MTH 225
Homework #11

Due Date: April 23, 2025

. Suppose A € M, x,(C) is positive definite matrix. Prove that (-,-) 4 : C* x C" — C given by
(viw)a = (Av,w)
defines a complex inner product.

. Let A € M,%,(C) be a Hermitian matrix.

(a) Prove that A is a positive semidefinite matrix if and only if all of the eigenvalues of A
are nonnegative.

(b) Prove that A is a positive definite matrix if and only if all of the eigenvalues of A are
positive.

. If A € M, «,(C) is a positive definite matrix, prove that

VAT = (VA)

1

. Let A € Af542(C) be a Hermitian matrix.

(a) Show that A is positive semidefinite if and only if tr(A) > 0 and det{A) > 0.
(b) Show that A is positive definite if and only if tr(A) > 0 and det(A) > 0.

. Give an example of a Hermitian A € Al343(C) for which tr(A) > 0 and det A > 0, and 4 is
not positive semidefinite.

. Consider the following matrices
10 © 1 -1 3 5
& [0 1]’8 [—1 2]’0_[5 10]'

Show that A, B, C are positive definite, but tr(ABC) < 0. What can you say about det{ ABC)?

1
0].
0

. Find the exponential of the following matrices

010 0
A—[(l) (1)},B=[(1) '61],c= 00 1|, D=|10
00 0 01

. Prove that Ae? = e%A.

o



9 Let A€ AIQXQ(C).

(a) Prove that
A% — tr(A)A + det(A)I = O.

(b) Prove that if det(A) # 0 then
(A —A
"~ det(A)

(c) Prove that if tr(A) = 0 and & = y/det(A) > 0 then

sin{d)
]

A-

A

e = cos(8)] +
(d) Establish a similar formula when det{A) < 0.
1 0

A [1 0] .

(a) Find the SVD of the matrix. Hint: This problem was assigned in the last homework.

Make sure you go through the solutions and know how to find the SVD without computing
A A. You can just follow my solutions.

10. Consider the following matrix

{b) Compute both the left and write polar decompositions of A:
A=QVA*A and VAA*Q.
where @ is a unitary matrix.

11. Find a Hermitian matrix H such that @ = exp(iH).



Homework #\
g3

 Suppose A€Muin (L) is a positive definite matrix: Prove
that <, S4. X 4">C ?:v/,cn by

<\7,W>A.= <AV W2
defines a Com)olc% inner pmuluu-.

Lets O, wel” 2ed, Theyehore,

1. K Txw, U =<AV+IW), T
=<AVINAW, U2
=<AY, U2+ X<AW,U>
=<V U + 2<W, 04

1. Ko wra=<KAYW?
=< W, AV
= AW,V ?
= W, V24

1 3. <y,7>,§=<A'VJV>:0 and erly &10«15&44__%004 V=0.

B/ -l‘HM:_l"}, ‘<',,'_>a. 15 QN Thner Produij‘.
|\
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Let AeMuanl®) be a Hermition matrix. |
(a) Prwé that A s pos‘.+ivc Semidefinve | F and oul/ R o 'l"‘u&\tf;cnw.luc.s
6+ A are honnejative, |
(b) Prove +hat A is a positive definite matrix if and onl, i all
of +he cz?envalvcs of A are pesitive.

Salo,jzion:
(a"\o) B/ the 5)9:.547.1 theorem for Herwivian motrices there
Cxi5ty Orthonermul basis Z«C eipu»vwl-or: VL?J\'/; With CorrC)PmJ:—?—
Ci,ewa‘vts ) S VY Constquinty, for all VEL" 4mere exits

Ciyoryla 6" s0ch +hat
VAT S SR v

‘n\trc(-orc/ : I

AV, V2= K E NV 4ot GV, AT Fome £ AT 2

=)¢, A, 4o hn) |

Conjetivo.narl,/ AV, V226 £y all V TF and onl/ T lCJ.l-.z)\J-?-O
for all 4 whick implies X420 for all_a. Morcover, <A, V>=0
i+ and onl, if there therc exists ) sech thar N =0.




