
MST 383/683

Homework #1

Due Date: September 03, 2021

1. A communicable disease from which infectives do not recover may be modeled by the pair of
differential equations

Ṡ = −βSI,
İ = βSI.

Show that in a population of fixed size N , such a disease will eventually spread to the entire
population, i.e. limt→∞ I(t) = N .

2. If a fraction λ of the population susceptible to a disease that provides immunity against
reinfection moves out of the region of an epidemic, the situation may be modeled by a system

Ṡ = −βSI − λS,
İ = βSI − αI.

Show that both S and I approach zero as t→∞.

3. Consider a disease spread by carriers who transmit the disease without exhibiting symptoms
themselves. Let C(t) be the number of carriers and suppose that the carriers are identified
and isolated from contact with others at a constant per captia rate α, so that Ċ = −αC. The
rate at which susceptibles become infected is proportional to the number of carriers and to
the number of susceptibles, so that Ṡ = −βSC. Let C0 and S0 be the numbers of carriers and
susceptibles, respectively, at time t = 0.

(a) Determine the number of carriers at time t from the equation for C.

(b) Substitute the solution to part (a) into the equation for S and determine the number of
susceptibles at time t.

(c) Find limt→∞ S(t), the number of members of the population who escape the disease.

4. Consider the SIR model with births and deaths and with vaccination in place of recovery:

Ṡ = µN − β

N
SI − (µ+ φ)S,

İ =
β

N
SI − (µ+ γ)I,

V̇ = γI + φS − µV,

where N is the populations size, µ, β, γ > 0, and φ ≥ 0.

(a) Explain in practical terms what the constants µ, β, γ, and φ represent physically.

(b) Show that dN
dt =0. What does this result imply?

(c) Discuss why it is enough to study the first two equations.

(d) Determine under what conditions the number of infected individuals is growing in time
at time t = 0 in the limit S0 → N . That is, determine under what conditions İ(0) > 0
in the limit S0 → N . Use this information to determine a quantity R0(φ) such that if
R0(φ) > 1 the number of infections is initially growing in time in the limit S0 → N .

(e) Plot R0(φ) and interpret your results in practical terms.
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