
J\:IST 352/652
Homework #13

Due Date: April 30, 2019

1 Problems for everyone
1. Consider the following initial value problem for the heat equation with proportional heat loss:

= Do,.1 — ou. if R, t >0,

n(z, 0) =

where D > 0 and a > 0 are constants.

(a) Using Fourier transforms find a formula for the solution to this initial value problem.
(b) Explain what effect the additional term —an has on the behavior of solutions compared

with the heat equation without loss.
(c) Show that by changing variables v(x, t) e° o (x. t) that r satisfies the heat equation

Dc11.

/ 2. Consider the following initial value problem for the heat equation with advection:

ut Do11
— co1, if R, t. >0,

i(x, 0)

where I) > 0 and c > 0 are constants.

(a) Using Fourier transforms find a formula for the solution to this initial value problem.
(b) Assuming D = 1 and c 1, on the same axis sketch n(a, 0). u(x, 1). and 11(x, 2) as

functions of x. Explain qualitatively the behavior of the solution as time increases.
(c) By changing variables to r = I and X = x — c/ show that u satisfies u = Doxx.

/ 3. Consider the following initial value problem for the heat equation:

= Dn11, if IR, t > 0,
uC,0) f

where I) > 0 is a constant. S how that if f (x) is an odd function then v (x, t) is an odd function
in the variable x.

4. Consider the following initial boundary value problem for the heat equation on the half line:

u=Du11, xE[0,), t>0,
u(x, 0) = f(x) and u(0, 1) = 0,

where D > 0 is a constant.
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(a) What do the boundary conditions model in this situation?

(h) Soh-e this initial value problem by extending f .r) to an odd function on the entire real
axis.

/ 5. Consider the following initial boundary value problem for the heat equation on the half line:

Don. ,i C ID, .) I > 0.

ur(D.t) = 0.
u(x.D) = fir).

where 13 > 0 is a constant. Solve this initial value prol)lem b ex:ending fLr) to an even
Inner ion on the entire real axis.

6. Using Duhaiuei’s pri ic;ple or Fourier transforuis find a fornuila for the solution to the initial
vol iie problrin for the convect ion equation:

0 + o = f(r, I) aC IR, t >0
u(x.0) 0.

/ 7. Solve the lwoIJlem

ni + 2u. = .rt’’ iCR, 1>0
u(r,0) = 0

/ 8. Solve the following initial value problem for the heat equation with a source:

Dun. + (1— 2.r2)c .x ER, 1>0,

it (a’, 0)

vl’elv 1). a > 0.

2 Graduate Problems

/ 1. Consider the following initial value problem for Sclurodingers equation:

ci = ij — IV(i)t’. .rC k, t >0.
c’(x.O) f(.r).

where U is a real valued function satisfying him1 l(x 0.

(a) Show that if ‘ solves this initial value probleui then the quantity P(t) defined by

Pt) J C’(r. t)t(x. I) dx.
-

where denotes complex conj ugat ion, is const alit ut tine.

(h) Solve t his initial valtie problem asstiming 1 ‘ 0 and fix) (2/ ar::
(c) 1]] quant urn mechanics the quantity px. I) = ta (a, I) c’(a. I) models the probability dis

tribution for the location of a particle. For your answer to part (h) compute pi. I ) and
p]ot this function at times 1 0. t = 1 and I = 2. What does this result imply about the
location of the particle?
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