MTH 317/617 Name (Print): Kc o
Fall 2022 ’
Exam 1

09/23/22

This exan contains 11 pages (including this cover page) and 12 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page. and put your initials on the

top of every page. in case the pages become separated.

You are required to show your work on each problem on this exam. The following rules apply:

e Resources: You are allowed to use your text. .
notes. and a calculator. You are not allowed to Prablem | Points | Score
use the internet. software or any other external re-
sonrce. 1 10

e If you use a “fundamental theorem” you 2 10
must indicate this and explain why the theorem
may be applied. | 3 10

f—

e Organize your work. in a reasonably neat and 4 15
coherent way. in the space provided. Work scat-
tered all over the page without a clear ordering . 5 15
will receive very little credit. !

e Undergraduate Problems: Questions labeled 6 10
as “Undergraduate problems” will only count o
for undergraduate students. Graduate students do 7 5
not have to complete these problems. B

8 10
¢ Graduate Problems: Questions labeled as
“Graduate problems” must be completed by 9 5
the graduate students to receive credit. Under-
graduate students can complete these problems for 10 0
extra credit.

e Short answer questions: Questions labeled as 1 10
“Short Answer” can be answered by simply writ-
ing an equation or a sentence or appropriately 12 0
drawing a figure. No calculations are necessary or
expected for these problems. Total: 100

e Unless the question is specified as short an-
swer, mysterious or unsupported answers
might not receive full credit. An incorrect
answer supported by substantially correct calcula-
tions and explanations might receive partial credit.

Do not write in the table to the right.
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1. (10 points) (Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

C @ If 21, 23 € C then Re(2,22) = Re(z;)Re(23).
C @ z € C then 2? is a real number.
C @ If z € C then lcizl 1.
C @ If z € C satisfies e = 1 then 2 = 0.
@ I If f:Cw— Cis apolynomial and f(z) =i then f(z) = —i.
2. (10 points) Convert the following complex numbers z € C into exponential form, i.e. z = re'?.
(a) (5 points) z = ~i

Z= f‘:%

(b) (5 points) z = —1 41

= J2, 63-"/‘{'

O
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3. (10 points) (Short Answer) Match the following complex numbers with the points drawn
below on the complex plane C. If no points drawn correspond to the value of z. simply write
no solution.

(a) (2.5 points) z = 2 "'K

(b) (2.5 points) z =117~ I
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o o) p. ) ® o
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o R oE 1» oC o
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¢ —o——4¢———o——e—Re(2)
T G H I
o) o -1 o) o]
U \Y% X Y Z
O o -» O ®
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4. (15 points) Find all solutions to the following equations for z € C. You can leave your solutions ™
in Cartesian or exponential form. ( '

-z

+z

1
(a) (5 points) - = 2i

-~z =20 (1r2)
| =25 = 2= (1424

= z< V=24
|+24

(b) (10 points) z3 = —i.
: NP
—~f W 42 S
2= ...(e IS ""'") g
= e-'A% +2hfr% )

where nwe Z. O

O
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5. (15 points) (Short Answer) Plot the set of points z € C satisfying the equations and inequal-
ities below. For each problem, make sure to sketch the real and imaginary axis and carefully
label your graph. Also. use the standard convention of dashed and solid curves to indicate if

the boundary of the set is open or closed.
(a) (5 points) Re(z) + Im(z) = 2

T (2)22-Re(2)
Im(i)

2

2 Re(2)

(b) (10 points) 1 < |z -2/ < 4

NG e
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6. (10 points) (Short Answer) In the following figures, the Riemann sphere is plotted as a wire
mesh with the complex plane embedded through its equator. The coordinates X, Y, Z denote
coordinates in three dimensional space. In each problem, shade in the subset S on the Riemann
sphere and then plot the stereographic projection of S onto C on the z-y axes provided. Do not
fuss over getting the perfect plots. You just need to demonstrate understanding
of the problem. Again, use the standard convention of dashed and solid curves to indicate if
the boundary of the set is open or closed.

(a) (5 points) S = {(X,Y,Z)eR®*: X?+Y?+ 22 =1and Z > }}

-1

(b) (5 points) S = {(X,Y.Z)e R* : X? +Y?+Z?=1and0<Z <4, X>0,Y >0}

-1,
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7. (5 points) Write down Euler’s formula and show that if € R then
i ei: oY e-~i:
sin{x) = Y

C‘x=co5(x)+4's,\,,(;<)

=, ¥ -A\)( A
g"f?(“' = Log(x)Fu1a(X)~ fosfx) A5 e [-X)
A - ZJ'

= Cos(x ) 4usinx)~C05(X) 4514 (X)
2.

T Sinlx)

8. (10 points) Do cither part (a) or part (b). You only need to do one problem to receive full
credit. If you attempt both part (a) and part (b) cirele or otherwise indicate which problem
vou want graded. You will not receive extra points if you do both problems.

