MST 352/652
Homework #4

Due Date: February 12, 2019

Problems for everyone

1. pg. 72, #3.1.2, #3.1.4-3.1.6.
2. Consider the following initial boundary value problem on the domain [0, 7]
tuy = oo + 2u

u(t,0) ="u(t,n)
u(0,z} =0

By separating variables, show that this initial boundary value problem has an infinite number
of solutions.

3. Let {,k > 0. Find all separable eigensolutions of the Schrédinger equation u; = iku,, on the
interval [0,{] subject to following boundary conditions:

u(2,0) = 0 and u(t,{) = 0.

4. The overdamped dynamics of an elastic beam on the interval [0,!], i.e. a thin plank of wood
of length I, can be modeled by the following initial boundary value problem:

Ut = Urrzx

u(0,x) = f(x)

u(t,0) = u(t, ) =0

Ugr (£,0) = uge{t, 1) =0

{a) Find all separable eigensolutions to this equation.
(b) What does the initial condition model?

(c) What do the boundary conditions model?
5. pg. 76, #3.2.1-3.2.4.
6. Let f be a periodic function of period p.

{a) Prove that for any a € R:

/Upf(sc)da: = faa+pf(:c)d:c.

Hint: Write f:+p f(z)dx as the sum of two integrals (a to p, and p to a + p) and make
an appropriate change of variables.



{b) Prove that for any a € R:

p P
[ flz+a)de = f flz)dz.
o o}

(] Interpret these icdentities graphically.

Graduate Problems
1. #3.1.7

2. Let I > 0. Consider the wave equation on the domain [0,{] with so called Robin boundary
conditions:
Uyt = Ugx
u(0,z) = f()
u(0,z) = g{x)
u,(2,0) = u(t, 0)
u(t, ) = ult, 1)

By constructing an appropriate energy, prove that solutions to this initial boundary value
problem are unique.

Hint: The energy I defined in class won’t work, but it might provide hints on how to add
additional terms that yield an energy that is conserved for all time.

3. #3.2.10



lio\mc wor K HYT
#3.1.2

_ Find al ScPcrablc e‘\?cv\SD\uHMS s the heat eguation Up=Uxx on the
interval O<Y=<T1 So\pjcd- +o the boonduvy con diyims,

Q) U(£0)= 0, u(2T)=0

b.) u(4,0)=0, Ox(£11)=0

C) Uy (4;W)=0, Uy (2 T)=0
S, D\D'H on .

dtpenable solutions +v + . . .
PI" DIDP\(MS: ’ ’ he h'f-ﬁ‘\" E(bua-hon Sa"\’\S{—/ H«L ’gﬂ"bWM), -c}}cm,“‘w

X"=AX  and TEAT

We SPIH' Yhe Selutions tade Yhree Cases,

Case A (x>»0): Case 2 (X=9)!  (Case 3(X<b)
L= APy % Y =ax+b K= Aos (F55) 4 Bsin (TXX)

) For e Bovmdary Conditions D(2,0)= LIAI)=0 W Check. each Cast’
Case 4 (1>0),
Olany=0=> A==-D
Consu‘vuu .
X = Ale™ g T%)= 1A sah ()
=2 X ()= 2A 5w [I%TT) =0 => A=0,
Case 2 (h=0):
L{te)=h=p
b(t,‘rr)::mr::(y
= a=0.
Case 3 (A<0).
U[i} 0)=A=0
UIAT )= B 5i-(INT) Mo
The E\\J.va'?unc\-\\ons arc thos 7;‘,,,, b/:
Xn[X):BS}AU\X).




