MTH 225 Name (Print): k LY
Spring 2025 /
Exam 2

03/31/25

This exam contains 8 pages (including this cover page) and 8 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page. in case the pages become separated.

The following rules apply:

e If you use a “fundamental theorem” you
must indicate this and explain why the theorem Problem { Points | Score
may be applied.
1 15
¢ Organize your work. in a reasonably neat and
coherent way. in the space provided. Work scat- 9 10
tered all over the page without a clear ordering
will receive very little credit. 3 10
e Short answer questions: Questions labeled as
“Short Answer” can be answered by simply writ 4 10
ing an equation or a sentence or appropriately ] s
drawing a figure. No calculations are necessary or 9 10
expected for these problems.
6 15
¢ Unless the question is specified as short an-
swer, mysterious or unsupported answers 7 15
might not receive full credit. An incorrect
answer supported by substantially correct calcu- 8 15
lations and explanations might still receive partial
credit. Total: 100

Do not write in the table to the right.
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1. (15 points) (Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

C (_f) If A € Mpcn(R) has distinct eigenvalues A, A9 € R with corresponding
eigenvectors vi,vo € R" then, with respect to the standard inner product,
(Vl, Vg) = 0 .

C ® If A € Maxn(C) then ker(4) Nim(4) = {0}.

C ® If A, B € M,,x,(C) are unitary then A + B is unitary.

\'C} I If v is an eigenvector of the matrices 4, B € M,x,(C) then it is an eigenvector
of their sum A + B.

C @ If A is an eigenvalue of the matrices 4, B € M, x,(C) then it is an eigenvalue
of their sum A + B.
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2. (10 points} Short Answer: Let T : V = V be a linear transformation on a vector space V.
Write down the definition of what it means for A to be an eigenvalue of 7. Hint: T does not
necessarily have a matrix representation.

IE A is an cigenvalve o€ T #hen Hrem exists VHO such
Yhat T(W)=)2V,

3. (10 points) Let A € Af,x,,(C) and suppose A € C is an eigenvalue of A with corresponding
eigenvector v € C*. If B € M, x,(C) is given by

B =a*A? + 2abA + b1.

where [ denotes the identity matrix in Af,»,(C) and @, b € C, show that v is an cigenvector of
B and find its corresponding eigenvalue.

BY=a A+ 200A7+b ¥
=a \'V42ab AP+ bV
=\ 2ab X+ b))V . R
There V 13 an e},c-wc-l-of' with C?M\mluc a NN +2ebAs-p°
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4. (10 points) Determine if the function (-, ) : C2 x €% —» C defined by
{v,w) = vyws + vow)

is an inner product on C2. If it is in an inner product, prove it. If it is not an inner product,
provide a counterexample that violates one of the properties of an inner product.

_”'\]5 56 hobk an jancr Froa‘uc{‘ Since

CLILLT> =-2<0.
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5. (10 points) Let 8 = span{uy, us, ug}, where u;.us, u3z € R? defined by
w=L ] w=Lio| w-Lt]|?
1 73 X ; U2 /2 2 - ug NG 4
are orthonormal with respect to the standard inner product on R?. If v € R? is given by

-1

find the coordinates of v with respect to the 3 basis, i.e.. find [v]3.

<V ul>

<V u3>

= '/J:?“

0
AT
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MTH 225
6. (15 points) Suppose u.v € C" are orthonormal vectors with respect to the standard complex

inner product and {u,v) = i. Compute and simplify the following:

{u+2v,u—iv).

vAV, U-AVO KB+ <8, -4 VD> +<4V, UD 4LV, -iV>

T
= O =AU, VD~ A<T D> + KT TS
= | —'.4‘-,4'-1‘-‘(_6,—-\;"5— “V”L
SARRE VA

— 0.
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7. (15 points} Let V' = P;{R) with the inner product {-,-) defined by

1
(P(il?):(I(iﬂ))=f p(x)g(z)zdx.

With respect to this inner product, find orthonormal p;(x).p2(x) € V such that

span{pi(z), p2(x)} = span{1.z}.
~Let+ W= Therefone,
<\7\7t,W.->‘—’S;xAx=/'/y_
—~ Le+ F,(X)-:-\[Z.
— Let WL" X~ <f>,c)<) x>f’), g Camf?w,.+/
6 Jz x Ax)\r'
=X=2z
LA “S (x~%) xdx
““5 (x nky 4— x)dx
BRCie A%
= 9~16+f

3¢
=
=%>HWLH-_-.%7

T‘\‘P&‘Cbrc)
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8. (15 points) Suppose A € Af,,,(C).
(a) (5 points) Short Answer: Write down the definition of ker{A), im(A), nul{ 4), and rank(4).

kerlAY=[VEC™, AV=0) B
}m LA ) = EWG: ﬂ:ﬂ D dhere exists -\766“5"""\ ‘|'I"“f'47-=W}.

NulLAY = dim (Ker(AY)
Fank (A= dhm (i LA))

(b) (5 points) Short Answer: State the rank-nullity theorem for A.

Fan K (AN +nullAY=n

{c) (5 points) Short Answer: If n = 4, find a matrix 4 € My, 4(R) such that

0] fo
ker(A) = Span{ [3} . [g } and im{A) = span ] l: } } .
of 1
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