
of inflection and thus are valid isometric immersions for the
Kirchhoff model. However, periodic Amsler surfaces will be-
come singular when ϕ(z) is a multiple of π forming a sharp
crease in the surface (Fig. 10). By asymptotic analysis of (30),
it can be shown that that maximum radius Rn for a disk that
can be cut out of the surface An scales like Rn ∼ ln(n). 36

Fig. 11 Periodic Amsler surfaces with n = 2,3,4 and 5 waves

respectively. These surfaces are not drawn to scale, but are close to

the maximum radii allowed before the principal curvatures diverge.

The coloring of the disks corresponds to contours of arclength data

and indicate how the different geodesic disks cut from these surfaces

would appear.

In contrast to the disks cut from the hyperboloids, the bend-
ing content of the periodic Amsler surfaces is concentrated in
small regions along lines of inflection and near the singular
radius (Fig. 12). In fact, for large radii, the periodic Amsler
surfaces are energetically preferred over their smooth counter-
parts (Fig. 13). To be precise, we minimized the energy (22)
over the one-parameter family of hyperboloids of revolution
defined by (24) for each radius and we selected the hyper-
boloid with the lowest value of W for this radius. We then
compared this optimal energy over the disks cut from hyper-
boloids to corresponding disks cut from the periodic Amsler
surfaces. We also see that at the critical radius Rn the periodic
n-wave Amsler surface An no longer has finite bending energy
and a profile with a higher number of waves is selected. This
gives a natural mechanism for the refinement of the number
of waves with increasing radius and could explain why the
morphology of crochet models of H2 becomes increasingly
complex with increasing radius.56

-2 0 2

-2

-1

0

1

2

-2 0 2

-2

-1

0

1

2

-2 0 2

-2

-1

0

1

2

-2 0 2

-2

-1

0

1

2

5

10

15

5

10

15

5

10

15

5

10

15

Fig. 12 A representation of the geodesic disks cut out of Amsler

surfaces with n = 2, . . . ,5 waves colored by k2
1 +k2

2. These disks

each have a maximum radii of R = 1.2654, 1.8505, 2.2342, 2.5199

beyond which one of the principal curvatures diverges. The bending

content of these disks is concentrated in small regions near the

singular edge of the disk and for n ≥ 3 along lines of inflection.

4 Discussion of results and future directions

From the results we presented in section 2 and 3 it is clear
that the current non-Euclidean model of elasticity cannot ade-
quately explain the periodic morphologies of the hydrogels in
Fig. 3. Moreover, the measured bending content of the hydro-
gels diverges according to the scaling t−1,11 which is a curious
result in that it contradicts the known existence of smooth iso-
metric immersions of gK0 for finite domains.80 Specifically,
we showed in the FvK model there are only two types of
global minimizers - saddles and flat sheets - in the limits of
thin and thick sheets, and no intermediate asymptotic regime
in which shapes with more waves have lower energy. In ad-
dition, it follows from our analysis in the Kichhoff approxi-
mation, that for the radii and curvatures used in experiments
the saddle shape is indeed the energetically preferred shape in
the vanishing thickness limit. However, the n-periodic shapes
we constructed in the FvK and Kirchhoff approximations do
agree qualitatively with the experimental observations and the
exact isometric immersions with a periodic profile refine with
increasing radius matching observations in the crochet models
of H2.56

We suggest the following future avenues of research that
could lead to improvements in the modeling that might be nec-
essary for a better quantitative description of the experimental
phenomena:

1. The periodic shapes in swelling hydrogels are the result
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