\7.) For 4he \;wndm/ Conditions L2 0)=Uy(Am)=0 We cheek  cases .
Case 4 (X>0):
L% 0)=0 = A=-§.
Conseguently, | X [)=2A5h (IXX).
= Uy [£T7) = 2 AT Cosin (TRT) 2= A= 0
Case 2 (X=0).
X )= axdy
VIAY=0=d5=0
OrlxTy=o=>0=0
Case 3 (\<0).
LIz oY= C=5A=0
=> Uy (4, X)= BIN cos(IR%) et
= Uy (47)= BIX Cos (TRA) €%
Therefore, +he eigen fumehions ane }"VM by
Xh ()03 Sin ((_2--“;;__)'5 X) )
With -e‘i?en\!alves A= (9_,,,\)‘74_

C\)r‘-‘"‘ the \:wndar,v Condiriens LY IA0)=Ue(a)=0 We Cheek cases!
Case 4 (O=0):
U= A exp (Sxx)+ Bexp(-I3x)
W(4)=0=>A=B
= K= 2Acosh (IXX)
=30 217) =2 ATS 5w §FT) EM=0
= A=0
Case 2 (H=b).
X=ax+p
0 (4 p) = (i) =0 = V(A X)=D,
Case 3 (\<0):
CBW= A cos (T Bsia (IRx)
U(4,0)=0=> B=0
D (4,75 )= ~ SR A Sn (J5TF) éM': D
T‘\L (A en-Fonr.-{-'wnS are thus g.ven b !
ﬁ(xi: Cos(ni) I;(Z)=_4L g




#3. L%

Find al\ 5cpcr~.b|c c‘?msdv-};ons to ¥he 'F°“DW'M}, Par-l-‘-a\ ch-F#acm-ial
€‘bvu+iohsi
A.) LE=Uy
b.) Ur=u,-U
C.) Up= XUy
SD\D'HOV\:
Assomt 003, %) =TI X(x), Then
a.) TIX::TX'
=S T'=0T and X'=)0X
= T=e™ and XA
b) _T'K =TX-TxX
=3 T'= 3T and ILX=)\X
= T=eM and Xpe LN
C.) T’X:’xTI'
=T'=\T and xXT'=)2X
%T'-'-"— C>d- ahd X:AX)‘

, n
Cons.dcr the -Fo\low}n), Initial bouuolar/ valve PTDHCW\ on Lom]!

*’U,t-:-' Uxx+2vu ’

Lk 0)= v ATT)

vle,x}=0

Snlotipn !
Led v x)=TX

=+ TX=TX+27X

= A1 el _
== X ;:ZX = X

=9TI=%TJ X"-"-'- ()\"’Z)X_

%T? 2 andl ' X= Acxp'(,l\-l,%)+Bcr~p(;—J>\-zk)

I-; >\=i W obtan the wmiinite v-l'iau’\\)r of S\;ltd'iun&'.
Vi x)= A"




Y,
T\V\t, OVCf‘d&hPeJ dfhamics o+ an elastic Lcam o awn inrerval CO_,z]
Can be wmedeled \7 e %l\bw'm), initial Boumlar/ value problem
V= Uyyxx
Ulox) =%ix)
v{£P)=uik L) =0
Uy l"ﬁ"):"vﬂﬁl):o
a\) F.\nd a“ Sfr{fﬂblc 'e; nSolu-Hov‘J h s C«’V“*""“‘ '
b) What does s ihiﬁarc'ov\dﬂ'ibn mode|?
C.YWhat do +he buundav7 Conditions wmodel !

SoluHov\:

GV her Ul )=TX. Therc fore,
T'Z X,

T X
=X =A exp( ex )+ chp(—- X/-fx)+c exp( Mix )+ Dexp (- Nx)

=AU (N4 Bexp (3% 4 € Cosl Nax)+Dsun (N4x )

Lio)=0=5 Aypic=p
XJ(.ﬁ\?-(J:) ANy BXVL_ CN2=D
= AYB=- C
A+B: C
One Solution 15 A=B=C=0 The 7¢ncrrc Ci}m Fonerons are thvs
7\Vl,-n h)

K=AS W (’V\I X___)
With  the temp oral erm 7;VC- b,
—rx y n"l-“-‘l‘
b.)T\nc nyial Condition medels the midial o‘isquusm.vﬂ' ot Yhe rlanK
C.Y The \uowdav/ Conditions medel ¥hut +he beam is C\umfca‘.



