MST 352/652 Name (Print): _K_Cy
Spring 2019

Exam 1

02/14/19

This exam contains 9 pages (including this cover page) and 9 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

The following rules apply:

s If you use a “fundamental theorem” you .
must indicate this and explain why the theorem Problem | Points | Score
may be applied. ) 10

e Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat- 2 10
tered all over the page without a clear ordering
will receive very little credit. 3 5

e Undergraduate Problems: Questions labeled 4 15
as “Undergraduate problems” will only count
for undergraduate students. Graduate students do 5 15
not have to complete these problems.

¢ Undergraduate Problems: Questions labeled 6 10
as “Graduate problems” must be completed by
the graduate students to receive credit. Under- 7 15
graduate students can complete these problems for
extra credit. 8 20

¢ Short answer questions: Questions labeled as 9 20
“Short Answer” can be answered by simply writ-
ing an equation or a sentence or appropriately Total: 120

drawing a figure. No calculations are necessary or
expected for these problems.

e Unless the question is specified as short an-
swer, mysterious or unsupported answers
might not receive full credit. An incorrect
answer supported by substantially correct calcu-
lations and explanations might still receive partial
credit.

Do not write in the table to the right.



MST 352/652 Exam 1 - Page 2 of 9 02/14/19

1. (10 points) (Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

C @ Consider the initial value problem
dx
= = f(alt)
.'IZ(O) = Xp-

If f is differentiable and f’ is continuous then solutions to this initial value
problem are unique and exist for all ¢.

I Suppose L is a linear differential operator. If u solves L[u] = f and v solves
L{v] = 0 then w = u + v also solves L{w] = f.

C | IY Suppose L and M are linear differential operators and let- N=L+M. Ifu
solves L{u| = f and v solves M|v] = g then w = u + v solves N[w| = f +g¢.

© I Suppose f, g are smooth functions that can be represented by the following
Fourier series expansions:

o [= %]
ao .
f(=) 5 T n§—1an cos(nz) + nE_I by sin(nz)

g(z) ~ 620 + ch cos(nz) + Z d,, sin{nz).
1

n= n=1

The Fourier series expansion of f 4+ g is given by

f(z) + g(z) ~ 2 ; = + Z (an + ) cos{nz) + Z (bp + d,) sin(nz).

n=1 n=1

C @ Suppose f, g are smooth functions that can be represented by the following
Fourier series expansions:

ag e ad .
flz) ~ - + nZ] an cos(nz) + ; by, sin(nz)

g(z) ~ 62—0 + i cn cos(nz) + i d, sin(nz).

n=1 n=1

The Fourier series expansion of f - ¢ is given by

=] o0
apCo Z .
f(:l:)g{.’]:) ~ 9 + = Anpln COS(TL:L') + n§=1 bndn Sln(n.’lt).
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2. (10 points} Let D > Q.

(a) (5 points) Assuming a < 0 is a constant, for what values of b is u(t,z) = e*sin(bz) a
solution to the equation
Ug = Duu'?

Ugp = ae"’"s;atbe
Usx= - b*¢ 9%, (bx)

=3 g=-b'D

(b) (5 points) For what values of a and b is u(t,z) = €® sin(bzx) a solution to the following
boundary value problem:

uy = Dugy
u(t,0)=0
uft, )} =0.

a=-bD and b=nm neN,
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3. (5 points) Suppose u(t, z) solves the following initial boundary value problem:

Ut = Uz,

u(0,z) = f(2),
ug(t, —3) = ux(t,3) = 0,

where f(z) is plotted below.

(a) (5 points) Undergraduate Problem, Short Answer: At points (a), (b}, and (c)
indicate on the figure whether (¢, z) is increasing or decreasing in time at £ = 0.

(b) (5 points) Graduate Problem: Prove that the total heat defined by

3
H(t) = /:3 u(t,z) dz

is conserved in time.

=

o S_:u,. (+x)dx
- S.’ Uplt, ¥\ dx
")
= le

=0.

S

3
-5
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4. (15 points) Suppose u(t,z} solves the following initial value problem:

Uy = dtze, t€R, >0
’U,(O,iL‘) = f(il?),
ut(O, :L') = 0,

where f(x) is plotted below.

f1(x)

-5 -4 -3 -2

(a) (5 points) Short Answer: On the same set of axes, carefully sketch a graph of u(1,z).
Be sure to carefully sketch the location of any local maximum, minimum and zeros.

{b) (5 points) Short Answer: What is tl_i}m u(t, x) for all z € R?
o0

[} m v X)= 0
£

oC

(c) (5 points) Short Answer: What is tlim u(t, z)dz?

—+00 —00

| D P Ydy =
P S_NUH,X =4
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5. (15 points) Suppose u(t, ) solves the following initial value problem:

Uy = dttgz, € R, t >0
u(0,z) = 0,
u{0,z) = f(.’B),

where f(z) is plotted below.

f1(x)

{(a) (5 points) Undergraduate Problem, Short Answer: Write down the generic form of
the solution to this problem. You do not have to evaluate the integrals. I am just
looking for the formula.

it
uu,x)-.-_‘-sx s Vds.
8 Ix-4x

(b) (5 points) Graduate Problem, Short Answer: On the same set of axes, carefully

sketch a graph of 4(1/2, z). Be sure to carefully sketch the location of any local maximum,
minimum and zeros.

{c) (5 points) Short Answer: What is tl_i)m u(t, z) for all z € R?
o0

i vl x)= L
e Y od §

(d) (5 points) Short Answer: What is tlim u(t, z)dz?
00

—0o0

- S”u(ﬁ,)ﬁ)d} =00,

kP2 Lp
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6. (10 points) Solve the following initial value problem:

U + 2u, = cos(z)

u(0, ) = cos(x).
et %::x-'lfl =7
=2 Uy = Cos(zr2T)
= UL, )= Loin (22T 3Hz2)
= Uhx)= Lelalx)rilx-2¢)
= V{b,%) = -5.alx )+ ${X)= Cos(x)
= HX)= cos(x) - F5iab0)

=2 vir )‘-‘J,: Senlx)-Cos(x-24) -L A (x-2#),

7. (15 points) Find all separable solutions to the following partial differential equation:

Uy = Uge + U.

Ler viy=TX
= T/ =TYsTX
T/
=17 x4x =),
-

x
=10 T4X=2X
== (AT pe ™)

X=(Ce™ %) e'm)‘)
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8. (20 points) Undergraduate Problem: Consider the following initial value problem.
up — cxtty = 0
u(0,z) = e"“’z,

where ¢ = () is a constant.

{a) (5 points) Short Answer: Write down the differential equation satisfied by the charac-
teristic curves for this problem.

dX = cx
d*

{b) (5 points) Solve the differential equation satisfied by the characteristic curves.

7\1.1’) = Dg‘cx

() (5 points) Sketch the characteristic curves for this problem.

*

(d) (5 points) For all x € R, calculate the following limit:

;l_lfg, u(t, ).

L VIAX)=( 0, x#£0
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9. (20 points) Graduate Problem: Consider the following initial value problem.

w—z(z—1)(z+1Du, =0
u(0,z) =e e

(a) (5 points) Short Answer: Write down the differential equation satisfied by the charac-
teristic curves for this problem.

AX =~ X [x-1)x) =H(%)
4x

(b) (5 points) Sketch the characteristic curves for this problem.

NS 4

/ =
(c¢) (10 points) For all z € R, calculate the foliowing limit:
tl_ig]ou(t,a:).
\:a\—- Ul’)X): C"’\ x:—\l|
+ 900 v _
7 N, -l<x<\
0 \x\=l.






