15 ¢t ¢ r'?)
18+ (-2r®-14r®-12r'°-30rt -6 r'?) 1’4 (6r°+3r'®+30rtt 152 H1®



In[197]:=

Out[197]=

In[198]:=

In[210]:=

FullSimplify[D[k[x], x]]

-r* (-1+2%) (1+2r (-1+x) %) (1+2r? (-1+%) x (L+r (-1+%) x))

(1+2r3 (-1+x) x (1+r (-1+%) x) (1+r2 (-1+x) x (1+r (-1+%) x)))

kp[x_] s=-r* (-1+2%) (1+2r (-1+x) x) (1+2r? (-1+x) x (L+r (-1+x) x))

(1422 (m1+x) x (1+1 (-1+%x) x) (L+r? (-1+x) x (L+r (-1+%) x)));

Plot[{kp[Root[l+r?+ (-r?-r’-r'-r’)ml+ (2% +r'+4r’+rf+217) u1%+

(-r*-5r°-4rf-5r -4rf-r’)ul’+ (2r°+6rf+4r +14r®+5r°+3 %) n1t+
(-4rf-r’-18rf-12r°-12r0-3r") 1%+ (r®+10r®+ 171 + 18 r'0 + 15 £t 4 r'?)
#1804+ (-2r%-14r°-12r0-30r"-6r?) ul7+ (67 +3 0+ 30 +15r"%) #1%+
(-r®-15rt -20c"?) #1°+ (3™ + 15 22) w10 -6 r2 w1t 4+ r? 1'% 5, 1]],
kp[Root [l +r?+ (-r?-r’-r*-r’)ul+ (2% +r*+4r’+rf+21") #1%+
(-r?-5r°-4rf-5r"-4r®-r’)ul’+ (2r°+6r°+4r’+14r%+51r°+31'0) w1t
(-4rf-r’-18rf-12r°-12r0-3r") #1%+ (r®+ 10+ 171 + 18 r'0 + 15 £t 4 r'?)
#1+ (-2r-14r°-12r0-30r" -6 r'?) w17+ (6 +3r' %+ 30t + 15 r'?) #1®+
(-r9-15 ril - 20 r12) #1° + (3 ril +15 r12) #1100 -6 r12 g1t 4 r2 112 &, 2]],
kp[Root[1+r?+ (-r’-r’-r'-r’)ul+ (2% 4+t 44’ +rf+217) u1? 4
(—r3—5r5—4r5—5r7—4r8—r9) #13 + (2r5+6r6+4r7+14r8+5r9+3r1°)tt14+
(-4rf-r’-18r%-12r°-12r-3 ") 1%+ (r®+ 10+ 172+ 18 r'%+ 15 £t 4 r'?)
#1° + (—2 r®-14r°-12r'-30 r11—6r12) #17 + (6r9+3r10+30r11+15r12) #18 +
(-r®-15rt-20r"?) #1°+ (3 + 15 r2) w10 -6 P2 1M 4 2 01?5, 3]],
kp[Root[1+r?+ (-r?-r’-r*-r’)ul+ 2%+t +4r’+rf+217) ul?+
(—r3—5r5—4r6—5r7—4r8—r9) #13 + (2r5+6r6+4r7+14r8+5r9+3r10)n14+
(—4r6—r7—18r8—12r9—12r1°—3r11) #1° + (ré+10r8+17r9+18r1°+15r11+r12)
#1804+ (-2r%-14r°-12r0-30r -6 ) 17+ (67 +3 '+ 30! +15r"%) #1%+
(-x®-15rt-20r"?) #1°+ (3™ + 15 r2) w10 -6 rP2 w1t 4 r? 01?5, 4] ],
kp[Root[l+r2+ (—rz—r3—r4—r5)1:t1+ (2r3+r4+4r5+r6+2r7) #1% +
(—r3—5r5—4r6—5r7—4r8—r9) #13 + (2r5+6r6+4r7+14r8+5r9+3r1°)nl4+
(-4rf-r’-18rf-12r°-12r0-3r") 81+ (r®+10r%+171% + 18 010+ 15 £t 4 r'?)
#18+ (-2 -14r°-12r0-30r -6 ) 17+ (67 +3 0 +30 ! +15r"%) #1%+
(-r®-15rM-20r"?) #1°+ (3™ + 15 ¢2) w10 -6 r2 w1t 4+ r'? 1'% 5, 5]],
kp[Root [L+r?+ (-r?-r’-r'-r’)ul+ (2% +r*+ 4’ +rb+217) #1%+
(-r?-5r°-4rf-5r"-4r®-r’)ul’+ (2r°+6r°+4r’ +14r%+51r°+3 ') w1t
(-4rf-r’-18rf-12r°-12r0-3r") 1%+ (r®+ 10+ 171 + 18 010+ 15 £t 4 r'?)
#1°+ (-2r®-14r°-12r0-30r" -6 r'?) #l7+ (6 r° +3r' %+ 30t + 15 r'?) #1%+
(-r®-15rt-20r"?) #1®+ (3 + 15 r2) w10 -6 r w1t 4+ r? 1'% 5, 6]],
kp[Root [1+r?+ (-r?-r’-r*-r’)ul+ (2% +r*+4r’+rf+21") #1%+
(-r?-5r°-4rf-5r"-4r®-r’)ul’+ (2r°+6r°+4r’ +14r%+51r°+3110) u1t 4
(-4rf-r’-18r%-12r°-12r-3 ") #1°+ (r®+ 10+ 172+ 18 '+ 15 £t 4 r'?)
#1+ (-2r-14r°-12r0-30r" -6 r'?) #l7+ (6 +3r' %+ 30t + 15 r'?) #1®+
(-r9-15 ril - 20 r12) #1° + (3 ril +15 r12) #1110 -6 r1?2 g1t 4 r2 g11? &, 7]],
kp[Root[1+r?+ (-r?-r’-r'-r’)aul+ (2% +rt+4r’+rf+217) ul? 4
(—r3—5r5—4r5—5r7—4r8—r9) #13 + (2r5+6r6+4r7+14r8+5r9+3r1°)ttl4+
(-4rf-r’-18r%-12r°-12r-3 ") #1°+ (r®+ 10+ 172+ 18 r'%+ 15 £t + r'?)
1%+ (-2 -14r°-12r0-30r" -6 r'?) #l’+ (6 r° +3r' %+ 30t + 15 r'?) #1®+
(-r9-15 ril - 20 r12) #1° + (3 ril +15 r12) #1100 -6 r1?2 g1t 4+ r2 n11? g, 1]],
kp[Root[l+r?+ (-r?-rd-ri-rd) 1+ (23 +r*+ar®+r%+217) 12+



