
MST 352/652
Homework #3

Due Date: February 05. 2019

1 Problems for everyone
• Consider the following initial value problem for the wave equation:

Ott = CThrr ic a t > 0.

u(0.x)
=

and ‘i,i) 0.

where c > 0 is a constant.

(a) What (10 the initial conditions model in this sit tiat ion?
(b) Calculate the exact solution a (a, t) to t his prohieni.
(c) Assuming c 1. plot a(x. t) at t 0. t 1. and t 2.
(d ) Calculate lirn, a ( ( a) -

(e) Discuss the qualitative behavior of the soltition.

2. Consider the following initial value problem for the wave equation:

ott c2o1 .1 C . (>0.

o(0.a = 0 and t(o,x)
= $ 2

where c > 0 is a constant.

(a) What do t lie initial conditiors model t his sit oat iLL?

(h) Ca Icul ate the exact solution a (ta) to this problem.
(c) Assuniingc=1.ploto(La)att=0.t=1.andt=2.

(d) Calculate lim o(t. a).

(e) Contrast how the solution to this initia] ‘a]ue problem is different horn the solution to
problem #1.

3. pg. 60-62. #2.4.1-#2.4.3

4. For a classical solution zt(t, a) of the wave equation u,, o the energy and momentum
density are defined by

EU, a)
= (.o + n) and pU, a) =

respectively.
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(a) Show that E = P, and E1 = P.
(b) Show that both E(t, x) and P(t .x) satisfy the wave equation.

5. II u(/ .x) satisfies the wave equation u prove the following idetit tv

u(x+ h,t+ k) +v(x — lit — K’) u(a ± lcd + It) + u(.c — k,t —
Ii),

for all ,r. I. h,k6

6 In 1858 the first tra ns— Atlantic telcgrapl t cab Ic was Laid iou ii allow ii ig direct ni’’’ rrit,nicat ill Li
between the United States and England. Tue first message sent by Queen Victoria to Pres—
ideal James Buchanan conjained 98 words and took 16 hours to coniiniinicate. This was an
nerd i Ide i m prrierneit over the ten d avis it took to cclii iii’i nica t e by ships! However vi t ii in a
nioiit 1i of its first operation Dr. \Vildman White]iouse (a medical dnctor with 110 real training
in electrical euigineering’ essentially melter1 the cable b applying too high of a voltage. The
react ion from the media to this announcement was volatile with main writers hinting that the
line was a hoax. Nevertheless, engineers persisted and a working cable was inst ailed in 1866
that could transniit a blazing eight words per minute!

In this probletii our goal is to mathematically understand how signals call be sent along wiles.
In partictilar. our goal is to tune specific electrical inopert ies of tile ‘vile to arrive at the wave
equation. As we saw in class, the wave equation is part ic;,larlv nice for sending signals because
the solutions retain the shape of tile initial profile. ‘that is. soniebodv receiving the signal
would know precisely what the initial shape of the signal is.

(a) \Ve will model the wire as an infinitely long straight line of resistance P 0. inductance
L 0. grounding resistance G 0 and capacitance C’ > 0. Letting I(t .r) and l’(t ..r)
ee,iotc the ctirrent and voltage across the wire at posit ion ,r and r hue t . the partial
differential equations satisfied h’ I and 1’ are given br:

= —RI — LI,. (1)
(2}

Show that I can be eliminated from thicse equations to yield the following eqriar ion:

— (LG+ RC) UGV = U,. (3)

(h) If we deflne e 1/ y’L. a = c2(LQ + PC’). and 6 = c2RG then the ahove equation
becomes:

+a1 ±51’ (.21: (1)

This equation is known as the telegrapher’s equation. If a 0 and b 0 this equation
heconics the ‘va”e equation. If L > 0 antI C’ > 0 slow that if a = 0 and b = 0 then hot i

P = 0 ann G = 0. Why is this an unrealistic case’?
(e) By making a substitution of the form 1’ (I ..r) c_At ,i(t. a:) and by appropriately picking

A in terms of the eonstaats ü, S and c. show that the telegraphers equation can he reduced
to the following partial differential equation:

Uu + Ku = C tIfl, (5)

where k is a constant that depends on a, b and e,
(rI) Show that K = 0 only when PC = LU
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(e) in the case when RQ = LG with the initial conditions u(O. :r) = f(r) and u (0. 1) = ci
show that a solution to a solution In the telegrapher’s equation is given by

V(t. x) (f(x - ct) + f(i + ci)), (6)

What does this solution means in practical terms? in particular, why is it usefnl for
sending signals?

Remark: ‘this process of tuning the electrical parameters so the RC = LG is called
‘Pupinizing the cahle after one of its discoverers Michael Popin.

2 Graduate Problems
• A spherical win-c is a solution of the three—dimensional wave equation of the form u(r. I) where
r is the distance hm the origin. ‘lie wave equation in this case takes the form:

2
l_o ±

i(0, r) =

“t(O. r) =

where O(r) , ‘(r) are hoth even functions of r. By making the change of variables t’ = cit. solve
the spherical wave equation -

2. #2415
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