MTH 352/652
Homework #10

Due Date: April 25, 2025

. Solve the following boundary value problem on a quarter wedge of radius R:

Au=0, Q= {(r8):r<R,0<6 < 7/2}.
u{R,8) = sin(28),
u(r,0) = u(r.m/2) = 0.

. Solve the following boundary value problem on an annulus:

Au=0, Q={{r.8):1<r<2 0<8<2r},
u(l,8} =0,
u(2.8) = sin(8).

. Consider the wave equation on the real line 2 € R, t > 0 with a source term:

Uy = Cup, + sin{x),
u{z.0) =0,
w(z,0) =0,

(a} Find all steady state solutions to this problem.
(b} Solve this initial value problem.
. Using Duhamel’s principle, find a formula for the solution to the following initial value problem
on the real linez € R, £ > 0:
w + cup = flz,t),
u(z,0) = 0.
. Solve the following initial value problem on the real line 2 € R, ¢t > O
u + 2u, = ze !,
u(x,0) = 0.



6. Consider the following initial boundary value problem on the domain z € [0,1],£ > —0:

o= kur:
u(0. t} == sm[t,u

u(1,t) =

w{z,0) = sin 71'1‘} 7.

(a) Give a physical interpretation of the boundary conditions for this problem.
(b) Transform this problem into a problem with homogeneous boundary conditions.

{c) Solve this initial-boundary value problem.

7. Solve the following initial boundary value problem for z € [0,1], ¢t = 0:

Uy = Uy, + sin(37),
u(0,t) =0
u(l,t) =0,
u{z,0) = sin{(wz).

8. Consider the following wave equation with a constant gravitational force g modeling the dy-
namics of rope of length L:
Uy = ClUpy = .

u(0.¢) =0,

ul L.t) = sin(t),
ulz,0) = z(L — x),
uglz,0) =0



#1
Solve +he -?ollnwln)/ bovndary valve problem
Av=0
VIR $)=5.n(26)
vlr,0)=vle,77,)=0

| Frem__-i»kg l)ovna!ar C_o»aei.:!':ons 4he 5°\u+:am l\S of +he
, 7
'Fi“tmf'im, form.
| vind)= 2 br™sin(2ut).
1 Since viR#) =S5 n(24) i+ Yellows theas
2
vieé)=1_ Sin(24)
&z.

#2
Selve +he -Fo“_o_win), meﬁlar;y valve Prq.lvlgu-
Au=0 ’
vl #)=0
V(2 $) =5 =0 -Coﬂfw% .

] I
Soletion:

The atneric £orm Q.‘E.ih&h.;iyjfﬁkff_io’uf';éﬂ} ;s

ylr, &)= Rnlv) B (v)

 Where
R.(r) ={cnﬁ+ dor" nso ¥ Laa)gfgj o5 thu Snlud), n#D
Ca‘.*_'Jb.zév{r)_J n=o q' ' . , nad



Stnte ULL#I=0 i+ Follows +hat R.()=0 and +hos
Ec..-:-‘d..:O, N#£0

Co 8, h=0

Thcr&-&m, A bSorbiay,. Constonts we have that

Ol 8)= G, datr) +2 (F"~F") 8, Co5 00 thn 5inlr9))
Conseﬁumrlfj ’
—ll._ ~ co508) =a, b () +f(z”+z"“)[ A Co5 (28°) + baSinlnt )

2

h=y .

| .
’%’ﬂ.=ﬂlﬂ ahd ‘%-‘: (L[--/f')qL Gl _other coefdicieqss are 2Zero,
Therctore, G=EAD ,0,= =75 and thos'

vint)= Lelr) =2 (- ¥2) co5(26).
2L.2) | 5

#3
Consider +he wave cquation on +he real line X ER , A>0 with
A Sovrce Yerw
Utd=C Uy +Sin(x)
L(x,0)= 0
Uz (x,0)=0
(6) Find oIl Steady state Solotions +o +his problem
(b) Solve ths inial volue Problcm,



S olution’
(4) Stead, Sture solvtions Satistr.
Ux = Y62 5inlx)
=> U*(X)z—}/(}&:n()() tax+b .
“93 LC‘H';\A}, V= U"U* 1+ follows +Hhat
2

