Linear Algebra II Name (Print): K ey
Spring 2024 4
Exam 1

02/16/24

This exam contains 8 pages (including this cover page) and 7 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You are required to show your work on each problem on this exam. The following rules apply:

o If you use a “fundamental theorem” you )
e . . Problem | Points | Score

must indicate this and explain why the theorem

may be applied. ) 5
e Organize your work, in a reasonably neat and

coherent way, in the space provided. Work scat- 2 15

tered all over the page without a clear ordering

will receive very little credit. 3 15
e Short answer questions: Questions labeled as . 4 | 15

“Short Answer® can be answered by simply writ- '

ing an equation or a sentence or appropriately 5 15

drawing a figure. No calculations are necessary or |

expected for these problems. 6 10
® Unless the question is specified as short an-

swer, mysterious or unsupported answers 7 15

might not receive full credit. An incorrect

answer supported by substantially correct calcula- Total: 100

tions and explanations might receive partial credit.

Do not write in the table to the right.
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1. (15 points) For what values of a € R does the following system of equations have zero, one, or
infinitely many solutions?
T+ y+ z=4,

y+z=2
(a2 ~d)z=a— 2.

— I-F a=2 "H’\tf‘l- are \»m C-...‘“y mans So 'U'H\u\.‘
I—Q A=-2 there are no Sblv*;\M&
— I‘F‘ af2 er q?—l +htre :\b ent Solu-Hon.
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2. (15 points)

(a) (5 points) Short Answer: Write down the two properties a set of vectors {#,..., Un }
must satisfy in order for them to form a basis for a vector space V.

l. V‘:’_.)ﬁn Gre [f,,ﬂyl/ ind.
2 sf‘“iv:/"/vn} fV”

{b) (10 points) Determine if the following set of polynomials forms a basis for Ps:

{l4+zx+2%-1+z+2% 14222}

GU+x+ X)) + ¢, (-1 +x4%* H,CH-y-x) o

=3 _ —
¢, ~<, -\-‘}_o =
C, +¢ +¢ = o -Q!
¢, +¢-¢ = I —; .’ Cl-m

- % L~1 'y
Zo;v = 0 2 o, 0
2-2 co R.l 0 O ]_l

=3 l+x+x -]+x+>( |+ -x arc lmnf}/ *ad.

Siace .hljfsnil+x+x,-!+x+x,11~x-x‘5)-3 i+ Lollows
that Qax+xs ~Trid [oxxS s @ pasis For BLIR).
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3. (15 points)

(a) (5 points) Short Answer: Let V be a vector space and U C V. Write down the proper-
ties U must satisfy in order for U to be a subspace of V.

. @eV
2.5~ all O,V &V, TaT e
3.6 all KEF apd TEV, KUEVT

(b} (10 points) Let W be the set of 2 x 2 matrices of the form

1} a a+c
W [b-nc b ]’

where a,b,c € R. Show that IV is' a subspace of Mayx2(R).

|, TL a=b=( =0, then
ﬂ-f—(j:,_ 6 o
b-c b [00 '

2 Le+ A=Ta, b+  B=[a, bt
bl-{l bl ,’:_."(1. Al_
= A4 Bz| 4.+a, (b+), Y+l¢\34,) e/
thilest) by,

J. Les Ic «F

a a+c] klupe) | = [ ke featie| g,
b-c (lu) kb kbke k)
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4. (15 points)

(a) {5 points) Short Answer: Let V and W be vector spaces. Write down the two properties
a function T": V +— W must satisfy in order for it to be a linear transformation.

| T(o+9)= T(8) +T(7)
2. TlrgYe kTUw).

b) (10 points) Let T : R? — Py(R) be a linear transformation satisfyin
g

r([]) - rewir ([4]) =et-asr
rua (]}

= AL L]
>T(LD) =% T(L)A7(E)

= )+ L (K- x )

= X3 Y.
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5. (15 points) Let T : R+ R? be a linear transformation

(a) (3 points) Short Answer: What is the largest possible value of dim(ker(T))4-dim(im(7"))?

5

(b} (3 points) Short Answer: What is the largest possible value of dim(ker(7))?

>

{c) (3 points) Short Answer: What is the smallest possible value of dim(ker(T))?

3

(d) (3 points) Short Answer: What is the largest possible value of dim(im(7))?

2

(e) (3 points) Short Answer: What is the smallest possible value of dim(im(T))?

O
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6. (10 points) Suppose that a = {),¥, 3, Us} forms a basis for a vector space V and 8 =
{1h, @} forms a basis for a vector space W. Suppose T : V +— W is a linear transformation
satisfying
T(7)) = 2% — 3,
T(ﬁg) = —w + 3
T{(¥3) = ) + 21w
T(¥s) = 3w,

Short Answer: Find T|a, 3].

[T, py] = [ O
B, 2 3
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7. (15 points)

(a) (5 points) Short Answer: Let V be a vector space and T : V — V a linear transforma-
tion. Write down what it means for ¥ € V' to be an eigenvector of T with eigenvalue ).

TH=\v.

(b) (10 points) Suppose T : V — V is a linear transformation and @, # and @ + @ are eigenvec-
tors of T" with corresponding eigenvalues A;, Az, A3. If 4 and 7 are linearly independent,
show that Ay = Xy = A,

T(T+V) =\, (T+V)
S TIOHTIVY =NTHNY
=2 )\,UP)\LV’:—’/\J"J-;—)\S\?’
D (NANTHA-N) V=0
= \,=),
A =),



