MST 750 Name (Print): Kéy

Spring 2022 ‘
Exam #1
02/16/22

The following rules apply:

o If you use a “fundamental theorem” you Probl Points | Scor
must indicate this and explain why the theorem roblem | Pouwts | Score
may be applied. 1 10

e Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat- 2 5
tered all over the page without a clear ordering
will receive very little credit. 3 10

e Short answer questions: Questions labeled as 4 10
“Short Answer” can be answered by simply writ-
ing an equation or a sentence or appropriately 5 25
drawing a figure. No calculations are necessary or
expected for these problems. 6 20

e Unless the question is specified as short an-
swer, mysterious or unsupported answers 7 20
might not receive full credit. An incorrect
answer supported by substantially correct calcu- Total: 160
lations and explanations might still receive partial
credit.

Do not write in the table to the right.
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1. {10 points) Consider the following differential equation on R:
& = f(t)x + g(t)z",

where f,g : R — R are smooth functions. Show that the transformation y
linear equation

g=(1-n)f(t)y+ (1 —n)g(t).
If y= X" e
}:‘(l‘h)){n)‘(
= Ll—n)x"“({-t,e'm?mx”)
= l-n)sur)x"'\?tx)

2. {5 points) Consider the following differential equation

T = Az,

z!"" yields the

where A is a 2 x 2 matrix. Circle any of the the following which could be solutions to this type

of equation and cross out any that could not.

(a) o(t) =fBetg e, )

() G(t) = (3¢ + e, ¢8))
(c) 2(t) = (BFde, tet)

(d) 2(r) = (3KTe")
) z(t) (ef;\zeﬂ,’ewze t)
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3. (10 points) Consider the differential equation

T = alt)z,

iL‘(O) = Iy,

where a : R = R is a smooth function.

(a) (8 points) Find an explicit formula 59_1‘ solutions to this equation.

X(£y= X, e> *Ys.

(b) (1 point) True OI{F‘alse iThere exists a non-vanishing T-periodic solution if and only if
fo a(s)ds = 0.

(c) (1 point) True or (False ,There exists an unbounded solution in R* if and only if
fo a(s)ds # 0 for some t > 0.
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4. (10 points) Consider the following system of differential equations
T = Ar,

where A is 2 x 2 real matrix.

(a) {4 points) Short Answer: In terms of the eigenvalues and their multiplicities, find nec-
essary and sufficient conditions on A that guarantee solutions to this system converge to
the origin.

ﬁ.& ()Nl.r)\z\(D

(b) (3 points} Short Answer: In terms of the eigenvalues and their multiplicities, find nec-
essary and sufficient conditions on A that guarantee solutions to this system are bounded.

Re(M)= RefX =0
T(ﬂt ?um¢w'\‘c and ab,bm‘,, ,,.,,,14-:?\7617 ot c7uq‘.

(¢) (3 points) Short Answer: In terms of the eigenvalues and their multiplicities, find nec-
essary and sufficient conditions on A that guarantee solutions to this system are bounded
for t > 0.

1 R& L)\uJ\z)'(O
2. Re[ry<o  ReOD =0
Re(h)=0, Re(r,)<0

30 RetA Y= Ret))=0
The ?-Wm”-r?l and u\;.bra.‘c p...H-‘.P\Tc}H(S are cﬂwdy
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5. (25 points) Do either part {a) or part (b). Circle which problem you want graded.

(a) Consider the following system of differential equations.

T = -3z + 2y,
¥ = 3% + 3y.

¢ (10 Points) Show that this system has a conserved quantity E and determine E.
Recall, a quantity E : R? — R is conserved if E is constant along solution trajectories.

¢ (5 Points) Calculate an explicit formula for the nullclines and fixed points for this
problem.

¢ (5 Points) Determine an explicit formula for any heteroclinic or homoclinic orbits in
this problem.

¢ (5 Points) Sketch a phase portrait for this problem.

