
MTH 383/683: Homework #

Dne Date: October 20. 2023

Problems for Everyoiie
‘ I. ‘Triangle Inequality Let X, V be two randoiii variables in L2(c2. F. P). Prove the triangle

in equ a lit v
_V + 3 < 9.V[ ±

Hint: Write nut I he uiornus as expect at ions. expand, and use the E’a:iehv—Sc lnvarz meqnalit
Use thi. result to move the more e[Lerai lnequtlitv: for X, ....X,, C L2(Q. F, f) we have

X1 +...XJ FIII.

2 2)Integrable RaiLdoni Variables Recall that L’(c2.F. P1 is the set of all ra,tdoin variables
for ivluten X < c.

(a) Prove t hai L’ (Q. F. F’) is a linear suibspaee of the vector space ol random variables.
b) Verify tlmt lXhi ii1 is a norm for L . That is prove the following

1. Forall (leRand XEL’ that UuXU1 ‘IIIHIL’’
ii. For all X EL2. IiX1ILI (Hf and only if X = 0.
iii. For all X.Y EL’. X + 1 IFXU +

. Brownian f\lonients Let B, be standard Brnvcian utiot inn. C’ouipnre the follt wing nuouiuenl 5:
(a) SjBj
(b) Ej(B,1 — B,)(B,, — B,j} if t1 < t <t:.
(e) E[BB] ifs <
(d) IE[BBJifs<t
(e) B(B°°B,’°’J

L 11 Browniazu Probabilities Let B, he a standard Broivnian motion. X\dte tile inlo\vilIg proh
aoilit ies as an integral.

(a) P(131 > 1. B2 > 1)
(h) P(B1 >1.132> lB3 >1)

5 Time Inversio,, Let B, he a standard Brow-ida n motion and X, tBl/, for t > 0.
(a) Show that X l,as t lie distribution of ‘a Brownian niot ion on t > 0.
(h) Prove that .V, converges to 0 as t —> 0 in the sense of L2 convergence.
(c) Prove the tnlloxvnig law of large numbers for Browz,ian notion

li,n = 0.
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