MST 352/652
Homework #9

Due Date: March 26, 2019

1 Problems for everyone

1. pg. 154-155, #4.3.3-#4.3.9
2. pg. 159-160, #4.3.10, #4.3.11, #4.3.13, #4.3.17, #4.3.18.

3. Consider the following initial-boundary value problem:

Up = Uy, T € [0, 27],
u(0,t) = u(2m,t) =0,
u(z,0) = sin(z) — sin(3z) + sin(5z).

{a) Solve this initial-boundary value problem.

(b) Using software such as Matlab, Mathematica, etc sketch the solution for ¢t = 0, ¢t = .1,
t=.25,t=.5,and t = 1.

(c) Sketch a contour plot of your solution as a function of  and ¢. (If you want to, you can
use software to do this.)

4. Consider the following initial-boundary value problem:

U = Ugq, T € [0,27],
uy(0,t) = u, (27, t) =0,

u(z,0) = (z — )%

(a) Solve this initial-boundary value problem.

(b) Using software such as Matlab, Mathematica, etc sketch the solution for ¢t = 0, ¢ = .1,
t =.25,t= .5, and ¢t = 1 by using the first 20 terms in the Fourier series.

(c) Sketch a contour plot of your solution as a function of z and ¢. (If you want to, you can
use software to do this.)

5. Consider the following initial-boundary value problem:

Uy = Ugy, T € [0,27],
u(0,t) = u(2m,t),
u;(U, t) = Ugr (2“) t),

u(z,0) = 22,

{a) What do the boundary conditions model for this problem?



(b) Using separation of variables, solve this initial-value problem.

{¢) Using software such as Matlab, Mathematica, etc sketch the solution for t = 0, t = .1,
t=.25,%t=.5, and t = 1 by using the first 20 terms in the Fourier series.

(d) Sketch a contour plot of your solution as a function of z and t. (If you want to, you can
use software to do this.)

6. Consider the following initial-boundary value problem:

Uy = Uyy, T € [0,7],
u{0,t) = 0,

ug(m, t) =0,
u(z,0) = sin®(x),

uy(z,0) = cos®(z).

(a) Solve this initial-boundary value problem.

{b) Using software such as Matlab, Mathematica, etc sketch the solution for ¢ = 0, ¢t = 7/2,
t=mt=3n/2,and t = 2m.

{c) Sketch a contour plot of your solution as a function of z and ¢. (If you want to, you can
use software to do this.)

(d) Describe qualitatively the behavior of the solution.

2 Graduate Problems

1. The following problem models the vibrations of a square drum:

U = Au,:ce Q,

ulueaﬂ = 0)
u(z,0) = f(z,y),
u,(:z:,O) =0,

where @ = {(z,y) eR?:0<2<land 0 <y < 1}.

(a) Assuming a separable solution of the form u(z,t) = X(z)Y(y){(t), derive eigenvalue
problems that must be satisfied by X, ¥ and 7. Using the boundary conditions determine
the eigenvalues for this problem.

(b) Using linear superposition write down the solution to this problem in terms of a double
Fourier sertes.

. {¢) Using orthogonality determine a formula for the coefficients expressed as double integrals.
(d) For a,b € N, solve this initial boundary value problem if f(z,y) = sin(ex) sin(by).

(e) Sketch contour plots of the solution at § = 0,f = w/2,t = m,t = 35/2 for a = 1,b = 1 and
a = 2,b=2. (If you want to, you can use software to do this)

(f) For a,b € N, describe qualitatively the behavior of the drum as a function of time.
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mess) - ult_, x_) 3= Exp[-t] *Sin(x]) -Exp[-9+t] *Sin[3 % Xx]) +Exp[-25%t] *Sin[5+x];

Snapshots in time

n[289).~ Plot[(u{O, x],ul.1, x), u[.25, x], u[.5, x], u[l, x]}, {x, O, 2%},
PlotRange - {-3, 3}, AxesLabel » {"t", "u(t,X) "}, PlotLegends » "Expressions”,
AxesStyle - {Black, Black}, TicksStyle - Directive["Label”, 14]]

— (0, x)
— (0.1, X)
— (0.25, x)
— 0.5, x)
— u{1, x)

Out(289)=

Contour Plot

). ContourPlot[u[t, x}, {x, 0, 2+7%), (t, 0, 4}, FrameLabel » {"X", “t"},
PlotLegends - Automatic, FrameStyle -» {Black, Black},
FrameTicksStyle -» Directive["Label"”, 14], PlotRange -» {-1, 1}, Contours - 20,

PlotLegends - Automatic, ClippingStyle -» Automatic, ColorFunction -» "DarkRainbow"
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#3

wpzEl- ult_, X_] 3=
4%x°2/3+Sum[Exp[-n"2+t] + (4/n"2¢Cos[n«x) -4xx/n«Sin[n*x}), {n, 1, 100}];

Snapshots in time

In{327):m Plot[(u{.ooool, x}, u[.1, x], u[.25, x], u{.5, x], u{l, x}}, {(x, 0, 2xm},
PlotRange » {0, 40}, AxesLabel » {"t", "u(t, X) "}, PlotLegends -+ "Expressions"”,
AxesStyle - {Black, Black}, TicksStyle - Directive["Label", 14]]
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Contour Plot

w29y ContourPlot [ult, x1, {x, 0, 2+x}, (t, 0, 4}, FrameLabel » {"X", “t"},
PlotLegends -» Automatic, FrameStyle - {Black, Black},
FrameTicksStyle - Directive["Label”, 14], PlotRange » {0, 40}, Contours - 20,
PlotLegends - Automatic, ClippingStyle - Automatic, ColorFunction » “DarkRainbow"]
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#Graduate Problem

a=l and b=l
Simplify[Integrate[Integrate[Sin[n*m+x] ¥Sin{m« wxy] *Sin[x] »Sin[y], {x, 0, 1}],
{y, 0, 1}], Assumptions » n € Integers && m € Integers]
(-1)™"mnn2Sin([1]?

