
MST 352/652
Spring 2019

Exam 1
02/14/ 19

This exam contains 9 pages (including tins cover page) and 9 problems. Check to see if an;’ pages
are missing. Enter all requested infhrmation on the tol) of this page. awl phi your initials on tlie
tol) of every page. in case the pages become separated.

The following rules apply:

• If you use a “fundamental theorem” you
must indicate this and explain why the theorem

____________ _________ ________

may he applied.

• Organize your work. in a reasonably neat and
coherent way. in the space provided. Work scat—
ered all over tin page without a clear ordering

will receive very little credit.

• Undergraduate Problems: Questions labeled
as “Undergraduate problems” will only count

___________ ________ ________

for undergraduate st tidents. Graduate students do
not have to coinplet e t liese problems.

• Undergraduate Problems: Questions labeled

as “Graduate problems” must he completed by
the graduate students to receive credit. Under—
graduate students can complete these probles for
extra credit.

• Short answer questions: Questions labeled as
“Short Answer” call be answered by siinpk writ
ing an equation or a sentence or appropriately
drawing a figure. No calculations are necessary or
expected for these problems.

• Unless the question is specified as short an
swer, mysterious or unsupported answers
might not receive full credit. An incorrect
answer supported by substantially correct calcu
lations and explanations might still receive partial
credit.

Name (Print): kev
I

Problem Points Score

1 10

2 10

3 5

1 15

5 15

0 10

7 15

8 20

9 20

Total: 129

Do not write in the table to the right.
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1. (10 points) (Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show a.ny work. In order for a statement to be correct. it.

must be true iii all eases.

Consider the initial value problem

j = f(x(t))

140) = x9.

If •f is differentiable and I” is continuous then solutions to tIns initial value

problem are ii u up e and exist for all

Suppose L is a linear differential operator. If a solvcs Lu] = I, and u solves

Lt] = 0 then a = a + e also solves La •f.

C ti’) Suppose L and \I are linear (liffere11tia operators and let N = L rn I. If U

solves Lu f and solves = g then w = ± v solvcs Awl = f -i-- g.

Suppose f. q are sziiootli functions that can he represented by the following

Fourier seric expansions:

+ a,, cos(nr) ± b sin(nr)

,i=1 ii=1

—

g(r) t c,, cos(ni) + d,, sin(x).

‘C

The Fourier series expansion of f + g is given by

f(.e) + vUr)
‘D + (‘0

+ (o + c,,) cos(nX) + (b ± d,,) sin(UX).

n=1

Suppose f. q are smooth functions that can be represented by the following

Fourier series expansions:

f(x) ‘ + La, cos(nx) + Lb,1 sin(nr)
71=1 fl=

00

g(x) + c,, cos(nx) + L dn sin(nx).

The Fourier series expansion of f g is given by

cc 00a0e0
f (x)g(x) + a,e,, cos(nx) + b,,d,, sin(nx).
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2. (10 points) Let D > 0.

(a) (5 points) Assuming a < 0 is a constant, for what values of b is a (ti) = sin(bx) a

solution to the equation
Ut =

U, e°;;1q&x)
— ha

(b) (5 points) For what values of a and b is ii(t ..r) = sin(hi) a solution to the following

boundary value problem:

Durr

u(t.0) = 0

u(t. ir) = 0.

a=-k’i’ a4 j,=vw, ‘eN.
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3. (5 points) Suppose u(t. r) solves the following initial boundary value problem:

where f(x) is plotted below.

‘Ut ttx.r.

u(0. x) = f(x).

u1(t. —3) = v1(t. 3) 0,

f(x)

x

(a) (5 points) Undergraduate Problem, Short Answer: At points (a). (b), and (c)
indicate on the figure whether n (ta) is increasing or decreasing in time at t 0.

(1)) (5 points) Graduate Problem: Prove that the total heat defined by

is conserved in t hue.

H(t)
= J u(t. x) d.r

zs: v1R\JY

= Vxj
—3

(c)

3 —2 —1 2 3

=0.
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tltt x C F. t > (3

ic(O.;r) = f(r).
ut(O. r) = 0.

(a) (5 points) Short Answer: On the same set of axes, carefully sketch a graph of u(1, x).
Be sure to carefully sketch the location of any local maxjiinuii. minimum and zeros.

(b) (5 points) Short Answer: What is urn u(t, x) for all x C F?
I ->00

fl, v($,X).O

(c) (5 points) Short Answer: What is
10

lini / u(t .ajd.r?
t—’oc

i—DC

I’

Ilvy— u(tx)ehj

4. (1.5 points) Suppose u(t, :r) solves the following initial value problem:

where f(x) is plotted beloW.

f(x)

0

1 2 3 4 5
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5. (15 points) Suppose u(t, x) solves the following initial value proNem:

where f (r) is plotted below.

ii,, = 4u.a: 6 K. t > 0

a) = 0.

u(0. r) =

f(x)

(a) (5 points) Undergraduate Problem, Short Answer: Write down the generic form of

the solution to tIns problem. You do not have to evaluate the integrals. I am just

)tt’tt

3

(b) (5 points) Graduate Problem, Short Answer: On the same set of axes. carefully
sketch a graph of u (1/2.i). Be sure to carefully sketch the location of any local InaNinunn.

iniiiininiu and zeros.

(c) (5 points) Short Answer: \Vhat is lini u(t ..r) for all x C R?
t -* ‘C

); u’M,)ç)z±

(a) (5 points) Short Answer: What is liiti
-430

nfl

*_,FG .&.Q

it: u(t,

0.

—5 —4 —3 —2 —1 1 2 3 4 5

looking for the formula
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6. (10 points) Solve the following initia.l value probletri:

Ut -4- 2u cos(.r)

u (0 i) = ens(s)

Le# 1E=X2t, t=t
u= LoS(t2”t)

=, t2:rL5;n(
2.

U L*x)= 4€;4)c’)1-f(x-2t)

— IzU(t,s)_1c.(x\44fr)tr (05(x)

(x)SI’

=,

L

7. (15 points) Find all separable solutions to the following partial differential equation:

flu = tLrj + It.

LCA- u’(A,X)tzTr

T”X -=.TZ”#TZ

•= T”
T -

=i-’cr, r’irttr

-5t)
i-Be

x=
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(a) (5 points) Short Answer: Write down the differential equation satisfied by the char-ac-
teristic curves for this problem.

4x -—<

(b) (5 points) Solve the differential equation satisfied by the characteristic curves.

icjt)= Di°

(c) (5 points) Sketch the characteristic curves icr this problem.

(d) (5 points) For all a: E 1k. calculate the following limit:

urn eQ a:).
14 DC

l..—vrtx)=c Us
C x=o

I

8. (20 points) Undergraduate Problem: Consider the following initial value problem.

U1
— CIUT = 0

u(0. a:) =

where c > 0 is a constant.

1,
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9. (20 points) Graduate Problem: Consider the following initial vafue problem

— x(x — 1)(r + 1)u 0

a (0. w) =
.1 —

(a) (5 points) Short Answer: Write down the differential equatioll satisfied by the charac
teristic curves for this problem.

=— xt-)tiM $fr)

(h) (5 points) Sketch the characteristic curves for this problem.

0

— I

(c) (10 points) For all s c 1k. calculate the following limit:

urn n(t c).
I -* ,o

(‘, x=-l I

cfr)

—I I

j:
t-po

/

1
p