(a) (5 points) If z), 2 € C. prove that

(b) (5 points) If z € C. prove that

—p it
La) Lew Z=00™ 2 =y 0 b0 rNz0 and 4 6 €R, Therebire,

IZ,2,0=1r, m‘@*&z’l 1P eB8| = v = (2.0 2,)

(,b)LC"’ 2":'\6‘\6 w‘ntr'L P2y Cmo’ g€, Thm&ﬁr(

ZZ = rc“"r =r __[z_z\’*



MTH 317/617 Exam 1 - Page 8 of 11 09/23/22

9. (5 points) (Undergraduate Problem) Do either part (a) or part {b). You only need to do
one problem to receive full credit. If you attempt both part (a) and part (b) circle or otherwise
indicate which problem you want graded. You will not receive extra points if you do both
problems.

(a) (5 points) Prove that for all 8,,82 € [0, 2w),

-

cos(8y + 62) = cos(8) cos(8;) — sin(8) ) sin(6s).
(b) (5 points) Prove that for all # € [0, 2),

sin(20) = 2sin(8) cos(8).

G) o5 (Bivty) wisial bi18,) = €/ €10
= Ci'&.e;&l

= (o5 0 +ism, Y (5t tusiaty)

O

=C 05‘9" by 9)_’37&"; 5(\1‘"‘; +u4 (fﬂjﬂ Siv #x + 695‘&‘5}49‘

=P Cos b8 Hb)= (204,005 8,52 $r 00y

b.) EoSLr b 45in2b= 54.7-*‘ .4
;_@:9«)’-
<. z
= (oS bvusia¥)
= o8B~ 50 BrLiCos Ps i, 4

= 2(esbSirtrTSLIH

O

O
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10. (Graduate Problem)

(a) (5 points) Prove that for all 8 € [0.27) and n € N,

(1 + itan(ﬁ))" _ 1+ itan(nf)

1—itan(d)/ ~ 1-—itan(nf)
b+ d g B 144 gt \7
R — os4
- Aot ’ YT
Lo .i"

[05‘9.4—45106‘
(oS5 +~ashat

=

eun&

e-ina‘

= (0 5Lnd) fiS \nlnd)
Co‘ [n#’} "'l\ Sch‘”&)

- l +, ) 3-4[442

cosine)
\ - XS (n#)
{05 [n#)

= l+-,4\+"bn(m9') .
|~ & $onine)

f'b

I
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11. (10 points) (Undergraduate Problem) Do either part (a) or part (b). You only need to do
one problem to receive full credit. If you attempt both part (a) and part (b) circle or otherwise

indicate which problem you want graded. You will not receive extra, points if you do both
problems.

(a) (10 points) Consider the sequence z, € C defined by

sin (&F) +in
Zp = —— ———.
n

Prove that

lim z, = .
n—»00

(b) (10 points) Suppose that z, € C satisfies zn >0 asn — oo and z, # 0. Prove that

i
lim z,elEl = Q.
n—o0

(o) 2o<in| = | s () 4in _;,
[ v
= 37“[%))
la”
£ 1

=
nm,{wej \n}r Sqveege thesrna v,{—_;';o\?_n-—inl:?o and #hes

/""‘ Zn:'_,c'.

(b, l zhg‘%zal_ Dlzji,x e%z"‘l
=) 2,

O
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. 12. (Graduate Problem) Do either part (a) or part (b). You only need to do one problem to
(- receive full credit. If you attempt both part (a) and part (b) circle or otherwise indicate which
problem you want graded. You will not receive extra points if you do both problems.

(a) (10 points) Suppose that z,.w, € C satisfy z, — 29 and w, — wp as n — oc. Prove that
2wy — 2ouwg as n — o¢. Give a specific example to show that the converse is not true.

(b) (10 points) Suppose z, € C satisfies z,, — zp as n — 2¢. Prove that |zp) = (20l as n = .
Give a specific example to show that the converse is not true.

(/a) S;V)(c va"’io, W.,%Wb wWe Kvow $thaf
L - —_— - —
h')k,zn Zbl""h&"‘mlw.n w, \ O'

Mnrcovch
l &nWh—' 2°W'|= lZ..Wn" 2~Wn+ Z.an" ZQWOI

=z a- 23w+ 25 (Win-wi) )

Sz~ 20wl 2] [ wa-we )
= M‘ lzh"zol -l-lZ..,erw‘\/
C Wheve Mz ‘},;’& lwn[<po, Co\nsl7uw}‘% by squeezc reree—
wie haye that

A |2 wWa-2.we | =0
320
and  thes ;{;-;antt:’aswo-

o vy Lwevl ‘
(DY Since zwz, S+ Gilows That =) 2= 2ol 20 Formenma by

Hae Yiverse h*'.“7,|¢, }htrnl:y

“inl-lz.»l,(él%n“ZDh
QV\A g 02, L/ e 510(,02{, Wvorra~—
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Tl‘lrdfwc)
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