
MTH 317/617: Homework #1

Due Date: September 08, 2023

1 Problems for Everyone

1. If z = 1 + 2i, w = 2 − i and ζ = 4 + 3i, write the following complex expressions in the form
a+ bi where a and b are real numbers.

(a) z + 3w,

(b) −2w + ζ̄,

(c) z2,

(d) w3 + w,

(e) Im(ζ−1),

(f) w/z,

(g) ζ2 + 2ζ̄ + 3.

2. Solve the following equations for z. Express your answer in the form z = a+ bi where a and
b are real numbers.

(a) z = 1− zi,

(b)
z

1 + z
= 1 + 2i,

(c) (π + i)z − 8z2 = 0,

(d) z2 + i = 0.

3. Describe the set of points z ∈ C that satisfy each of the following.

(a) |z − 1 + 1| = 3,

(b) |z − 1| = |z + 1|,
(c) |z| = Re(z) + 2,

(d) 2 < |z| < 6,

(e) Re(z/(1 + i)) = 0.

4. Let z ∈ C and assume z 6= 0. Prove the following:

(a) |Re(z)| ≤ |z| and |Im(z)| ≤ |z|,
(b) Re(z) = (z + z)/2 and Im(z) = −i(z − z)/2,

(c) If k is an integer then (z)k = (zk),

(d) |z| = 1 if and only if 1/z = z̄.

(e) If |z| = 1 and z 6= 1, then Re
(
(1− z)−1

)
= 1/2.
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5. Find the argument of the following complex numbers and write each in the polar form z =
r(cos(θ) + i sin(θ)).

(a) −1 + i,

(b) 1 + i
√

3,

(c) −i,
(d) (2− i)2,

(e) |4 + 3i|,
(f)
√

2/(1 + i),

(g) [(1 + i)/
√

2]4,

6. Write the given complex number in the form a+ bi, where a, b ∈ R.

(a) e−i
π
2 ,

(b)
e1+3πi

e−1+πi
2

,

(c)
e3i − e−3i

2i
,

(d) ee
i

.

2 Graduate Problems

1. In this exercise you will prove the Cauchy-Schwarz inequality for complex numbers.

(a) Let B,C be nonnegative real numbers and suppose that

0 ≤ B − 2Re(λ̄A) + |λ|2C

for all λ ∈ C. Prove that |A|2 ≤ BC.

(b) Let a1, . . . , an and b1, . . . , bn be complex numbers. Prove the following inequality:∣∣∣∣∣∣
n∑
j=1

aj b̄j

∣∣∣∣∣∣
2

≤
n∑
j=1

|aj |2
n∑
i=1

|bj |2. (1)

Hint: For all λ ∈ C, we have 0 ≤
∑n
j=1 |aj − λbj |2.

(c) When does equality hold in (1)?

(d) Use (1) to prove that n∑
j=1

|aj + bj |2
1/2

≤

 n∑
j=1

|aj |2
1/2

+

 n∑
j=1

|bj |2
1/2

2. Let z = x+ iy where x, y ∈ R. Prove that |z| ≤ |x|+ |y|.
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