Vi =€ Vax
VIx0)=  JErsin(x)—ax=)
fo)‘,()):o
Therefore,
Vi A)= T V5 k=t ) =) b4 51 a (X H(#)
- a(x+e)=b).
There fore,
vix =1 __ (sinlx=c)4Sinlx+e4)) = G ( X-0# 4 x+(#) )
Lc* YA
+ 1 (hob) = |_siabtax b,
2 c*
Therefore,
vixA)=_L_ (Sinlx-cA)4 SinlXHN =_] _ §3a(x).
2c* ct

Usiny Dohamels_principle, fiad a formsla For the solution
to the followiey_initial Valu,c_‘),rnbl;h on +he peal line X€R, A20"
Ut £CU= HX, #)
Llx, 0)=0.



Silapro
Avxtli'ar/ Problcm'+
Wet Wy =0
wix,01 7 V= f{y, %)
= WX, T)=F%-(£,7T)

Tht:rc-Forc/ #_

vix #) =5¢, w(x -T2 )dT

=50 x-ct, 2)d 7.

35,

Sol\!: $he -cp“a.w‘M}, iniHal valve Projvlem on_the real line X él% oo
U‘,;-_-P_Lu,(_::_x_c"f
vlx0)=0

Solutioa.
Avx:l;‘07 Frobltm
W,{. +2 Ux:O
wix ¢ ¥)=xe"
= wix, #,V)=X-24)€".

Theeefore, -
ulx, )= 5, W(x, £-7C,T)dT
=5 (X=2(4-0))ETAT
=3 xe 24T 27T
=(l=€")x-2£(1-€*)=24€ 42 1-€%)
= ([-¢* )[X:Ztt_?.):Z;é et



6
Co.hs.wlff' +he ‘Fe“bw:.h7 b&qmdmy. valve pre blewm
Uge =K Uxx
Lo, )= Siv (4)
vl A=
vIx, 0) =8 0 (X} +X%
.1(0). Give a ph/sic_al ;.n*'&!;))fc-l-ﬂ'l';en of +he botm_day Condi+ions.
Cb) Transfor~ +hs Prvhl.cy—-. into d‘prpklcb Wi Ha lquyc,.ucaus
lzoumaﬂmy conditions,
CC) Selve +his }n7+[al”hw_n£l‘7 Pnr\nlcm_.

L La) This covld _medel the flow o heat in ﬂ_ﬁilf_\j""_]_gn}of’f'&
roal._T_lnt rod_is held G+ _(onstant fl'cn»)oamwrc at i+s
e+ 6V'Jj>p‘ma- WLJ:...:P)\.#JL}L'}' chdr.g?.u_&- f'tmyg#+gm

| ij—_mi-vs Pfr?ad?ﬁd%l\n Fime,

k) Asseme V=0~ ALD-BUIX. LF we assome

VLo, £)=v(l, £)=0
= =00 -Al%) ,  O0=0(£)=5.(#)~Bit)
= 0=5ak)-AlH) , 0 = \-sin(+)-DBix)

= AlA)=Sin(2) BLE) = |=5iu(#).
N.ow,
Vie = U —ATl2) = BIAIX =Ko cos(#)+ Cosle)
Yir =VUsx

I Vi, D=0 (X:0)= ALY~ BLOIX=Sinlmx) +X = XZ=Sin T X).



There-ForeJ
Vie= K Viax = Cosit) +¢osia) X
Vio,#)=0
v(),#£)=0
V(%, 0)=5ialmx)

Problee #l
V= K Viex
VIt #)=6
Vi A)=0
VIx,0)=5inlrx)

T

-k T A
= y(x H=¢ A Sn )

Problem #2
V= KVix +cos(.(x-1)
Vio#)=0
¢0,£)=50
Vlx,0)=0

W = K Wy
wlo A, T)=0
w(l,£.T)=0
w0 )= costt)(x-1)



There fore, 2o
WX+ 7)= zlvn 'hvbngwrm)

.= 25 Cos ()%~ \)5.nan<)dx :
22505[t)(- {x-1 cos(rnrx) _ l_cas{mrx)dx)
: hTr 0 hﬂ— [}
_ nir
. Tlﬂtrc-ﬂ)rc
wix, 4, €)= zmc_zﬁ | ™ “’sc»cnwx)

=i

=S Vlx4)=5, wix £-7,7) d’t’

