
MTH 225: Homework #8

Due Date: April 12, 2024

1. Let A ∈M2×2(C) be given by

A =

[
5/2 i/2
−i/2 5/2

]
.

(a) Show that A is Hermitian.

(b) Find the eigenvalues and eigenvectors of A.

(c) Show that A is positive semidefinite.

(d) Find the square root of A.

2. Let A ∈M2×2(C) be given by

A =

[
3 −3
1 −1

]
.

(a) Find an orthonormal basis for ker(A).

(b) Find an orthonormal basis for im(A).

(c) Find the SVD of A.

(d) Find the polar form of A.

3. Find exp(A) when A is given by

(a) A =

[
2 1
0 −1

]
(b) A =

[
0 −2
2 0

]
(c) A =

[
1 2
0 1

]
Hint: The third matrix is not diagonalizable. You will have to use the definition of the exp(A) and
find a pattern for the powers of A.

4. Prove for all A ∈Mn×n(C) that A exp(A) = exp(A)A.

5. Prove that if O is the n× n zero matrix then exp(O) = I.

6. Prove for all A ∈Mn×n(C) and a, b ∈ R that exp((a+ b)A) = exp(aA) exp(bA).

7. Prove for all A ∈Mn×n(C) that exp(−A) = exp(A)−1.

8. Prove for all A ∈Mn×n(C) that exp(A∗) = exp(A)∗.

9. Prove that if A ∈Mn×n(C) satisfies A∗ = −A then exp(A) is unitary.

10. Prove that if A ∈Mn×n(C) is diagonalizable then

det(exp(A)) = eTr(A).

Hint: Recall that if λ1, . . . , λn are the eigenvalues of A then Tr(A) = λ1 + . . .+ λn.
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11. Consider the inconsistent system A~x = ~b when

A =


1 1 0
1 0 −1
0 1 1
−1 1 −1

 and ~b =


2
5
6
6

 .
(a) Find the associated normal equations.

(b) Find the least square solution to this system.

12. The median price (in thousands of dollars) of existing homes in a certain metropolitan area from
1989 to 1999 is summarized in the following table:

year 1989 1990 1991 1992 1993 1994 1995 1996 1997 1998 1999,
price 86.4 89.8 92.8 96.0 99.6 103.1 106.3 109.5 113.3 120.0 129.5 .

(a) Set up the normal equations to find the least squares line for these data. Hint: Use a calculator
or any kind of software to simplify the matrix computations.

(b) Solve the normal equations to find the least squares line for these data.

(c) Use your least squares line to estimate the median price of a house in 2005 and 2010.

13. A 20 pound turkey that is at the room temperature of 72◦ is placed in the oven at 1 : 00 PM. The
temperature of the turkey is observed in 20 minute intervals to be 79◦, 88◦, and 96◦. A turkey is
cooked when its temperature reaches 165◦. Using least squares, estimate how much longer you have
to wait until the turkey is done cooking.
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