Homework #5, Due Date: 10/09/26
MTH 383/683: Fall 2026
Instructor: John Gemmer

1 Problems for all Students

Problem 1. Let B; be a standard Brownian motion. If 0 < s < ¢, use the properties of Brownian
motion to compute each of the following:

(a) Cov(Bs,B; — By).
(b) The joint distribution of (B, By — Bs).
Problem 2. Let B; be a standard Brownian motion and let
Xy = ut + 0By,
where y € R and o > 0.
(a) Compute E[X;], Var(X;), and Cov(X,, X;) for 0 < s < ¢.
(b) For 0 < s < t, determine the distribution of the increment X; — X,.

(¢) For 0 <ty < t; < ta < t3, determine whether the increments X;, — X, and X;, — X;, are
independent. Justify your answetr.

(d) Write down the probability density of X; for ¢ > 0.
Problem 3. Let B; be a standard Brownian motion. Compute the following moments:
(a) E[B}.
(b) E[BsB]if0 < s <t.
(0 E[B2B?|if0<s<t.
(d) E[BsB}if0 < s < t.
(e) E[(B; — Bs)Yif0< s <t

Hint: When s < ¢, write By = Bs + (B; — B;) and use independence of Brownian increments.

Problem 4. Let B; be a standard Brownian motion. Write each of the following probabilities as an
iterated integral involving standard Gaussian densities. You do not need to evaluate the integrals.

(a) P(Bl > 1, By > 1).
(b) P(Bl >0, By >1, By > 2).

Hint: Use the independent increments By, Bo — By, and B3 — Bs.



2 Problems for Graduate Students

Problem 7. Let X and Y be random variables satisfying E[X?] < oo and E[Y?] < oo. Prove the

Cauchy-Schwarz inequality
[E[XY]| < VE[X?]VE[Y2].

Hint: For any a € R, use the fact that

E[(X —aY)?] > 0.

p Definition: Convergence in L?

N
A sequence of random variables X, X, ... converges to a random variable X in L? if
lim E [| X, — X|*] =0.
n—o0
Similarly, a stochastic process X; converges to a random variable X in L? as t — t if
. . 2 _
fim E [1X: — X[*] =o0.
_ J

Problem 8. Suppose that X,, — X in L2.

(a) Use the Cauchy-Schwarz inequality to show that
E (X, - X[] < VE[ X, — X[,

(b) Use part (a) to prove that
lim E[X,] = E[X].
n [o¢]

Thus, convergence in L? implies convergence in expectation.

Problem 9. Let B; be a standard Brownian motion and define, for ¢t > 0,
Xt - tBl/t'
(a) Show that (Xy,,..., X}, ) is a Gaussian random vector for every 0 < ¢; < -+ < tp,.

(b) Compute E[X;] and Cov(Xs, X;) and use these calculations to show that X; has the same
finite-dimensional distributions as standard Brownian motion on ¢ > 0.

(¢) Show that X; — 0in L%2ast — 0.

(d) Use part (c) to explain how one may extend X, to ¢ = 0 so that the resulting process has the
same finite-dimensional distributions as standard Brownian motion on ¢ > 0.



Problem 5. Let B; be a standard Brownian motion and define
Z,=B,—tB;, 0<t<l.
For At > 0, define AZ; = Z; A+ — Zy, whenever ¢ + At < 1.
(a) Compute the exact values of Z, and Z;.
(b) Compute E[Z;] and Var(Z;).
(c) Compute Cov(Zs, Z;) for 0 < s <t < 1.
(d) Compute E[AZ;] and Var(AZ;).

(e) Are increments of Z; over disjoint time intervals independent? Justify your answer by com-
puting an appropriate covariance.

Problem 6. Let B; be a standard Brownian motion and define
Yi=e?B., teR.
(a) Show that Y; is a Gaussian process with mean zero.
(b) Compute Var(Y}).
(c) Compute Cov(Ys,Y;) and show that it depends only on |t — s|.

(d) Explain why Y; is a stationary Gaussian process.
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