=S* Cos(? }_ | ST Y

S n=i N

(kn:rr"(g k”“t-cw(‘l—)) ~Sin Qzl).&.u(mrx)
n= TN :

e it

_..T_}\uo%uj
VLKAV VL% ) £Sin(#) +{1=5in(#) X
| | —v{x 1) £V (X 4) 4 (J- 51 ()X
Slulkrl =€ o miwx) F (=50 )X
' + 2 { an‘ﬂ'l( K 'r‘t'ﬂaﬁ_ﬁ] j.ul_fz‘ﬁ) S mlym')()
eSSl N k !+ K nqﬂ'kc —




$#7
Solve #he -Follw?n) indiel valve prok lens
U= UngF$in [ 3%)
vio4)=0
vl #)=0
U[x,0)=5: atmix)

The 5')‘6«{1/ stute Soludien (S
% J .
UTR) = I7E Sinl31M %)
Tt we ler v=u-0"(x) we have that
Vit =Vix
vi(o, Y=o
v(#)=0 —
VX, 0)F §inl1r%) = 3™ S0 (317X)

Tt ~ Gy )

17 \
PV AV= € AT ) TS FrR

k. A -y . |
VX, A) =€ Sialltx) ~ant ¢ Sin (70 + AT S5 0 [3TTX)



Eia

. Solve +he ﬁollwznf wave equition with 4 constant ;raz;-l-ai-iann
force ?__Mwlt”i'p, the dynamics of a rope of leyy-Hn. L.

Uty = szxr?

vio#)=0

V(LAY S0 #)

U, 0)=x (L-x)

U*L)(JD)—'ZO

Let V()(,:f')"*' V- AIXB‘B(#))‘. . TL.‘:L'FMIJ

V(8 = 0ly )=Alt),

| = -Al#)

Theeeore, we ser AlR=0 50 thar vIGF)=0.Simlarly,
vl #)=ull#)- BlelL

| = S~ BEAL

L Ond thos we set

Bit)= sinl)/L.,
il C ons Lﬂu m.i']./? 1 ‘
Ve E Ugp =L Sialt)
o Czu;(.x "} - Jl:S:A (+)

25 Vot ZC Ve =1 ~Esial£)X
vigh =0
v, 4)=0
vx,0)= x(L-x)
Viel%, )= =T X



Problze #l
V= Cz"\";}
vig£)=0
V(L #)=0
Vx, 0)=x(L~x)
Ve lr,0)=0

Bovmla»y anJ insdinl Lond: Hins ir-},l); tha+
'\7()&/:!-):'": bn CosCenmi) §in(nTXL)

=}.= 7. S,Lx(L-xzsfnln-n'xA.)dx
= Y-

3
W,

Probles 42
/\7#':!- = Cz Vxx
Vi #)=0
VIL #)=0
Vi o)=6
\’Ze[.x., 0)= -yL X

Bowla!ary and_iniriel conditions ;MPJ/V thet
VI(X£)= 4 €. sinfenmthi) 5ia (nn/i)
Veln#)= 2 CorEn/l coslomafi ) sin lumx /1)

YN L . i
= o= T, Sialnrx/) (- Ve %) dx

:2(-”"[

4 n"‘n'h‘



Problew #5
0o = V= 4 “Msa)x
VLo #)=0
Ul #£)=0
¥ (x,0)=0
VL x,0)=0.

uXillzar
Wipe = € Wy
| w(o,:t,‘"t')-'—'o
wiL 4 v)=0
wlx,0,E)=0
Wielx 0,7) = =1 = L$inl L)X

I\m{-un\ ﬂhd.__vahllﬁr/ conditions ll\np/ ‘tlnn-l-
w( X, &, "C)"’ d Sin(nwed/L) Sm(u'n:x[b_)

= WHX,2,2)= “Z.: dawTC/L §inlntrr /1)

> 4= w0, 5:alrh)(=p - Kosia(2) K)dx

-L(}L-\'Sn(”f_)s ( 1.)

ChTT

| COV\SC zymi'
X 2)= 5}w(x -T2
- 5 ri 4 C;Lﬂ AT ( ; )ém (Mﬁ)a(m,)d

v n= Chﬂ' L L



~The fo10 Solo#l_%J_S_tL_tn__fIvcn__)/v
VA= T 2V D+ V() + LSinl4)X . _




