PHY 711 Classical Mechanics and
Mathematical Methods

10-10:50 AM  MWF Olin 103

Plan for Lecture 11:
Continue reading Chapter 3 & 6
1. Constructing the Hamiltonian
2. Hamilton’s canonical equation

3. Examples
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Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

Date F&W Reading | Topic Due

1 |Mon, 8/26/2019 |Chap. 1 Introduction #1 8/30/2019

2 |Wed, 8/28/2019 Chap. 1 Scattering theory #2 9/02/2019

3 ||Fri, 8/30/2019 [Chap. 1 Scattering theory #3 9/04/2019

4 [Mon, 9/02/2019 [Chap. 1 Scattering theory [#4 0/06/2019

5 |Wed, 9/04/2019 [Chap. 2 Non-inertial coordinate systems |#5 9/09/2019

6 |Fri, 9/06/2019 |Chap. 3 (Calculus of Variation \@ 9/11/2019

7 |Mon, 9/9/2019 |Chap. 3 (Calculus of Variation ‘ﬂ 9/13/2019

8 |Wed, 9/11/2019 Chap. 3 Lagrangian Mechanics ‘

9 |Fri, 9/13/2019 |Chap. 3 Lagrangian Mechanics #8 9/16/2019

10 Mon, 9/16/2019 |Chap. 3& 6  |Constants of the motion #9 9/20/2019
» 11|Wed, 9/18/2019|Chap. 3& 6  |Hamiltonian equations of motion

12|Fri, 9/20/2019 |Chap.3 &6 |Liouville theorm #10 9/23/2019
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Colloquium: “Physics Research
Opportunities at WFU” — Wednesday,
September 18, 2019 at 3 PM

WFU Physics Faculty and Students George P.
Williams, Jr. Lecture Hall, (Oin 101)
Wednesday, Sept. 18, 2019, at 3:00 PM There
will be a reception in the Olin Lounge at

Collogtm oo
Mechanical Properties of Live Cells” -
Wednesday Sept. 26, 2019 at 3 PM
Professor Adam Wax Department of
Biomedical Engineering Duke University
Durham, NC George P. Wiliams, J. Lecture
Hal, (Olin 101) Wednesday, Sept. 25, 2019, at
300 PM There willbe a
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Colloquium today at 3 PM in Olin 101

PROGRAM

This colloquium will highlight physics research at Wake Forest
University. During the colloquium, Physics Department faculty
members and/or their students will present the essence of their
research programs in the Physics Department. This forum for
sharing ideas will hopefully inspire collaborations between students
and faculty and between research groups.

There will be a reception in the Olin Lounge at approximately 4 PM
following the colloquium. All interested persons are cordially invited
to attend.
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Lagrangian picture
For independent generalized coordinates g (¢):
L=L{g,0}{a,0}1)
daL o

dt &g, 0q,
= Second order differential equations for ¢, (¢)

Switching variables — Legendre transformation
Define:  H =H({g, (0} {p,(0}1)

H=Ydq,p,-L  wherep, =25
- o4,
oL oL oL
dH = 7 dp_+p _dg ———dq ———dq_, |-—dt
Zﬂ:(qg Pt podde =2 iy =2 qg] P
ar1812019 PHY 711 Fall 2019~ Lecture 11
Hamiltonian picture — continued
H=H(g, O} {p,0)}1)
H:anpg—L where paza—,L
- o4,
oL oL oL
dH = 7. dp, + p, dq, ———dq, ———dq, |—-—dt
;(q,, R s q,,] a
:Z aidq”+aidp” +6£dt
=\ 04, p, ot
. oH oL d oL _ . OH 0oL oH
=>4, =7 —=— =P, =——— —=———
p, oq, dt 0q, oq, Ot ot
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Direct application of Hamiltonian’s principle using the
Hamiltonian function --

ds Generalized coordinates :
L )

Define -- Lagrangian: L=T-U

L=L({g,}-4.}-1)

= Minimization integral: § = IL({qa},{qE},t)dt
4

Expressed in terms of Hamiltonian:
H=H({q,O}.{p,(1}1)
H:ZQoPG—L jL:Zqopo_H({q,;(t)},{p{,(t)},t)
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Hamilton’s principle continued:
Minimization integral:

S= ]'(;qapa - H({q,(0}.{p,(0)}.) jdt

&= _[(Z(%@Da +84,Dy —27H5% —ZTH@g]]dt =0

—y oH
=, Canonical equations
-
P = oq,
Detail : /‘0
J [;(A‘q;pg)jdr | (;("("‘f’;t”“)—dqomndz =S, -l (;(Jqom)Jdr
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Constants of the motion in Hamiltonian formalism

