
MST 750
Spring 2022
Exam #1
02/16/22

The following rules apply:

Name (Print):

• If you use a “fundamental theorem” you
must indicate this and explain why the theorem
ma be applied.

• Organize your work. in a reasonably neat and
coherent way. iii the space provided. Work scat
tered all over t lie page without a clear ordering
will receive very little credit.

• Short answer questions: Questions labeled as
‘‘Short Answer’’ can be answered by si iiplv wrIt
ing an equation or a sentence or appropriately
(lrawilg a figure. No calculations are necessar or
expected for t liese problems.

• Unless the question is specified as short an
swer. mysterious or unsupported answers
might not receive full credit An incorrect
answer snpported by substantially correct calcu
lations and explanations irnght still receive partial
credit.

Problem Points Score

1 10

2 5

:3 10

1 10

5 25

6 20

7 20

Total: JOG

Do not write iii the table to the right.
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1. (10 points) Consider the following differential equation on Ill.:

± f(t)x + g(t)x,

where f.g: R F—> R are smooth functions. Show that the transformation y = x’’ yields the
linear equation

= (1- n)f(t)y + (1 - n)g(t).

Zf i=x’-

=

2. (5 points) Consider the following differentia.1 eqnation

where A is a 2 x 2 matrix. Circle any of the the following which conld be solutions to this type

of equation and cross out any that could not.

(a) x(ty13ê+te2t)

(b) (:ct) = (3e + e, et),)

(c) x(t) (3et*t, tct)

(d) x(t) —(&t2ct)

(e) x(t) = (ct + 2e_t)



MST 750 Exam #1 - Page 3 of 9 02/16/22

3. (10 points) Consider the differential equation

± = u(t).r.

•r(0) =

where o : R is a smooth function.

(a.) (8 points) Find an explicit formula for solutions to this equation.

X(t)=

(h) (1 point) True or False: There exists a non—vanislung T—periodic solution if and only if

i °V) = 0.

(c) (1 point) True or False: There exists an unbounded solution iii Rt if and only if
jJ o(s)ds U fhr some t > 0.



MST 750 Exam #1 - Page 4 of 9 02/16/22

4. (10 points) Consider the following system of differentiat equations

r= Ax.

where A is 2 x 2 real matrix.

(a) (1 points) Short Answer: In terms of the cigenvalues anc their multiplicities. find nec

essary and sufficient conditions on A that guarantee solutions to this system converge to

the origin.

(Ii) (3 points) Short Answer: In terms of the eigenvalues and their multiplicities. find nec—

essarv and sufficient conditions on 4 that guarantee solutions to this system are hOlfl1ded.

Rct)1’= RctX’D
¶kc 0a 4I)sWrb( Gci.y aft

(c) (3 points) Short Answer: In terms of the eigenvalues and their multiplicities. fuel nec—

essarv and sufficient conditions on A that guarantee solutions to tins systeut are bounded

for t > 0.

i .eO%\<o
2. Ret>)<b3 CO’L’)b

RCD\I)ZQ) ReOi<0
3. Rct> ESQL);ZO

YkL 4ri4 RlpI,rc.,’L .v$t-pRc’t-i?t5 RI’L



5. (25 points) Do either part (a) or part (b). Circle which problem you want graded.

(a) Consider the following system of (lifferential equations.

Et )xy

-

—3.r + 2g.

= 3? — 3g.

t.IL,N- 5kt-7s4?cJ
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f,-c

• (10 Points) Show that this system has a conserved quantity E and determine E.
Recall. a quantity E R2 i—* IR is conserved if E is constant along solution trajectories.

• (5 Points) Calculate an exp]icit formula for the nullclines and fixed points for this
problem.

• (5 Points) Determine an explicit formula. for any heteroclinic or homoelinic orbits in
this problem.

• (5 Points) Sketch a phase portrait for tins problem.
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(h) Consider the following system of differential equations in polar coordinates:

where a 0 is a constant

r(1 — r2).

U = a * sin(O).

T’icrcSorc, r4- a>Ii ‘4 -fii, ‘t’t
riV

a4H —‘

0

-r

• (15

a>

• (10

Points) Sketch phase portraits of this system for the cases a 0, a = 1, and
1. Note: All phase portraits must he drawn in Cartesian coordinates.

Points) Show that when a > 1 the period T of any periodic orbit satisfies

7
2ir

a+1 u—i V

1 —

D
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6. (20 points) Do either part (a) or part (b) C’ircle which problem von want graded.

(a.) Suppose (X. jj) is a normed linear space. T X A is a bonnded linear operator. and
E c X is a Banach space with respect to tile norm Prove that if E is invariant under
T then E is also invariant under exp(T) Note: To correctly solve tIns problem von must
use t lie fact that £ is a Banaeli space.

Lc-i- yEA. Dc4-:01c
inn

2- nr)
N’Stic 3_I %nVbrKcu,4- V

t’lOrLtw.r1

x—expCx).
Coleyc4-4053 vf E 1± ic )lowa 4-k-- espex)e-E
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(b) Let A. B be n x ii real matrices that satisfy [A. B] = 0.

• (10 Points) Let F = Bexp(tA) and G = exp(tA)B. Show that F and C satisfy the
same initial value problem

= Aé.

(0) B.

and thus prove for all t that Bexp(tA) = exp(tA)B.
• (10 Points) Let. (t) = exp(tA) exp(tB). Derive an initial value probleizi satisfied by

<F. Show that exp(t(A + B)) satisfies the same initial value problem and thus prove
that exp(EA) exp(tB) = exp(t(A + B)).

t Acxp(*A)ZAexpU)rAF
&AeX9CAAH5A &.

C)Cst-r&C *4 S.’Cc FjbGLO’1B

41tw5 -tl*4- ?vr ft t

z AeXp1tt4X?!?frI3’)t ;cy$te% kxf(+J))
Acypii-JY 1thtT&)4- 13epfrMcxpitD)

(ApAcptrv
t

e%p(J-(At(&3C%p fr(A-trs))

B7 cinc.t vn’qtcne5i 1* 4sUo.’s thc.t

exp1Mep1t9ze p(FCA4-W).
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7. (20 points) Consider the following linear system of (litfereutial equations:

=

y = a:
—

y.

• (10 Points) Find the stable, unstable, and center subspaces of this system.

‘5ZA, w4wt-

Tw tfynvtjv,4

?-Ar- o_i\:#
Co

Li o-i

• (5 Points) Is this sx-stem stable?

svsteni.

b-I
03+1 A

[oco

• (5 Points) Roughly sketch a three-dimensional phase portrait of this system. In particn
lar. be sure to sketch the stable. unstalile, and center subspaces. the dynamics on these
subspaces and eneougli solution trajectories to illustrate the qualitative behavior of the
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