Stochastic Calculus Name (Print): . K ey -
Fall 2023 e
Exam 2

11/02/23

This exam contains 8 pages (including this cover page) and 7 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You are required to show your work on each problem on this exam. The following rules apply:

o If you use a “fundamental theorem” you }
must indicate this and explain why the theorem Problem | Poins | Score
may be applied. 1 15

¢ Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat- 2 15
tered all over the page without a clear ordering
will receive very little credit. 3 15

¢ You do not have to give explicit numbers for 4 15
solutions to problems, i.e. you can leave the
solution as a product and/or sum of num- 5 20
bers and you do not have to expand out
terms with a factorial or binomial coeffi- 6 10
cients.

e Short answer questions: Questions labeled as 7 10
“Short Answer” can be answered by simply writ-
ing an equation or a sentence or appropriately Total: 100

drawing a figure. No calculations are necessary or
expected for these problems.

¢ Unless the question is specified as short an-
swer, mysterious or unsupported answers
might not receive full credit. An incorrect
answer supported by substantially correct calcula-
tions and explanations might receive partial credit.

Do not write in the table to the right.
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Throughout this exam you can use the following facts:
e If X is a Gaussian random variable with mean p = 0 and variance o2 then for n € N,

E[X"] = o*(n—1)(n—-3)---3---1, niseven
o, nisodd

¢ If X is a Gaussian random variable with mean g € R and variance o2 then the probability
density of X is given by

1 22
= ~357
@)= Jomgz®

e If X is a Gaussian random variable with mean ;2 € R and variance o2 then the moment
generating function of X is given by

2
a’t2

d(t) = T TY,

1. (15 points) (Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

I Let B; be a standard Brownian motion. If s < ¢ then

E[B} - B}l =E[(B: - B;)?] .

C @ Let B; be a standard Brownian motion and f a function such that E[f(X})] < oo
for all ¢. If s <t then

E (f(B:) — f(Bs)lo(Bs)] = E[f(B:) ~ f(Bs)],

where o(B;) is the o-algebra generated by Bs.

C @ If X; is a martingale with respect to the filtration F; and g is a function such
that E[g(X;)?] < oo, then Y; = g(X;) is a martingale with respect to F;.

@ I If X, is a martingale with respect to the filtration F; then E[X;] = E[X].

C @ If X and Y are random variables on a probability space (£2, F, P) then

E[EX|Y]) = E [E[Y]X]].
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2. (15 points) Suppose X; is a Gaussian process with mean 0 and
Cov(X;, X;) = ts.

For At > O, let AX; = Xg.;At = Xg and AXS = Xsﬂgt - Xs.
(a) (5 points) Compute Var[X;).

Var [%41= Cov (X Te)= 4

(b) (5 points) Show that for all ¢,
Cov(AX,, AX,) = At%.
Cov( AZr, AX) = Covl ot =Xt Korar=25)
= Cov( Ttrat Ky pr)- Cov (Tewaz, X))
~Cov Ty aeXt) 4 Cov (g, X))

S+ AN ST A~ (#+A)s - (S4+ At )t +45
=(#+ A A%)-2 (AF)

= A"

(c) (5 points) Short Answer: Determine if AX; and AX, are independent.

S""CC CO\/(,ﬂ% -Ai,s)"-'f'o i+ 'to“ow: %«%AX(‘&AI(AE;
anre we+ lerpﬁ.lltwh
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3. (15 points) Let B; be a standard Brownian motion. Compute and simplify the following:
(a) (5 points) E[B,(Bs; — B,.)] ifr < s < t.

BB (BS'B()]: EtBr B;:(" ELB, Br.l

= $—r,

(b) (5 points) E[B;B?| if s < t. )
GLB, 0, T= TR, (BeBstBY | .
=T By(( Bem Y 280 B+ B |

SEBARL Be-)' ]+ 2 BT pe-B JETE L+ LB, |

~0(#~5)+2:0's + O
=0

(c) (5 points) Cov(e !B, *B,2) if s < t.

Cov( €%t B )= €26 Cov (B, Bezs)
:.e‘tc-stls
- e“L*‘S)‘



Stochastic Calculus Exam 2 - Page 5 of 8 11/02/23

4. (15 points) Let B; be a standard Brownian motion and for ¢ € [0, 1] define Z; = B) ~ Bj_;.

(a) (5 points) Short Answer: What are the three properties that Z; must satisfy in order
for Z; to have the same distribution as a Brownian motion.

|\, %, =
2 BLZ =0
3. Covl Zx Z)=mial 5 A3,

(b) (10 points) Show that Z; has the same distribution as a Brownian motion on [0, 1].

l. Z = B-B,=0
2, BFLZ¢ 1= BL), - B l= B0B]- ELB+1= 0

3. ASS ww?, S<A we have thet

Cov(Z4 25)=Cov (B, =~ Bis B~ Bis)
— Cﬂv’(,b-,p')“ Ca v(‘B‘ ] B,,,)—— Covl B, ,%-:f)%ov(h«; B}q
= =-5)~ Q-a) +(1-#)
=5,

i tw “’3} 2.* TS Q BroW”:av\ Mo"h\cm

by
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5. (20 points) Let B; be a standard Brownian motion.

(a) (5 points) Short Answer: If M, is stochastic process with the natural filtration F; and
E[|M:]} < o0, what property must M satisfy in order to be a martingale?

EE M#l%]r Hs .

(b} (10 points) Compute and simplify E[tB;|o(B;)], where o(Bs) is the o-algebra generated
by B;. Your answer should not have any expected values in it.

E.[Jf' B*[V‘CBs)]"""*E.[.ﬁA-\O’(B})]
=4 ET psmp,+5, IrLB]
= 4 FLBe~8, ()] + A EL B, lﬂb.s)]
= A ELpa~b,) 54 B

= £ B

(c) {5 points) Determine if ¢B; is a martingale with respect to o(B;).

Mmee EBL Bl BYI#£ s Bs, #ADs Ts wer q Marh\ofrlc.
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6. (10 points)
(a) (5 points) Short Answer For X,Y € L?(Q,F, P), state the Cauchy-Schwarz inequality.

<X, 2= g 1ol

(b) (10 points) For X,Y € L%(Q, F, P), prove the Cauchy-Schwarz inequality.

Let H)= WX-4ZN Therche,

= WX - 2 <, C7447 12N
DEA)=- 1<% Tr4 247
Cvmseyulnf(y/ £ i ed When
A= <X 1>,
B4R
Thoeetore $(%20
=TI~ 2<ET7 20 > 6
eI e

= <X, %y = (=i
= {<x, o l£0x)- (7l
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7. (10 points)

(a) (5 points) Short Answer For X,Y € L?(Q, F, P), state the two properties that E[Y|X]
must satisfy.

\. B:EY-II:] T a Loncrion e+ X.
2, For al) Sveh Hags }(z-)é-L;
EL 9 yT1=EL pmEreix]]

(b) (10 points) Prove that if X,Y are Gaussian random variables then

l, Cleurts N»'[EYCT ¥ e no fiaoar.. o4 €.
/ e e —— ‘ N 0 ]

2. Cw)o-'*:?r, we have thas

L[ x. (T-ELEElX )] Trxe)- ELre] ]

L] ELX]
= FIX¥Y]-ELXY]
=0.
Theeekore, X and Y-ELIXIX are indepeadeat Consequeatly
B-Lx]
X Y-KL¥ =ELomE[Y - EL¥: ¢
EL y oo (- lrelx) |- ETy 0ol T

:E[7LX)]D
=0.

=kl yX¥]= E[;zzx m:z] ELEIIY)