(-1 +m27r2) (—1+n2n2)

uft_, x_,y_]:=

(-1)®"mnn®Sin[1]2 .
4 » Sum[Sum| *Cos[SqQrt[n~2+m*2] #rxt) *#Sin[n+mwwx] »
(-1+m2n?) (-1+n2 %)

Sin[ms7wy), {n, 1, 20}], {m, 1, 20}];

Snapshots in time

ContourPlot[u[O, x,vl, {x,0,1}, {y, 0, 1},
FrameLabel » {"X", "Y"}, Framestyle - {Black, Black},
FrameTicksStyle » Directive["Label", 14], PlotRange - {-1, 1},
PlotLegends - Automatic, Contours -» 20, ColorFunction - "DarkRainbow"
ContourPlot[u[ﬂ/Z, x, yl, {x, 0,1}, {y, 0,1},
FramecLabel - {"x", “Y"}, FrameStyle -+ {Black, Black},
FrameTicksStyle -» Directive[“Label"”, 14], PlotRange -» {-1, 1},
PlotlLegends -» Automatic, Contours -» 20, ColorFunction —» "DarkRainbow"]
COntourplot[u[yr, x, yl, {x, 0, 1}, {y, O, 1}, FrameLabel -» {"X", "Y"},
FrameStyle -» {Black, Black}, FrameTicksStyle » Directive["Label", 14],
PlotRange - {-1, 1}, PlotLegends - Automatic, Contours - 20,
ClippingStyle -» Automatic, ColorFunction -» "DarkRainbow"
ContourPlot[u[3*n/2, x, ¥], {x, 0, 1}, {y, 0, 1}, FrameLabel - {"X", "Y'},
FrameStyle -» {Black, Black}, FrameTicksStyle - Directive["Label"”, 14],
PlotRange » {-1, 1}, PlotLegends -» Automatic, Contours - 20,
ClippingStyle - Automatic, ColorFunction -» "DarkRainbow"
COntourPlot[u[z *»n, x, yl, {(x, 0, 1}, {y, 0, 1}, FrameLabel - {"X", "Y"},
PlotLegends -» Automatic, PrameStyle » {Black, Black},
FrameTicksStyle -» Directive["“Label", 14], PlotRange -» {-1, 1},
Contours -+ 20, ClippingStyle -» Automatic, ColorPunction -» "DarkRainbow"
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a=2 and b=2

- Simplify([
Integrate[Integrate{Sin[n+ 7w« x] *Sin[m+w+y] *Sin[2+x] #Sin[2+y], {x, 0, 1}],
{y, 0, 1}], Assumptions -+ n € Integers && m € Integers]

(-1)™"mnn?8in[2]2

(-4+m®n%) (-4 +n?n?)

QuIfd7a)

e ult_, x_, y_] 2=

(-1)™*mnn?sin([2)2 .
4*Sum[8ulu[ #*Cos[Sqrt[n"2+m"2] * A% t] +Sin[n+ 7w % x] *

(-4+m’n’) (-4+n37r’)
Sin[m*n*y], {n, 1, 20}], {m, 1, 20}];
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Snapshots in time

ContourPlot [u[0, x, y], {x, 0, 1}, {y, O, 1},
FrameLabel - {"x“, "Y'}, Pramestyle - {Black, Black},
FrameTicksStyle -» Directive["Label", 14], PlotRange -» {-1, 1},
PlotLegends - Automatic, Contours -» 20, ColorFunction -» "DarkRainbow"
ContourPlot[u[x/2, x, ¥], {x, 0, 1}, {y¥, O, 1},
FrameLabel - {“X", "Y"}, FrameStyle - {Black, Black},
FrameTicksStyle - Directive["Label"”, 14], PlotRange » {-1, 1},
PlotLegends - Automatic, Contours - 20, ColorFunction » "DarkRai.nbow"]
ContourPlot [u[x, x, y], {x, 0, 1}, {y, O, 1}, FrameLabel - {"X", "Y"},
FrameStyle » {Black, Black}, FrameTicksStyle -» Directive["Label", 14],
PlotRange » {-1, 1}, PlotLegends » Automatic, Contours - 20,
ClippingStyle -» Automatic, ColorFunction » "DarkRainbow"
ContourPlot[u[3 *»n/2, x,y¥), {x, 0,1}, {y, 0, 1}, FrameLabel {"X", "Y'},
FrameStyle » {Black, Black}, FrameTicksStyle » Directive[“Label", 14],
PlotRange - {-1, 1}, PlotLegends -» Automatic, Contours - 20,
ClippingStyle - Automatic, ColorFunction - "Darknainbow"]
ContourPlot[u[2xx, X, ¥], {x, O, 1}, {y, O, 1}, FrameLabel » {"X", "Y"},
PlotLegends -» Automatic, FrameStyle » {Black, Black},
FrameTicksStyle - Directive|["Label"”, 14], PlotRange -» {-1, 1},
Contours -» 20, ClippingStyle -» Automatic, ColorFunction » "DarkRainbow"
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