) (—rh3—5r5—‘4r6—5r7—4r8;r9)ni3+(2r5+6r6+4r7+14'r8+5r9+3r1°)1:t14+
(-4rf-r’-18r%-12r°-12r-3 ") #1°+ (r®+ 10+ 172+ 18 r'%+ 15 £t 4 r'?)
#1+ (-2 -14r°-12r0-30r" -6 r'?) #l”+ (6 +3r' %+ 30t + 15 r'?) #1®+
(-r®-15r"-20r'?) #1°+ (3™ + 15 r"?) w10 -6 r2m1tt 4+ r?m1t? 5, 8] ],

kp[Root[1+r?+ (-r?-r’-r*-r’)ul+ (2% +r'+4r’+rf+217) ul? 4
(—r3—5r5—4r6—5r7—4r8—r9)n13+(2r5+6r6+4r7+14r8+5r9+3r1°)ttl4+
(—4r6—r7—18r8—12r9—12r1°—3r11) 1115+(r6+10r8+17r9+18r1°+15r11+r12)
1+ (-2rf-14r’-12r0-30r" -6 r'?) #l’+ (6 +3r' %+ 30t +15r'?) #1®+
(-x®-15rt-20r"?) #1°+ (3 + 15 r2) w10 -6 rP? 1M 4 r? 01?5, 9]],

kp[Root[l+r2+(—rz—r3—r4—r5)1:t1+(2r3+r4+4r5+r5+2r7)1112+
(—r3—5r5—4r6—5r7—4r8—r9)1113+(2r5+6r6+4r7+14r8+5r9+3r1°)1114+
(-4rf-r’-18r®-12r°-12r-3 ") #1°+ (r®+10r®+ 172 + 18 r'%+ 15 r't + r'?)
#1844 (-2r%-14r°-12r0-30r -6 ) 17+ (67 +3 0+ 30! +15r"%) #1%+
(-r?-15rM -20r"?) 1%+ (3 + 15 r"?) 4110 -6 r2 w1 + 2 12 &, 10]],

kp[Root[1+r2+(—rz—r3—r4—r5)n1+(2r3+r4+4r5+r6+2r7) #1% +
(-r*-5r°-4rf-5r'-4r®-r’)ul’+ (2r°+6r®+4r +14r®+5r°+31'%) n1t+
(-4rf-r’-18rf-12r°-12r0-3r") 1%+ (r®+10r%+ 171 + 18 010+ 15 £t 4 r'?)
#1804+ (-2 -14r°-12r0-30r"-6r?)ul7+ (67 +3 0+ 30 +15r"%) #1%+
(-r®-15rM -20r"?) #1°+ (3 + 15 r?) w110 -6 rP w1t + 2 12 5, 11]],

kp[Root [1+r?+ (-r?-r’-r*-r’)ul+ (2% +r*+4r’+rf+21") #1% 4+
(-r?-5r°-4rf-5r"-4r®-r’)ul®+ (2r°+6r°+4r’ +14r%+51r°+31'0) u1t 4
(-4rf-r’-18rf-12r°-12r0-3r") 1%+ (r®+10r®+ 171 + 18 010+ 15 £t 4 r'?)
#1+ (-2r-14r°-12r0-30r" -6 r'?) #l7+ (6 +3r' %+ 30t + 15 r'?) #1%+
(-r9 -15rtt-20 r12) #1° + (3 ril +15 r12) #1100 -6 r1?2 g1t + r2 u11? &, 12]],

1, —1}, {r, 3.9601, 3.9608}, PlotPoints -» 200, PlotRange —»

{-2, 2}]
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Out[210]= TR

-1

-2

From this we can see that the 4 period orbit lies approximately between r=3.9601 and r=3.96075
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