E: 3]
i I‘F‘ A 15 G _positive OtC'Fm;‘f'e. mai-m)(., Prav‘e t+hat

=UB)"
,S_d.u.‘l:mm

Simce A T Pos:-)-wc Aefinie matvix. it 5 Hermifian
With positve cl‘/-tn valyes )\.i.,B/ the Spectrul theorcm
there exists A unituy moatrix U sveh +hat

0-
A"U’("’\@
V2
ConSc w -r/,
JA= ( U( %, >U)
0™ V453
~‘U’( A, o)
O /{—'.’. ¥
=U/JX,_ 0O )U
Ot I

i)

= (&)




#t
Let AéMm(dﬂ) be a Herm+ian maty:x.
(a) Show +hat A s positive definite 4 and only if triA)zo and
de+A)zo0.
(B) Show +hot A is a pesitive definite_matrix i and only if tr(A)ED
and de+(A)=zo0.

2olutipa, |

(a-%) We Know +hat+ tr (4) =X+ anol 0’¢+(A')=}\./\:_. T hercfore,
A is positive semdefinite ¥ only TF A N Z0 which 7S
Satistizd 1€ and Dny i+ )\(4‘%‘?«0 and A 20, )('-;rd"\c.rmnc,
A positive debivitc in addiion +o bein positie soms Lebindae
T+ and onl, i€ M)\, F0 = derlA)Fo,

#5

GIV& an crample of a Hermirian A€ Moxs L&) $or whickh +r(A=0
P
and det (M 20 and A ©s ot pesitive Semdefinibe,

Af-"[g_‘i g] Sarsfies +rlAV=120 and de+(A)=2>0
00~

Dot 75 mok positive defntte since its o?mvaluc& arc A, =3 »=~\,

A =-.
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Cahﬁdtr +he Fallowini Mmatrices
A:[Ia 0] , B= (-l]) C=| 3% 5’].
Ouiid o 310,
Show #nar A B C are posisive definite, bor- +r(ABCI<O.
What can you say abeor der(ABCYT

~tr A=), der (A=l =2 A s positive definite,
“HrB)=Y, der (B)=L=>B is posivive definite.
= 4p(V= 13, det (€)= 52> C 15 poscrive definte.

ABe=[10 o] t-l]P 5]
| o Lijl-L 241510

=Tip -lo l:s 5]
EsiBA
=[—20-So
| L 7 19
D Ir(ABCY="S
dex LABCY= der(A) der()der(c)
= o] §
=50,
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Fiad +he cx oncm;a( oF H«e ‘Fb“me ma-m;ccs

A

Selution:
Al I
Fe(AYZ0, der(MY==l D) =2, =0 AN, =-1=X =], )\, =-1
‘ |
kcr(A-)sJZ) K_r | )":S}MW S[/’B
. l
M=

There Fore,
vr Az

Ll e
'/ﬂrﬁ 0 - IL AT -3

= cxp (M)=[ /i '/JI“: M/r /r]
VAR A1 -7 |
= [ w1 ‘/ﬂ][%z %z]
S VG 6T - AT
--'['%(cn") %(c-é')]

zle-€") Tlere))

—‘Z[Cbsb()) 6:,.%(!)—]
Sih(D)  Ceshl)

Ker (A ’KI')‘-‘-Ker ):'-5}7««\ {[v‘/r 3



B

+B)=0, det(B)=1=D N+, =0, NN = 135 A, =4, A, ==

=i AT
kchB-')\.I):-'Km('i - 1) =5 pan (LD
[ -4,

Aaz-d.
DrS=4
[5) 0r+h97ﬁnali+/, KerLB-A‘,I)%}mn ﬂ:-;/ED_

- There £ore,
B=[‘/JZ ‘/ﬂ][i o][’*‘/ﬁ '/n]
N -NifLo-4 |-G - AT
%exp_LB)=[i/J7. f/{z][e‘ 9][%;/32
N -/ 1L0 Il m A7
=[Lze ‘Z[Zc"][“/\f? AT
et Yz el AT - A
:-[%(e‘rc'f) % (e*-<)
“Hlcte?) e+t
[ Costl) -s,:,.uﬂ

L $aall)  costl) ]

I

[y .
. ool L o 0o
i C"[—“’@O /C“[oo—o]
: I LYep 0006
" There fore,



m g
det(AT-D)=de+ “N=N-{ = \=1 elﬂa’/, 7
o) /(‘f ‘D‘-‘--,!_--‘[;j

’\)J Z."'
B::.l'.

b o-1]\. - - -
B AV A7)l
0-1 1 o-1 | 00 O
| Zfr«lla
ﬂ% 9] -1 k 62”2/3 |
- 21:% ) ] {r([ ’ Chv’ 5 ]
- ™5 0 -] 2mi/a

