
MTH 22.3
Homework #

Due Date: April 09. 2025

1. ft fT E il (C) is unitary, show that the matrices U’, jrT and (1 are unitary.

2. Suppose A e ‘2x (C) with entries A,, e C is unit arv. II un II, what can von say about
lie IC] i]H ii] ing three entries of .4.

3. If .4. B C .iJ. (C), the Frobenius inner prodnct (‘, ‘) is defined by

(A. B)p = tr(AB).

The Pauli—spin matrices 7r’ !J’ C (C) are given b

0 1 0 —i 1 0
1 0

(a) 51mw that r g1, o’ are all unitary matrices with respect to the standard complex inner
P’ iduct on C2.

(b) Compute tire ircrm of I. a-,.. a with respect to the Frohetnns inner product.

(c) SW iw that I. c. . a are all ort liogoiLal wit Ii respect to t lie Frobenius itLiler product
acid thus form a basis for .L9(C).

1. A matrix .4 C .J,> i) is called sh-ctc—Hcrnrif,oo if .V = —.1.

(a) Prove for all .4 C 41,, ,, (C) that .1 ± 4 is Hermit tan and A — A is skew—I-lermirian.
(h) Prove for all .1 ¤ J1,,,(C) that there exists a lIerniitian matrix B C JI(C) nun a

skew—Hermitian matrix C c (C:) such that

A

(c) Prove dirt if .4 C .iI, ,, (C) is skew—Hermit ian t lien IA is Flerniitian.

(d ) Prove that if .4 c .IL. / ,, (C) is Hermit ia ii awl k C N then 4k is Hernntiati.

(e) [‘rove that if .4 e 41,. ,. (C) is skew—l-fermitiai and k C N is even then Ac is I-Ierniitiai.

(fl Prove than tire eigenvalues of a skew-Herinitian matrix are pore imaginary.
(g) Prove that the eigenvectors of a skew—Iieruiiit ian matrix are orthogonal.

(Ii) Explain, given the properties proved above, why Hermitian matrices are analogous to
real In]cutl)ers. skew—Hermitian matrices are analogous to i]naginar3’ numbers. and generic
matrices can he expressed in the form A fle( A) + iIm(A) for sonic Herniitian matrices
B e( .4) and Im(A).
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5. Let A c 1iI,,(C) and B = AA
(a) Prove that B is a Hermitian matrix.

(h) Prove that B is positive semi—definite meaning vBv 0 for all v E C”.

(e) Prove that if A is full rank then B is positive definite meaning vBv 0 for all v C C”
and rBy 0 if and only if v = 0.

6. Let A c iII,, ,(C) with representation A Re(A) + ilm(A) as described above. Prove that
A is normal if and only if

B e(A)Iin(A) Im(A)Re(A)

7. Let AC AI,,(C).

(a) If A is Herniitian. show that (Av. v) is real for all v C C”.

(h) If (Av. v) is real fnr all v C C” prove that A is Hermitian. Hint: Consider the repre
sentation A = Be(A) + ilm(A).

8. Let A C AL22(C) he defined by

1 u —b
be

where o. b c C.
(a) Show that the eigenvalues of A are o + ib.

(b) If o. U C R. show that A is a scalar iiitiltiple of a unitary matrix.

(c) Show that

4 1
— 1012 + b!2 2111n(ho*)
— _2iIm(bo*) Io2 + UI2

(d) Show that A is a normal matrix.

(e) Show that the singular values of A are given by

a1 = (o + lb!2 + 2IIin(ob)[) and a2 = (1012 + bI2 — 2IIm(ob)[).
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