H=H({q,0}.{p,®}.1)

da, _ OH => constant g, ifa—H =0
dt op, A
dp, __OH = constant p_ ifﬁ =0
dt oq, .
dH OH .  OH . O0H
A Y e A e
dt S\ oq, ap, ot
S g2
@ L Podo T9oPo ) V5=,
= constant H if aH:O
812010 PHY 711 Fall 2019~ Lecture 11




Recipe for constructing the Hamiltonian and analyzing
the equations of motion

1. Construct Lagrangian function : L = L({g_ ()}, {g. () }¢)
2. Compute generalized momenta: p_ = aaTL

3. Construct Hamiltonian expression : H = Z q,p,—L

4. Form Hamiltonian function : H = H({g, (tg)}, {p. (1)

5. Analyze canonical equations of motion :

dq, _O0H dp, __OH
dt  op, dt aq,

9/16/2019
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Example1: one -dimensional potential :
L=im(&+j*+2)-V(2)
po=mx p,=my p .=mz
H=me® +mp* +mz* = (Lm(d + 37 + 22)-V(2))
2 2 2
H :ﬂ+ﬂ+&+V(z)
2m  2m  2m
Constants:  p, p,.H
Equations of motion : @ = oH =P - =- ar
dt 0Op. m dt dz
91812019 PHY 741 Fall 2019 - Lecture 11 «
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Example 2: Motion in a central potential
L=1mlF +7¢*)-v(r)
p, =mr py=mr’g
H =mi* +mr'g® — (%m(r'z + r2¢2)— V(r))
=L+ )+ v (r)
H=Pri P iy
2m  2mr”
Constants :  p,, i
Equations of motion :
dr_p,  dp,_ O _pi OV
dt m dt or  mr* or
911812019 PHY 741 Fall 2019 - Lecture 11 12
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Other examples

Lagrangian for symmetric top with Euler angles ., 5,7 :
L=, .y, f.7) =4 1,(csin® -+ B2 )+ 11 (ccos f+ 7
—Mghcos

p, =1asin® B+1I,(dcos B+7)cos B

py, =18

p,= Iz(dcosﬁ'-#;?)

H=1l (o'c2 sin’ ﬂ+ﬂz)+%13(dcosﬂ+}")z +Mghcos 8

(p, = p, cos Y L Pi P
2 sin’ p 21, 21,

Constants : DPas D, H

+ Mghcos
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Other examples

L=1tm(e+y +z'2)+2i30(—xy+y'x)
C

Constants:  p_,H
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Canonical equations of motion for constant magnetic field:

2 2
(prrlBoyj (py_ 4 Boxj 2
=% 2c P

+ +
2m 2m 2m
Constants:  p_,H
4 -4
de PP ay P R
dt m dt m

dt ox  2mc 2¢

dp,  oH B
=2 T (px +lBoyj
dt oy 2mc 2c

ﬂ__f’ﬂ_ﬁo( 4 ij
- y 0
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Canonical equations of motion for constant magnetic field

-- continued:
9q _49
@ _Btyghe ﬂ _Pah
m m
dpv - _Bdy
dt 2mc Byx 2¢ dt
( j_ _ 4B, dx
2¢ dt
2x =L q qB dy
m  2mc ° mc dt
,L_L B 4B &
> m 2mec ° me dt

9/16/2019
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General treatment of particle of mass m and charge ¢ moving
in 3 dimensions in an potential U (r) as well as electromagnetic

scalar and vector potentials ®(r,) and A(r,z):

Lagrangian: L(l‘,i‘,l)=%ml"2 ~U(r)—q®(r,t)+ 4. A(r,z)
¢

Hamiltonian: p= % =mr+ %A(r,t)
H(r,p,t)=p-t—L(ri,)
2
=ﬁ[p—%A(r,t)) LU (r)+ g0(r,1)

17

Some details: L(r,i’,t):%mif2 7U(r)fq(l>(r,t)+zi'<A(r,t)
c

Hamiltonian: p= g—f =mr + %A(r,t)
H(r,p,t)=p-t—L(rFz)
=(mi'+gA(r,t)]~i'—(%mi'z 7U(r)fqd>(r,t)+gi'~A(r,t))
c c

=%mi’z +U(r)+q®(r.1)

H(r,p,t):i[p —%A(r,t)]2 +U(r)+q®(r,)

~ Canonical form
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Other properties of Hamiltonian formalism —
Poisson brackets:

H=H(lg,O}{p,0)}1)

44, _ OH = constant ¢ ifa—H:()
dt  0Op, op,
dp, __OH = constant p,_ ifai:()
dr oq, oq,
dH OH . OH . OH
LB Y S Ak
d S\ oq, ap, ot

