
MST 352/652
Hoincw-oi’k #9

Due Date: Match 26. 2919

Problems for everyone

1. pg. 154-155. #4.3.3-#4.3.9

2. pg. 159-160. #4.3.10, #1.3.11. #4.3.13. #4317, #4.3.18.

3. Consider the foIIoving initi al—boundary value problw n

= 11ai, xE [0,2ii1,
a(0, I) = u(2vr, t) = 0.
u(x,0) sin(.r) — sin(3x) + sin(5x).

(a) Solve this initial—boundary value prolileni.
(b) Using software such as Matlab. Mathemat ica. etc sketch the solution for I = 0, 1 = .1.

.25. I .5. and I 1.

(c) Sketch a contour plot of your solution as a function of i and I. (If you want to, you can
use software to do this.)

4. Consider the following initial—boundary value problem:

= E 0. 27r1.
o(0.t) = u1(2w,t) 0,

u(x. 0) = (.r —

(a) Solve this initial—boundary value problem.

(h) Using software such as Matlab. Mathematica. etc sketch the solution for i = 0. I = .1.
= .25. I = .5. and I = 1 by using the first 20 terms in the Fourier series.

(c) Sketch a contour plot of your solution as a funct ion of .r and I. (If you want to. you can
use soft ware to do this.)

5. Consider the following initial—boundary value problem:

= tz. .r€ 0.2ir.
is(0. I) 14271. I).
n1(0,t) = u3(2ii,t).

(x, 0) = P.

(a) \Vh at (10 the boundary conditions model for this problem?



(b. Using separation of \ariaales. solve this initial—value problem.
(c) Using software such as Mat lab. Mat lieiiiatica. etc sketch the solution for I = 0. I .1.

= .2%. I = .5, and I = 1 by using the first 20 terms in the Fourier series.
(d) Sketch a contour plot of your so]ntion as a function of .r and I. (If you want to. you Can

use software to do this.)

6. Consider the following initial—boundary value problem:

i,, = e [Ox],
u(0, 1) 0.
01(x. I) = 0.
o(x. 0) = sin2Lr).
n(x 0) = eos2(I).

(a) Solve this initial—hc,undarv value problem.
(b) Usag software such as Nlatlab. Matliernatica. etc sketch the solution for I = 0. 1 = ir/2.

ii. I 3/2. arid I = 2n.
(c) Sketc]i a contour plot of your solid ion as a function of x and I. (If von want to. ou can

use software to (10 this.)
(d) Describe qualitatively the behavior of tile solution.

2 Graduate Problems
I. The following problem models the vibrations of a square drum:

x € g

0.
o(x, 0) = fir. g).
Or (v.0) = 0.

where A = {(x.y) E 0 .r < 1 and 0 g 1}.

(a) Assuming a separable solut mu of the lorm ii (a. I) A’ (.r )Y { y)J (I). denve eigenvalue
problems that must he satisfied 1rJ X Y and I’. Using t]ie boundary conditions deterimne
the eigenvalues for this probleiri.

(b) Using linear superposition write down the solution to this problem in terms of a double
Fourier series.

(e) Using ortliogoixality determine a Formula for the coefficients expressed as double integrals.
(cI) For a, b € N. solve tIns initial boundary value prolilem if f(x, y) = sin(,ox) sin(hy)
(e) Sketch contour plots of the solution at 1 0.( = 7(/2.1 = xl = 3ir/2 for a 1, b I and

a = 2.b = 2. (If you want to. you can rise software to (10 this)
(fi For a. 6 C N. describe qualitativel’ the behavior of tire drum as a function of time.
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#3
rssju[t,xJ:Exp[t]*Sin[x]Exp[9*t]*Sin[3*x]+Exp[25*t]*Sin[5*xJ;

Snapshots in time
1(2893= Plot [ (u [0, x] , ii [.1, x] , u [.25, xJ £ u [.5, x] , u[ 1, x] ) , (x, 0, 2 * ,r)

PlotRange -, (-3, 3), AxesLabel
-, { “t”, u (t, x) ,‘}, Piorbegends Expressions

AxesStyle (Black, Black), TicksStyle -, Directive[”Label’, 14]]

u(t,x)
3

2

Contour Plot

ln(310j:= contourPlot [U [t, x] £ (x, 0, 2 * ,r} £ {t, 0, 4), FrameLabel
—, { X”, “t },

PlotLegends -.Automatic, Framestyle —. (Black, Black),
FrameTicksstyle -. Directive[”Label”, 14], PlotRange -. (—1, 1), Contours — 20,
PlotLegends -.Automatic, Clippingstyle • Automatic, Colorfunction -. “DarkRainbow”]

OuI(31 0=

4-.

