
Stochastic Calculus Name (Print):
Fall 2023
Exam 2
11/02/23

This exam contains 8 pages (including this cover page) and 7 problems. Check to see if any pages
are missing. Enter all requested information on the top of tins page. and 1jiit your initials on the
top of every page. in case the pages become separated.

You are required to show your work on each problem on this exam. The foflowing rules apply:

• If you use a “fundamental theorem” you
must indicate this and explain win t lie theorem

_______________ ___________ __________

‘nay be applied.

• Organize your work. in a reasonably neat and
coherent way, in the space provided Work scat
tered all over the page without a clear ordering
will receive very little credit.

• You do not have to give explicit numbers for
solutions to problems, i.e. you can leave the

________ ____________

solution as a product and/or sum of num
bers and you do not have to expand out

_________ _______ ______

terms with a factorial or binomial coeffi
cients.

_________ ______ _______

• Short answer questions: Questions labeled as
“Short Answer” can be answered by simply writ
ing an eqnation or a sentence or appropriately
drawing a figure. No calculations arc necessary or
expected for these problems.

• Unless the question is specified as short an
swer, mysterious or unsupported answers
might not receive full credit. An incorrect

answer supported by substantially correct. calcula
tions and explanations might receive partia.l credit.

Problem Points Score

1 15

2 15

3 15

4 15

5 20

0 10

7 10

Total: 100

Do not write in the table to the right.
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Throughout this exam you can use the following facts:

• If X is a Gaussian randoiti variable with mean p 0 and valiance a2 then for n N.

fafl(n_ fl(n — 3)-S--i. a is even
-

- 0. a is odd

• If X is a Gaussian random variable with mean p C i and variance a2 then the probahiIiI
density of X is given by

1(r)
- 1

• If X is a Gaussian random variahh’ with mean p C IR and \-ariance a2 then the moment
generating function of X is given by

ó(t)
= (411*

2 (2

1. (15 points) (Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

I Let B be a standard Brownian motion. If s < t then

I1et B1 be a standard Brownian ritotiori arid f a function such that E[f(X1 )] < DC

for all t. If s < t then

E 7(B1)
- f(Bs)Ia(BcY = E 7(B1) — f(BJ.

where a(B) is the a—algebra generated by B.

If X1 is a martingale with respect to the filtration J -and g is a function such
that [g(Xd2] < DC.. then 1 = g(X) is a martingale with respect to F.

If X, is a marringale with respect to the filtration .T then E[X11 E[X9.

C 0 If X and 1’ are random variables on a probability space (Q. F. P) then

EXIY1
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2. (15 points) Suppose X, is a Gaussian process with mean 0 and

Cov(Xt .X) = ts.

For z\t >0. let SA, = A
—

A and L\Xc = A%, — A8.
(a) (5 points) Compute Var X]

Vtr[7fl Cov(Y>14-)k’

(b ) (5 points) Show that for all

Cov(AX,.X.) = t2.

CbV(LXt AT)c Cov(1t4-a.r - r.1, z41--x)
Cov(rt.-j.j, s#At)- CDv(1ew, r)

-t CovC., x)
U-.s-s)(5÷AM—ti.-At)s—(c+A1-k +1-s
(t .A4M** (alA-)

(e) (5 points) Short Answer: Detenniiie if SX and are independent -

covUa2’ LZ’)o 14- 1I6, 14i4r Alt- 6’(
arc V104-
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3. (15 points) Let B, he a standard Brownian motion. Compute and simplify the following:
(a) (5 ponits) E[B, (B, — Br)1 if r 8 t.

.EBk
s—r,

(b) (5 points) ZBSB? if .s < t.

E6 BjCI
aij( t2(fr13s\st P11
t f z WE -.5]t1511 ÷LJ3?1

10

(c) (5 points) Cov( et B2 eB) if s t.

Cov( ci31 e5u= ij C(jy.i f3zs)

z
e.
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-1. (15 points) Let B, be a standard Brownian motion and for t e [0. lj dehne Z = B1 — B1—,.
(a) (5 points) Short Answer: What are the three properties that 4 must satisfy in order

for 4 to have the same distribution as a Brownian motion.

L Z0z’O
2. U3—o
3. Cov( )n”n,5t3

(h) (10 points) Show that 4 has the same distribution as a Brovjiiiii iiiOtiOlI on 0. lj.

1. £
7—rrA I&t3r E)3,

-, B,n— iU1”j P
3’ Asscn wc k*vtc Bi.at

- I,—s)
r Coj— 6. vL tñ— Cm’( U,
—

—I-
=5.

‘4-t t3 a Rrownu., ,1or’a,i.—
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5. (20 poinrs’ Let B, be a standard Bro;viiian inotioii.

(a) (5 points) Short Answer: If Al, is stochastic process with the natural filtration 1 and
ElM,] < . what propert must Al, satisfy in order to be a inartingale?

EMtL= H3.

(b) (10 points) Coriipnte and simplify E[tB,Ia(B3)j, where c(B5) is the c-algebra generated
by B. Your answer should not have any expected values in it.

[* 6*Lr(=L,4(Bs)1
4 WE ÷iiIrLS)

— jTPrn .1 • 1h
— t4_PrU$jT_1t i.J3

(c) (5 points) Determine if tB, is a marl ingale with respect to c(B5

tfl.j-?jc’-(B,j t *tI, ?s wel- q inortpUe.
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6. (10 points)

(a) (5 points) Short Answer For X, Y e L2(Q. F, F). state the CaLichv-Schw’arz inequality.

<xJy>I wrfl• flrii

(1)) (10 points) For X. V L2 (IL F. F). pro\e tin’ Cnncliv-Schwarz inequality.

Le4 4-bi-)= ItI-kzn2 Thtr4wc1
t

;N= ZI)-zk<t74t ri2

fl’fr)=- 2 t)42AHZSI

i) ;:_:tet WJi’n
Sic iLl
1LYI)t

1II))t-Si 2<Xr, t’
‘grill

t
q
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