MTH 352/652: Homework #2

Due Date: February 02, 2024

Problems for Everyone

L. Let c # 0 and suppose u(t, x) solves the following initial value problem
u + cuy = 0 and 4(0,z) = f(x).
Suppose f is continuous and satisfies limyz| 00 f(x) = 0. Prove that limy_o u(t, ) = 0.

2. Solve the following initial value problems in the region z € R, ¢ > 0
(a) u; + ztuy, =0 and u(0,z) = f(z)
(b) uy +2u, = €' and u(0,2) = f(z)
3. Solve the following initial value problems in the region z € R, ¢ > 0
(a) wt +zu, = —tu and u(0,z) = f(z)
(b} tuy 4+ zu, = —2u and u(0,z) = f(z)
(¢) w+u, = —tu and u(0,z) = f(x)
4. Consider the following initial value problems in the region = € R, ¢ > 0:
uy + ug + u® = 0 and u(0,z) = f(z).

(a) Find the general solution to this initial value problem.

(b) Show that if f(x) is bounded and positive, i.e., 0 < f (x) < M, then the solution exists
for all t > 0 and
lim u(t,z) = 0.
t—o00

(c) Show that if f(z) is negative, so f(z) < 0 at some z € R, then the solution blows up in
finite time:

lim u(t,y) = —oo
t—r~
for some 7 > 0 and some y € R.

5. Consider the equation
Ut + ZTUy = 0

with the boundary condition u(,0) = ¢(t).

(a) For ¢(t) =t, show that no solution exists.
(b) For ¢(t) = 1, show that there are infinitely many solutions.



Tﬂommls_&l. . R

BIE 1 B —
L Ver c#p .umpn_m@)_smu_uddm:* taltial
IR Va&ui__y.tlhltm— e : i
Uptevy =6, 0l0 XI=F(X).
| SW}LLL;_CAMMMA m.mu_\l,_&m;—o*mt
. ﬁ; ult x) =0. | o

The soletion to the imisial Valve poblem is vix)=F(X-c4).
N 1 TL& re -F’ore
A u{t,L)_Lﬂx_t)_fua(x_(t))_ﬂ%) =0.
I i |
I :
—— Solve the followiage initisl value prabloms | _:l-_E\_(_E?._mu_XﬂR 20,

L (a) Upt 120, =0 ulo, )0 = §(x) |
L (b) Usdxuc=e®, ulgx)=5(x). .

_JJQ)_‘UQ:,_LMMMMH? S
=xt )

U =>,L00 i+c.
= x=ce* _

o ler z=d (D=2 and =2 Tiesebore,
L Ju=0udz adv d¥= -4y 4 ~
gt o2 3% ¥ M 2 0T

OV =9duv dz = | Ju

1 IR O0Z )X X o2




S =2 Up=

= Y( =

%u(iug) %L\X\ */z.) )
T]nﬂ:d-orc

vlo X)=g (LU =FX)
mgg&a}

S =

= uttfx);"&(e LMW%),
The solotion 13 theeefore

 uteR)=HxeR)

_(hl_'ﬂn. Qh«ra.&LMVii m‘sb

dx =

vf

dt

%L(\xl)ﬁ& =C

Lle+ z=AL(\x\)-2 and ¥=

W =00 02490y 3T =-00 4+
o ok YT oA 0z T

WV =9p 2 =1 Ju

Ok dZ % R JZ

Th;rnh:&, |
Vg txoy= e => U.,:.-f_‘(

Cd n u% - -

LT, =T rqel(2) .

='2u{-t ) = = et 40 ( L(X\=%)

> uLo x)= | 41{44.11&)#&;51__

% ?J)g\ ‘{—(e’“)"l




1‘ The solutlon is +h

trefore,
Uszﬂ**‘ ;(fkllxl)-#)—_.l

L sug=etla(xe®)

|
|
|

1
iy
"

A _#ﬁL)_Qt_tXQp_KD_,_UL X1 = $(x)

:iglg( +he -Foﬂou%m_yalu. fprobleas in_ Yhe r?;u%

- b) Avg +x00=-20, ulox)=5(X)

() Vstu, =~20, 0(0x)=F(X).

| L)_LQ_;_J;..LLm Z_,_'Z_L_Tham{zm,_juc_m_‘thqt |

.Ug =-%D

S—

= (= -?Z*

C onsc ﬁun.ﬁ;v

4

| 0GR £)e
| ulo, X)

= -zLéJ:ﬂLD_f'DO
=3 4 (x)=§(e*).

TL uc-‘:gcc,

ol )= .-,e) ﬁ'tz;

it («b) The characrerisyic cofves Sa-g-‘.‘s‘f;/

dx = x_

dx £

= L DA =C

Lot 224 000)-L04#), T=£, ThereSore,

0= 32 4 ==l du+do

ok 0z 3k LA A2 o




.

 w=daa=lpe

X  9Z X X o
Tbcm‘[:nre.,.

_ Avpaxuy=-20=> TUp=-2v

ond  +hos

_LUQ;':’__Z'

v T

= L. () =<2 L .(T) 4—;,(&)

= 02#2.
,Z;L

=20 ﬂ—’-’%&ﬂ.&hﬂlﬂ\

*‘2.

£ This will not work o+ as wrtten,

(C} Lg‘;k:t-‘m‘?, Zzz-;f-,.’}’:::ﬁ we have Yhat

= Ur=-T0

(Y 2)=g(z)e 2

2
=yl x)=$(2-x) 42

Con‘ r Now: ek

A

Dptox+0 =0 vlo x)=$(x).

ve that




20 X)=_1

:t-t?ﬁx-;&) .

Sulgx)=_1 _=$(x).

;(x)

. ~Therefore, . ;

ult )= _| = Flx-£) .

- i+AlL_)_l_~°dx_zt)+*

(\)) If F 05 beo ngl“J and positive then -For =0,
ol x)= $(x-% < $(x-A =1 .

1+:H-(x—t) AF(X~A) 7t

\Lcm-l:u:c, hf th!.ifnaﬂ:_thmw

o ;,., o an vl X)=6

LC-J Salsm?‘_uhu_th_km.mﬁz 0, we have
|+ " $(x-2£7)=0
= 4 &Lzs_g*ﬁ'"l

le++.w Z=x-4" ur. have that

I ( x-z")ﬂz*)-
| S Hz)=-]
| X2
I iut_kfm ¢ can $iad Z* So Hasr this s
| On c.}mm?,_ == E—




_ O
—Consider +he equation
Ve + XV =0
With the bavndaes onditisn vl 0)= i)
(Q)&t fkld:]zzt Show that no Splofion €xists.

~

= 13 L ting 120,

olution,
*ZLL'.I’_‘QZLI
fa) Emu ?(hbhn ﬁl(&) we Kniw that the ?mcr?c Splubiam 05 o4 4 and

alons. +he tharacrerisdie_corves
7/,
X(£)=Ce*/2 i
= y[t, ,x)::—'f?{xﬁ"%\)

\ 7 r LoV ‘ﬂw‘d‘: ns _we
have '
F)=4

which s nnj-:_?_m.{..\z!c.
lbl &PP!;‘(.?% L.gadg?ﬁ cmal‘.a:imz,wc how Lgv(.

£(0)=1

- A~
% ] aps ) oS