1.0

0.5

-0-5

-to

1
OU(1289fr

—1

2

3

— u(O, x)

— u(O.1,x)

— u(O.25, x)

— u(O.5, x)

— u(1,x)

o 1 2 3 4 5 6
x



#3
IflI326] U [t , x] =

4*n*2/3+Sum[Exp[—n2*tj*(4/n2*Cos[n*x]_4*n/n*Sin(n*x]),(n,l,l00)];

Snapshots in time
In2rj Plot [(u[ .00001, x) , u [.1, xJ , u [.25, xJ , u [.5, x) , u [1, x] ) , {x, 0, 2

PlotRange -, (0, 40), AxesLabel
-,
f”t”, “u (t , x) “}, PlotLegends -,

Axesstyle -. (Black, Black), Ticksstyle -, Directive [Label, 141]

u(t,x)
40

Contour Plot

‘nI3’]= ContourPlot[u[t, x), {x, 0, 2*x), (t, 0,4), PraneLabel-, {“X”, “t”},
PlotLegends -,Automatic, Framestyle -. {Black, Black),
FrameTicksstyle -i Directive[’Label, 14), PlotRange -, (0, 40), Contours -.20,
Plottegends -. Automatic, ClippingStyle -. Automatic, ColorFunction -. DarkRainbow”]

30

* n) ,
‘Expressions”,

0ut1327fr

— u(O.00001, x)
u(O.1, x)
u(O.25, x)

- — u(O.5, x)
— u(1.x)

0 1 2 3 4 5 6
t

4-

0U11329]

40

30

20

-ID

0 1 2 3 4 5 6
x
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#Graduate Problem

a1 and b1

[t3j= Simplify[Integrate[Integrate[Sin[n*t*x] *Sin[m*n*y] *Sin[xJ *Sin[y], {x, 0,1)],
{y, 0, 1)] , Assumptions —i n C Integers && In E Integers]

(_1)mnmnn2sin12
C33=

(—i +m2m2) (—it n22)

fr1362fr u[t_, x_, y_]
(_1)nnmmn7r2Sin[i]2

4*Sum[Sum[ *Cos[Sqrt[n 2+m 2]*n*t]*Sin[n*n*x]*
(—i tm2 &) (—i .n2 n2)

Sin[m*Jr*y], fn, 1, 20)], {m, 1,20)];

Snapshots in time

In373]:= ContourPlot[u[0, x, yJ, fx, 0, 1), fy, 0, 1),

FrameLabel-, {X, •y.}, FrameStyle-. (Black, Black),
FrambTicksStyle_,Directive[Labelu, 14], PlotRange-. (-1, 1),
PlotLegends -,Automatic, Contours • 20, ColorFunction. “DarkRainbow]

ContourPlot[u[n/2, x, y], fx, 0, 1), fy, 0, 1),

FrameLabel {X, y}, FrameStyle -, {Black, Black),
FramcTicksStyle-iDirective[’Label, 14], PlotRange-’ (-1, 1),
PlotLegends -. Automatic, Contours -. 20, ColorFunction -. “DarkRainbow”]
ContourPlot[u[n, x, y], {x, 0,1), fy, 0,1), FrameLabel-, {“X”, ‘T”},
FrameStyle-. {Black, Black), FramcTicksStyle—+Directivc[”Label’, 14],
PlotRange -, f-i, 1), PlotLegends -, Automatic, Contours -+20,
Clippingstyle -‘Automatic, ColorFunction -, ‘DarkRainbow]

ContourPlot[u[3*ir/2, x, y], {x, 0,1), fy, 0,1), FrameLabel-, {“X”, ‘T’},
FrameStyle. {Black, Black), FrameTicksstyle,Directive[Label, 14],
PlotRange • {-1, 1), PlotLegends -‘Automatic, Contours • 20,
Clippingstyle -‘Automatic, ColorFunction-. DarkRainbow”]

ContourPlot[u[2 * it, x, y], (x, 0, 1), fy, 0, 1), FrameLabel .. {X, y}
PlotLegends-.Automatic, FrameStyle-+ (Black, Black},
FrameTicksStyle.Directive[’Label’, 14], PlotRange-’ (-1, 1),
Contours -, 20, ClippingStyle • Automatic, ColorFunction • DarkRainbow]



2 I GradProblem.nb

0.855

>‘

>

0UI(373h

Out[3741=

1.0

0.8

0.6

0.4

0.2

0.0
0.0
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0.0
0.0
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0.285