Similarly for an arbitrary function : F = F({g, ()},{p, (O}.¢)

ap, a S\oq, op, ap, o,
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dF OF . OF .\ oF OF 0H oF oH
B 3l e S
dt S\ oq,

oF
+

ot
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Poisson brackets -- continued:
For an arbitrary function : F = F({g, ()}, {p, (t)},1)
dF OF . oF . OF OF OH OF O0H )| OF
Ly g, |p -y | T )
a T\oq, ° op, o 5\ oq,0p, 0p,0q,) ot
Define :
OF oG OF oG
[F'G]I’B EZ A A A A :_[G’F]I’B
= 04, Op, Op, 04,
dF oF
Sothat: —=|FH |, +—
0 a d[ [ ]PB 5[
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Poisson brackets -- continued:

_y[0F 9G _oF 9G ) _ |
[l =Z,,:(6qg op, op, %] (Gl

Examples :
[x,x],,B =0 [x,px ]PE =1 [x,p‘, ]PH =0
L.z,],-L

z

Liouville theorem

Let D =density of particles in phase space :
dD oD
—=|DH |y +—=0
dt [ ]PB 51‘
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Phase space

Phase space is defined at the set of all

coordinates and momenta of a system :

(2,0} {p, )}

For a d dimensional system with N particles,

the phase space corresponds to 2dN degrees of freedom.
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Phase space diagram for one-dimensional motion due to
constant force
p
L 5 E X H 1
H(xp)=L--Fx  p=F, =L
2m m
= _ Poi |
() = py; + Fit x,(t)=x,; + t+—Fyt
m 2
23

Phase space diagram for one-dimensional motion due to
spring force

P
[ R T B A R I SV B
Pl P
H()c,p)=—-f—fma)zx2 p=-mo’x i=&
2m 2 m
p.(t) = p,; cos(wt +6,,) x, (1) =Lu sin(at +6,,)
mo

8/2019 PHY 711 Fall 2019 - Lecture 11 24

24



Liouville’s Theorem (1838)

The density of representative points in phase
space corresponding to the motion of a system of
particles remains constant during the motion.

Denote the density of particles in phase space: D = D({q” (t)}, {p[T (t)}, t)

dD oD . D . ). oD
— =2 et b |t
oq, " Op, ot

According to Liouville's theorem : % =

9/16/2019
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Liouville’s theorem

(x,p*+4p) I (x+Ax,p+A4p)

p| oD

X _

) ot )

() pt (x+4x,p)

PHY 711 Fall 2019 - Lecture 11
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Liouville’s theorem -- continued I

(x,p*+4p) (x+4Ax,p+Ap)

P X oD

) ot )

(x,p) 1.,' (x+4%,p)

oD . X . .
— = time rate of change of particles within volume

= time rate of particle entering minus particles leaving

PHY 711 Fall 2019 - Lecture 11
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Liouville’s theorem -- continued I

(x,p*+4p) (x+Ax,p+Ap)

P X oD

) ot )

(xp) j,I (x+4x,p)

X
oD oD . oD .
e S e}
ot Ox ap
oD oD . oD . dD
—+—x+—p=0=—
ot Ox op
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Review:
Liouville’s theorem:
Imagine a collection of particles obeying the
Canonical equations of motion in phase space.
Let D denote the "distribution" of particles in phase space :
D= D({ql "'q,w}:{l’l "'PaN}J)
Liouville's theorm shows that :
dD . L
7 =0 = Dis constant in time
t
29
Proof of Liouville’e theorem:
l vp
Continuity equation :
oD
—=-v.(vD)
Y ¢ %, @
Note :in this case, the velocity is the 6N dimensional vector :
v =kl FysPrsPase--Py)
We also have a 6N dimensional gradient :
V=(V,.V, ...V, .V, .Y, .9, )
30
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oD
—=-V-(vD
ot (vD)
=N ) ( 0 (.
=—) | — q.D)+—(p.D)
f1|:aqj "o
EL N|og, op,
:_z aﬂq/.;_@pj _DZ i_'_&
L% op; A %;  op;
%+%= oO°H o o’H “0
6(]}. 617./ 6q‘,6p}. 6p,‘6q,'
31

oo &[ep . ap ] &[eg, op,
— = |=—=q¢,+—p,|-DY |+
ot =Ry op; = oq; Op;

3§+Z b= 0

op e, op ] db_
| oq, " aop, dt
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dD _
dt
Importance of Liouville’s theorem to statistical
mechanical analysis:

0

In statistical mechanics, we need to evaluate the
probability of various configurations of particles.
The fact that the density of particles in phase
space is constant in time, implies that each point
in phase space is equally probable and that the
time average of the evolution of a system can be
determined by an average of the system over
phase space volume.
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