13,21

Find +he Founer Series of the ¥o||owin). Sunctions

a.)s. n{x)
b.) X
C.} 3x-\

d) x*

T2 (o5 ()|
Nt o

= -Z y)
nry

= E ()

gm&h ((Z'n‘n)()

*TR), X dx =T
an:%‘-r S:rKCobth)dX
= 11_%\- ( XS alnx 1:‘-— STS‘J\(M‘)AX)

= -2
Cos{nn)
N

*
Ians

= +ix)= ]]l: _%V\Z; E.'I-TT"'CM ((Z\n-\\X)



C) ¥)=3x-1

S .
o\u-\-i vy »

=0 & =

Qg -i-_r-—Sb L"\)Ob‘\'—

On= 2 SI’E-I) Co50nx)dx= 0
_ 11}

\w—-%-, SD I%53n (nx)dx.

=4(
;r- LC_"_’.E'i)"rS _os_[_@
-_-_-'_&‘ L‘\)n+‘

= Hr)= LEL“YL‘ Sinlnx) = |
W=} V\

4.) Fix)=x*
S‘b! C+ion.

a,= ,%_S:rxzalx = .2..73_r_‘.
:%Sj;l(”ch’“) olx
S Cusay)
= '1—:_% S:r XS nlnx)dx
= -_"'r..1 )([bS(nX)Y:
=~ '_Lt'_( N
— (_ \)vw\

Slx)= IL 3 z :t_(-\) cosu\x)



.
Levt + be o Fm.mc function of P
a) Prove thar for any a éR!

3, 500ex =05 () x
b) Prove ?H\q-lr for any a el
Sy Theraddx= §7 500y dx

Sv\u-ﬁ Dn‘,
at
1) 5, Fredae= (P50 e § o0
= S: £ dx +5q§( vip)du
—_rP O
=0, 00 dx+ 0% $00)dv

= Sf-?«lx)elx. ’
P ¥
b.) S, Hora) dx = S: q—?lu)olu: Sf-?(u)alt).

§_¥‘adua+e Problems
H2,

\_c+' ‘,(79.Cm5:du~ +he Wwave ¢quation on Co,2] wirh Robia boundary
Conditiong

Ver= Uxx
Ui0.x)=%{x)

* u*(o,x\':'?m
EENENTERY
Ug (+,4)==0(4 )

gblu+‘ion:
Lew ) y
Elr)= Lulgo)sLu0™ S @us+108)de
dE _
= -ﬁ--— Vs, O)U*(t,o)'l'ut:gl)u*l{.l)*S:@J-U;m‘-““ Ux Ut ) dx

== UL, 0) U (23 4 0% )03l 4 £ )45 (U g Ux ) ol
=0 Li‘, D)U*[:!;D) -\.0[;;,(') U4 L)+ Uy O \;‘ + S: (— Upy Uy + Uy Uﬂ)cb(



= %E_: U4 0) Ul 0) % U DUL34) = L[, LIUg(£,£) =V F 0 JUp2.2)

=0.
T-kerc-f-wcf Ee) s Conserved,
Now, let+ U, U, Solve F. Thon W=y -V, SctisFies!
Wit =We
wWLo,x)y=0
W0, x) =0
W(# 0) =W, (%0)
W, L) =Wy l4.2)
chrt-[-orfj Lor all 4 i+ Follows thet
E(»=0 N ,
£ 2" f
= Sb (i’w’f}""}_’w& }Jx +W(:, 0) 'E‘M(Z*HO =0
= w=0.

#£3.2.10
Ler § be o Smoovha Iw-periodic fun trion.
A) Prove Hhat §' i Z'n'-PcrioJ?c
) Show Pt 74 L& haus mean 2tro $Hen
(= §E$s)ds

|\5 2»W-)>{rtadu\c-

d) Prove Fhat ' F £ has megn , Hhen
\ ledr'- Sfﬂb)als-»w&
15 2w-

tvied e,
So\l)tidv\‘-
a) Sinee .‘,‘.(x\:_—xilwrl'rr) ¥ Hlows Pk F (a2 ) =4 110,
. w
b) ?(ﬁﬂv\‘—‘- Sb H)ds

= ST-HSMG - 8;*113;‘:(5)0\5

= ?('x) X Siw.g_(u-»x)du
= ?Lx\



C.) ?(X*ZW) = S:”&[s) ds = o (x4277)

I Lw
--Sjls)tlﬁso Flor)du = Wy -2,
- Sx’-ﬂﬂﬂ $ + 217V —~mx = 2%TvA

.::?(;(\