0.095
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Gradproblemnb I 3

I 0.57

0.38

0.19

Io—0.19
>

>‘

Cu!(35fr

Out[376fr

0.2 0.4 0.6 0.8 1.0
x

1.0

0.8

0.6

0.4

0.2

0.000

:L
0.4

0.2

0.2 0.4 0.6 0.8 1.0

! 0.285

-. 0.095

— -0095

• —0.285

-0475

x



4 Gradproblem.nb

0285

0.095

ci

I —0.095

—0.285

—0.475

In[378).± Simplify
Integrate[Integrate[Sin[n*Jr*x]*Sin[m*Kwy]wSin[2*x}*Sin[2*y],{x,0,1}],
fy, 0,1)], Assumptions-,nc Integers && mE Integers]

(_1)mnmnK2 Sin[2]2
Out[378fr

(—4 +m2 jr2) (4 + 2 }12)

(—l)’mnn2 Sin[2]2
4 * Sum [Sum[

(_4+m2n2) (_4+n27r2)

Sin[m*a*y], {n, 1,20)], {m, 1,20)];

Out[377]=

1.0

0.8

0.6

>1

0.4

0.2

0.0
0.0

a2 and b2

0.2 0.4 0.6 0.8 1.0
x

1n1379}= u [t, x, y] =

*Cos[Sqrt[n2+m2J *,r*t] *Sin[n*yr*x] *



GradProbiem.nb I 5

Snapshots in time

h4380J ContourPlot[u[O, x, y], (x, 0, 1), (y, 0, 1),
{X, •y.}, FrameStyle -, (Black, Black},

FrameTicksstyle-’Directive[’Label’, 14], PlotRange-’ (—1, 1),
PlotLegends -‘Automatic, Contours • 20, ColorFunction -. DarkRainbow]

ContourPlot[u(ir/2, x, y], {x, 0,1), {y, 0,1),

FrameLabel
-, { X, ‘T’ }, FrameStyle -, (Black, Black),

FrameTicksStyle-,Directive[”Label, 14], PlotRange-’ (-1, 1),
PlotLegends -‘Automatic, Contours • 20, ColorFunction-’ ‘DarkRainbow’]

ContourPlot[u[ir, x, y], (x, 0, 1), (y, 0, 1), FrameLabel -, {“X, Y}
FrameStyle- (Black, Black), FrameTicksstyle—’Directive[’Label, 14],
PlotRange -, (-1, 1), PlotLegends -‘Automatic, Contours -‘20,
ClippingStyle -‘Automatic, ColorFunction -. “DarkRainbow’]

ContourPlot[u[3*irJ2, x, y], {x, 0,1), (y, 0, 1), FraneLabel-. {“X”, ‘“
Framestyle-’ (Black, Black), FrameTicksStyle_,Directive[Label, 14],
PlotRanqe —, (-1, 1), PlotLegends -‘Automatic, contours -420,
ClippingStyle - Automatic, ColorFunction -. DarkRainbow]

ContourPlot[u[2 * it, x, y], (x, 0, 1), (y, 0, 1), FrameLabel -‘ {X, ,,Y,}
PlotLegends-.Automatic, FrameStyle-’ (Black, Black),
FrameTicksstyle-,Directive[Label, 14], PlotRange-. (-1, 1),
Contours • 20, ClippingStyle -‘Automatic, ColorFunction -‘ DarkRainbow]

1.

0.
0855

0. 0665

>
Cj!(28.Y= 0475

0.4
0.285

0. 0.095

0.0
0O 0.2 0.4 0.6 0.8 1.0

x



6 GradProblemni

1.0

0.8 100

0.75

0.6
— 0.50

>
outtasi

0.4 0.25

0

0.2
—0.25

0.0
0.0

1.0

0.8 1.00

075

0.6
: 050

OuIt382I 0 25
0.4

0

0.2 -025

0.0
0.0 1.0

0.2 0.4 0.6 0.8 1.0
x

0.2 0.4 0.6 0.8
x



GradProblemnb I 7

I 025

0

I
—0.25

—0.50

—0.75

—100

[25

I —0.25

—0.50

-0.75

•1.00

1.0

0.8

0.6

> [
C,iI[3S3l

0.4

0.2

0.0
0.0

1.0

0.8

0.6

>Outf3S4]

0.4

0.2

0.0
0.0 0.2

0.2 0.4 0.6 0.8 1.0
x

0.4 0.6 0.8 1.0
x