K«(xr p) kCr(
0 | A/ >
= I O =€ AN o -€“"Ys
=Ker o ezm‘/, "5"2“‘.}4 =ker é (=g
0 ~| ¥ 0 -) ™
(
o

= O ..e"iﬂ'(/z i o _c‘hu,‘
Lo e ])q[g &)

=3 clﬂr% 3 =5pa “%"{%; ’
P“"ﬁc"l% 3 P”f[-m‘% j

The c\,envmwm will be +he Complex thu(ai’c

ker INT-D)= SPan{ [Cﬂ'}f]% = 5pan g:;{BzSym f [:i‘:g: B
l | i

NETARLN

There fore T ) o | )-l
D:F d)(p Hni/s eXp nify :)[ :I' ][l t)‘p(‘hu/;) cxp&m/,
explanify) eyp (trifs) y % 0 - exp(2nify) (hrss)
| P‘ Pt” o 0‘/;%.4 p affyt;
L B v
%e}yLD)ZVL' O o) v [
O ',/a. J?A;
€ e O I [ |
0O 0O C'Aef‘r%i
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Prove +ha+ Ae’=efA.

M:

U Aer=A(T+A+3 A%, )
= A+ AtTA%...)
=(I+A+‘:'.'A2+...)A

_D

CLex A€My Q).
L{a) Prove +hat
| At =4r(A)A +de+ (AT =0
(b) Prove that T det(A)F0 then
| A=t (T -A
| de+(A)
() Prove #hat i+ +r(A)=0 and $=ddettAYZ0 +hen

A‘-' CL&L&)I‘\'_SMQ)/SA
{d) Eé'}abl;ﬂ\ a Swmlar_formola When de+A)< O,

Solution,
L (a) TE we lex A= [m] thcy\
Al-+e(A)A td.,ei—(_A)I [as1% (awl)[cd]*'(“‘""‘)[:
e [ [onda ahied]

a+Ac chid
“bt¢ ©

1"[“40 ad)c
=0



(k)(‘frCA)Iﬂﬁ) A= fr(AYA-A" =14r(A)- +r(A+ded T = T~
det(A) der(A) det+(A)

(¢) T 4r(A)=0 +hen
A'=-de+(A)I

2 2
= A=-5T.
Counse vendly,
e"z T+A+EA +TAATA .,

ST+A-$T-FA+ET+ 4 As..
=T(-%+504. ) r A =55 +5 o1 +...)
=Tcos(5)+ A Vs( 5~ 8%+ 551 4...)
=Cos (SI+51n (3) A
)

(0“ If c!c+(A)<O, we will obtain

e?=coshls )T +.8:ALES) A
5

H#10

Consider the_matrix
Az[f 0].
Lo
lal Find +he SVD s& +a. matrix. ..
Cb) Co»s)w{-c +he left and r?}h%- pp)ar o(ccom):a;j-Hgn oAl
A=QIAA and A=VAA"Q
(C‘)F;njl a Heywition matrix H Soch that
Q:(xf)(.i”).



(a) S‘incg ker(A)= Span ZEt;‘B 1+ Follows +hat Pz=0

and V.= iJ Thtre-forc V L ] and

Cowsat‘ucml');; r= JZ awo! U= [./J'e'] whch :myl,es U,_-Lyf
There fore,

—

s
= szJJi] [JZ o:”l o]
| A1 AT 0 |
(b) Now, AzU V' VIV and A=TUZU UV and thos

[ Sl 1
A rile VL LAT AT
(0) +r(@)1=0, det(A)==| which implies 2= %1,
A=

KeeONT-AV= kee[[V - K2~ ='-k_tr:_( -1 -
W rR LY n - JZi+)

(e )l

kar(m:—m-:k«( {‘ A/%E \/i;r\) k”([ﬂl*lr' 1])
2 - ' S
| )

= &" JEIZz«r' /sz, ¥ e’ o || A U_i’ngz_g
){I J1) MQLZN'{ 1110 e ,/2(z+~l'i) A 210G



Tkﬂc-‘or&
H= /\@‘-7’ W ETRr) Mo o[ aam % ‘/J'sz'-—B]
i '/rr) “’*/er /«r— e )
/Jz(z - Aaais) ] L
M/I_T"\ {zt)) W IV Gam N— /JT(zTF~
{Afm AR AT }
oy wm o)




