
MTH 352/652 Name (Print):
Spring 2025
Exam 2
04/02/25

This exam contains 9 pages (including this cover page) and 8 problems. Check to see if any pages
a.re missing. Enter all requested information on the top of this page. and put your initials on the
top of every page. in case the pages become separated.

The following rules apply:

• If you use a “fundamental theorem” you
must indicate this and explani xvhv the theorem
may be applied.

• Organize your work, in a reasonably near and
coherent way, in t lie space provided. Work scat—
red all over t he page ;vi t bout a clear ordering

will receive \r(fl’y little credit.

• Short answer questions: Questions labeled as
‘‘Short Answer’’ can be answered by simply writ
ing an equation or a sentence or appropriately
drawing a figure. No calculations are necessary or
expected for these prol iltrns.

• Unless the question is specified as short au
swer, mysterious or unsupported answers
might not receive full credit. An incorrect
answer supported hr substantially correct calcu—
tat ions and explanations titight still receive partial
credit.

Do not write in the table to the right.

Problem Points Srore

1 10

2 10

3 15

4 10

5 10

(3 15

7 VS

8 15

Toral: 100
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1. (10 points) Short Answer: In the figures below a function f(.r) c L2[o. b] is plotted along with
the Fourier series approximations Sn(r) = ZL1 ah(x). where h1 is some complete orthonormal
system on the interval [a. bl and a E R. For each figure, indicate whether the partial sums
converge in L2. uniformly. and/or pointxvise to f(x) by checking the appropriate box. Note:
The series could converge in more than one sense.
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2. (10 points) Short Answer: Suppose f(r) is the function plotted below:
5(x)
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‘7 2n

For each of the below mit mI—boundary value problems defined for a c 0. 2ir] and t > 0. match
them with one of the corresponding contour plots of t lie solution a (i, t ) . Note. one of the plots
will not be used.
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3. (1.5 points) Suppose u (a. t) is a solution to the wave equation OIL

tttt ir,

u(x,0) g(x).
u1(x,0) =0,

where g(.r) is the half circular pulse of radius I plot ted below.

(c ) (5 points) Short Answer: Compute

= lin u(zr. t).
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(a) (5 points) Short Answer: On the figure below, sketch a graph of i(.r, 2).
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h) (5 points) Short Answer: (on 11)1 He
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4. (10 points) Consider the following initial value problem for .r and f 0:

/02
I —

— p0— i =
- UP)
u(r.0)
u,Cr. 0) = 0.

where 0(1) is a Schwartz class function

(a) (5 points) Fact or the above equation hit o the form

/ U U\/U UNa— + b— I I c + d— I n = 0.Ox Ut; Ox Ut;

for sonic a, b. c. 4 E 1k.

-;;
./

(b) (5 points) Short Answer: Using your factorizat Lull, right do\vIL the sohittioji to this initial
value problem ill terms of ó. You do not have to justify anything, you can just
write down the solution.

, ‘-cf’SrU
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5. (10 points) Suppose f(s) is tile function plot ted below on t lie doinaiii ¶0. 2r)

The partial suiiis are defined by

cx

cos(nx) + siIt(Hr).
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(al (5 poiut Short Answer: (tinijuite

(b) Short Answer: Compute

bill SN(7T).
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Given the orthogonal system {1, eos(x), sin(s), cos(2x), sin(2r),
sentation of f(s) on [0, 2ir} is:

f(s) +
(1)n

-

2n

• - }, the Fourier series repre

n 1
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6. (13 points) Using the orthogonal system { 1. cos(s). sin(s). cos(2s). sin(2s) } on the interval
[—it. it]. calculate the Fourier series representation of f(s) = s on the interval in.
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7. (15 points) For L > 0, the following partial differential equation models the heat flow in a pipe
of length L:

= UI1,

u(0, t) 0.
u1(L, t) 0.

Note. I did not provide any initial conditions for this problem as it is not relevant to parts (a)
and (b) below.
(a) (5 points) Short Answer: Briefly interpret xvliat the boundary conditions tell on about

he heat at the boundary of the doinai ii.

-F

(l) (10 points) By assuming a solution of the [mi o (i. t) = .v (r)i(t). find all separable
solutions to this boundary value p11 l ilelil.
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8. (15 po[nts) Consider the space of functions

V {f c L2U. 1]) f’(O) = f(0) and f’(L) = -f(L)

and let (, •) be the standard inner product on V defined by

/
(a) (5 points) Short Answer: Write down the nefinit ion of what it means for an operator £

to be self adjoint on X with respect to this iniier product
-S

(b) (10 points) Prove that the operator E defined by

(/21
Cf

=

is self adjoint on V with respect to tins inner product.

‘1K3
Ho);a4...c)(I) ff(ofrCo) ÷ <f, o9


