Stochastic Calculus Name (Print): . K Ly ..

Fall 2023 ¥
Exam 1
09/25/23

This exam contains 7 pages (including this cover page) and 9 problems. Check to see if any pages
are nissing. Enter all requested information on the top of this page, and put your initials on the
top of every page. in case the pages become separated.

You are required to show your work on each problem on this exam. The following rules apply:

s If you use a “fundamental theorem” you ,
must indicate this and explain why the theorem Problem | Points | Score
may be applied. i 15
e Organize your work. in a rcasonably neat and
coherent way, in the space provided. Work scat | 2 H
tered all over the page without a clear ordering I
will receive very little credit. 3 5
¢ You do not have to give explicit numbers for 1 15
solutions to problems, i.e. you can leave the
solution as a product and/or sum of num- 5 5
bers and you do not have to expand out d I
terms with a factorial or binomial coeffi- G 10
cients. :
e Short answer questions: Questions labeled as 7 15
“Short Answer” cau be answered by simply writ- I
ing an cquation or a sentence or appropriately 8 15 |
drawing a figure. No calculations are necessary or ] i
expected for these problens. 9 15
e Unless the question is specified as short an- Total: 100
swer, mysterious or unsupported answers

might not receive full credit. An incorrect
answer supported by substantially correct calcula-
tions and explanations might receive partial credit.

Do not write in the table to the right.
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1. (15 points) (Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

C @ If (2, F, P) is a probability space and A, B € F are independent then ANB = 0.

C @ If X:Qw— Risarandom variable with corresponding probability density
function f(x}, then for all € R it follows that 0 < f(z) < 1.

(C)I IfX:Qw— Risarandom variable with corresponding cumulative distribution
function Fix (), then Fx(z) is a (not necessarily strictly) increasing function.

@ I If X :Q+— Ris arandom variable with moment generating function ¢(t), then
o(0) = 1.

c (1) X,Y : 2= R are random variables then Cov(X,Y) > 0.

2. (5 points) (Short Answer) Let (2. 7. P) be a probability space. Write down the properties
that P must satisfy by definition.

|, P =)

2. P(4)=0

7.>¢ Au‘,AL,... are Jis,‘a}m} then
PLA, LA v . Y= PLA) TPCA 5.

L\', For al\ AG% O SPLA)ZL.
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3. (5 points) (Short Answer) Let (Q2, F. P) be a probability space. Write down the three prop-
erties that F must satisfy in order for F to be a o-algebra.

| 46
LTH Aetp Hoe Ac/R
3. T A;Jﬁ;‘ﬁm 6‘% the n A-“UA!U‘_,, €A

4. (15 points) Let X be a random variable with the following density function

re ™ pr =
@ )
flx) {() <0

Find the probability density for the random variable

Y = X3,

Rl P(T<y)
=P(Xsy)
= F(}/Kﬁf )

S £x)dx
% ?/L}/)_ 0“‘—2: - /

=% A5 %)

- ‘/37-/367 >/7>° +

O , y=0
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5. (5 points) (Short Answer) Let X : 2 — R is a random variable. Assuming it exists. write
down the formula for the moment generating function corresponding to X.

Fi#)=2 ELeAX .

6. (10 points) Suppose X : Q — R is a random variable with moment generating function
0=(1-4)"
oLy = 5 .

)-w

(a) (5 points) Compute E[X].

‘Ce V= - A
P (#) _11(1 A

S ELYI=+70)=Y

(b) {5 points) Compute Var[X].

CPII(*_):_LL%C\_%)-S

=3(L-%4)
= L2 470)=3.

Var[x]=5x*]- B = 3- Vo=
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7. (15 points) Let X : 2= R be a positive random variable with probability density f(a).

(a) (5 points) (Short Answer) Write down Markhov's inequality for this randomn variable,

P(x>e)= LELXT.

(b) (10 points) Use Markhov's inequality to prove that for all a. A = 0

P(X >a)< LAIE[X"].
]

P(X>a)= P(X*502)

L ETx]-
a
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8. (15 points) Let X,Y : 2+ R be random variables with following joint density

8y 0<z<y=|
0 elsewhere

f(:c,y)= {

(a) (10 points) Compute the probability density of X and the probability density of Y.

P(Xsx)= SXS‘ Zst)wlS ¥,
o /s

\

:S,X "tsyl\scls

A

e

= $(x)= $x(1~%")

s
P(I’S/FS/S X sdxds
0 Yo

zs:’ "txzs I:ds

=t 5°ds
- 7 (7) = ",'73

(b) (5 points) {Short Answer) Determine if X and Y are independent.

No, stace #(r7) # $x) g0,

— ——

=
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9. (15 points) Let X, X2 be independent and identically distributed standard Gaussian random
variables. Define the random variables Z, and Z5 by

Zy=2X| +3Xs
Zy=2X, — X>.

(a) (5 poiuts) Compute E[Z|} and E[Z,)].

Elz]=2 FXIELX)=z0
EL2,1=1BL2]-LIx,]=0

(b} (5 points) Compute Var[Z;] and Var(Z,].

Var [Z,1= C""(E"J 2,)
=4 CwCY-,X;) +9 C’V(xzxxz)"" 11(0"0?':! 'E:_)

—

Varl%l= 9w o002 ¥+ Cov(X,, X, )
~5
(¢} {5 points} Compute Cov(Z,.Z,).
Cov('B, B,)= toevl, T)-36v(x, x,)

= |3






