Homework #4, Due Date: 10/02/26
MTH 383/683: Fall 2026
Instructor: John Gemmer

1 Problems for all Students

Problem 1. Let X be a standard Gaussian random variable. Show that Cov(X, X?) = 0, yet X and
X? are not independent.

Problem 2. Let X be a standard Gaussian random variable and define the random variable Y by
v {X if1xX|<1,
-X if|X|>1.
(a) Show that Y is also a standard Gaussian random variable.
(b) Argue that X + Y is not a Gaussian random variable.

(c) Explain why the random vector X (X,Y) is not a Gaussian random vector.

Remark: This is an important example to keep in mind. It explains why we cannot define a
Gaussian random vector by simply stating that each of its components is Gaussian.

Problem 3. Let C be the covariance matrix of the random vector (Xi,...,X,) (not necessarily
Gaussian). Show that C is always positive semidefinite, i.e.,

n

n
Z Z a,vajCij 2 0,
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for all a,,...,a, € R. Hint: Write the left side as the variance of some random variable.

Problem 4. Let X = (X1,..., X,) be an n-dimensional Gaussian vector and M an m x n matrix.

(a) Show that Y = M X is also a Gaussian vector.

(b) If the covariance matrix of X is C, write the covariance matrix of ¥ in terms of M and C.

Problem 5. Let X = (X,Y) be a Gaussian random vector with mean 0 and covariance matrix

I
C_[p 1]’

for p € (—1,1). Write (X,Y) as a linear combination of IID standard Gaussian random variables.
Write down the PDF of the Gaussian vector.

Problem 6. Consider the Gaussian vector X — (X1, X2, X3) with mean 0 and covariance matrix
2
C=|1
1

= N =
N =

IfZ (21, 22, Z3), with Z,, Z5, Z3 1ID standard Gaussian random variables, find a matrix A such
that X = AZ.



2 Problems for Graduate Students

Problem 7. Let X = (X,,..., X,,) be a random vector with covariance matrix C.
(a) Show that C is symmetric, i.e., CT = C.

(b) Let A; and X; be distinct eigenvalues of C, with corresponding eigenvectors #; and #. Show
that 4) - ¥ = ¥} 7, = 0. Hint: Compute @/ C%; in two different ways.

(c) Suppose ) is an eigenvalue of C with corresponding eigenvector @ # 0. Using the fact that C
is positive semidefinite, show that A > 0.

(d) Recall that a real-valued n x n matrix @ is called unitary if its columns form an orthonormal
basis of R™. Show that if Q is unitary, then Q! = Q7.

(e) Explain why for any covariance matrix C there exists a unitary matrix Q and a diagonal
matrix A = diag(}Ay, ..., A,) such that C' = QAQT.

(f) Show that there exists a matrix A such that C = AAT.

Problem 8. Let X = (X1,...,X5) be a Gaussian random vector with mean 0 and covariance
matrix C. If Z = (Z,,...,Z,), wgere Z:'. are IID standard Gaussian random variables, show that
there exists a matrix A such that X = AZ.
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