
NIST 750
Homework # 5

Due Date: February 28. 2022

1. pg. 97. #1.

2. pg. 97. #3

3. Let I be a closed and bounded interval in R containing (1.

(a) Let 3’ C C’( F: ) be the space of Lipsi-liitz continuous fimctioiis with Lipschitz constant
L > 0. ShOw that 1’ is a Batiach space with respect to the norm - = snpjc / { f(flI

(h) Let Z C I he defined by Z = (1 C I f(0) = O}. Show that the mapping Z —> R
defined by

I!fWz = sup {[J(t)I}
1\ {O} RI

(lefi nes a j iorin on Z

(c) Prove for all f.g C Z that hf — g!Iz < L.

(d) Prove that Z with respect to the norm z i, a Banach space.

4. In this probleni you will need the following definition. A map T : X F—> V between two Banacli
spaces with norms x and h’- is coffi innous if for all x,, C X satisfting a,, —> a , i.e.

[r — :c’[Pv = 0. it follows that TCc,,) —> TC,-). i.e. Iini, IIT(} — T(r)IIy = 0.

(a) ILV is Banacli space prove for all .f.g C .V that !IIfh — < P1 —t’il
Kb) If X is Banachi space prove that t lie norm on X is C’ intinuons ;vheii viewed as a map from

X to Ill. That is, prove that the map T X h—> hR defined by T(f)
= If LI is coat unions.

(c) If X. V are Banach spaces with the norms II IIx and LI H’ prove that the prodnct space
X / V with the nonn (f.g) = Ifv + q- is a Batiach space.

(d) If X is a Batiach space prove that the transforitiation T X x A’ F—> A defined by
T([ g) f + y is a continuous map from X x X into A’.

(e) If N a Banach spate prove that the mal) T N x —* N defined b T(f. u) = (If is

to’ iii it it )1j 5.

5. Let T : X p—> X he a transformation of a Banach space A’ such that T” is a contraction foi
sonic ci C N. Show that:

(a) T has a unique fixed point i e .V. i.e. tHere exists a unique To C A such that T(.r0) =

(b) For each .r C X the seqtiemtce P (.r) converges to i0 when n —> DC.

6. pg. 98. #•
7. pg. 99. #7- There is a typo in the book. The first guess should be uo(t) = a.

8. Consider the following first order system.

= 2t — 2 Iuiax{0. r}.

x(0) = 0.

Apply Picard iteration wit Ii the itmitial guess r II Explicitly find the pattern for the
iterations. Do the iterations converge?
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