, 4E Oy L OE,
d+ axx 7

This §ys+u., TS ronservﬂ' ve TF ‘l /

:-aE 7_.
/

/s

4

=*'§.>_<...-_-gz
oX 4y
= ~-3z=-3 v
The C’M7/V s .
E="xy-y ex’

¢ The nv“c.\m(S ant«l -P;)(gfj ro-n-l'i ayre
-Y=4x =
-2 -
") ==X

W omecling, srbie §atistie s

0=3xy ~y*rx?
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{(b) Consider the following system of differential equations in polar coordinates:
# =7l - r2),
8 = a + sin(8),

where ¢ > 0 is a constant.

¢ (15 Points) Sketch phase portraits of this system for the cases ¢ = 0, @ = 1, and
a > 1. Note: All phase portraits must be drawn in Cartesian coordinates.

¢ (10 Points) Show that when a > 1 the period T of any periodic orbit satisfies

7

Therckoe, T4 a1 T4 Bilvs p.,

Su«—\ 4T<S _-—d&

= 2r < V=< 2
At o)
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6. (20 points) Do either part (a) or part (b). Circle which problem you want graded.

(a) Suppose (X, || -||) is a normed linear space, T : X — X is a bounded linear operator, and
E C X is a Banach space with respect to the norm || -||. Prove that if £ is invariant under
T then E is also invariant under exp(T'). Note: To correctly solve this problem you must
use the fact that E is a Banach space.

Letr XEA. Dediac

o= (T be o +A X
L n

S:n(t E, I3 \\n\/;-ﬂ:‘aq-}- Xv\EE.MbrCDWA")
X, —> exp(x).
By colexihess o6 E 3+ tues Lollows thar expix) € E.
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(b) Let A, B be n x n real matrices that satisfy [A, B] = 0.

o (10 Points) Let ' = Bexp(tA) and G = exp(tA)B. Show that F and G satisfy the
same initial value problem

é = A¢,
¢(0) = B,
and thus prove for all ¢ that Bexp(tA) = exp(tA)B.

¢ (10 Points) Let ®(t) = exp(tA) exp(tB). Derive an initial value problem satisfied by
®. Show that exp(t(A + B)) satisfies the same initial value problem and thus prove
that exp(tA)exp(tB) = exp(t(A + B)).

’ F:‘-’: brAcxp(+A)=A BepltM=AF
C=AexpAYP=A G,

By EXTsHe and vailqueness Swee FV=GIOV=R 14+
Hows trar dor all

Bexp i) =expl+A)b.

* G = Acxp+MlexpleB)t explen) Bexpd)
= Acxpl#R cx plaB) ¥ Bexpla Al plD)
= (A¥RexpirA) ExpirB)
= (D E

ﬁ_exyu—m‘rm)z(&%kxp (#41D))

B/ exivimee and Vhigueness T+ felows that

exylﬁﬂcxp (#B)=¢ P (£CASBY).
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7. (20 points) Consider the following linear system of differential equations:

T =z,
y=r—-y,
= -z

e (10 Points) Find the stable, unstable, and center subspaces of this system.

R=AR, whone
Ax=jCoO |

b~( 0
Moo

-Al= 0—[ —~ - >\"']
der DI-H) 4”(5} aio | O‘MM”—([! J\D

2 A == O (N +1)
The eigenvalors  art )\:--\J 2 7

A.-.....z__- ) é = ;

Ae-A=("y o -\ 2V ? o0 -1 4 0=
s 0 => . s
-1 0 O 1n 0 i+l 4
} 0-| ol oo
¢ (5 Points) Is this system stable? =V, = f‘/" -z ""; '_'Z' -
iy SETFT0 N TS
ar 2 4
3 | ‘

¢ (5 Points) Roughly sketch a three-dimensional phase portrait of this system. In particu-
lar, be sure to sketch the stable, unstable, and center subspaces, the dynamics on these
subspaces and eneough solution trajectories to illustrate the qualitative behavior of the

system. 'Z







