9/23/2019

PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 13:

Finish reading Chapter 6

1. Virial theorem

2. Canonical transformations

3. Hamilton-Jacobi formalism

PHY 711 Fall 2019 — Lecture 13

Course schedule
(Preliminary schedule -- subject to frequent adjustment.)
Date F&W Reading | Topic Assi Due

1 |Mon, 8/26/2019 |Chap. 1 Introduction #1 8/30/2019

2 |Wed, 8/28/2019|Chap. 1 Scattering theory #2 9/02/2019

3 ||[Fri, 8/30/2019 |Chap. 1 Scattering theory #3 9/04/2019

4 |Mon, 9/02/2019 |Chap. 1 Scattering theory #4 9/06/2019

5 |Wed, 9/04/2019|Chap. 2 Non-inertial coordinate systems #5 9/09/2019

6 |Fri, 9/06/2019 |Chap. 3 Calculus of Variation #6 9/11/2019

7 |Mon, 9/9/2019 |Chap. 3 Calculus of Variation #7 9/13/2019

8 |Wed, 9/11/2019 |Chap. 3 Lagrangian Mechanics

9 |Fri, 9/13/2019 |Chap. 3 Lagrangian Mechanics #8 9/16/2019

10 [Mon, 9/16/2019 |Chap. 3 &6 |Constants of the motion #9 9/20/2019

11 Wed, 9/18/2019|Chap. 3 &6  |Hamiltonian equations of motion

12|Fri, 9/20/2019 |Chap.3 &6 ||Liouville theorm #10 9/23/2019
- 13 |Mon, 9/23/2019 |Chap. 3 &6 |Canonical transformations

14 \Wed, 9/25/2019 |Chap. 4 Small oscillations about equilibrium

15 |Fri, 9/27/2019 |[Chap. 4 Normal modes of vibration
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Virial theorem  (Rudolf Clausius ~ 1870)
AT)= —<2F{, -r,,>
Proof:
Define: A=Y p,-r,
%:Z(pc ‘r,+p,t,)=>F 1 +2T
’ ’ Because p, =F,
<ﬁ>:<zg ~r>+2<T>
dt i 0 (0)- 4(0) Note that this
d4\ 17dA(t) . A(r)-A(0 implies that
<E> _;-([ dt di = T =0 « the motion is
bounded
= <ZFG -r>+2<T>:0
3



Examples of the Virial Theorem  2(T) = —<ZFJ T, >

Harmonic oscillator: ‘

F = -k T:%mfcz (me?)=(kx)

Check: for x(¢)=4 sin[\/Et +a
m

(27)= (mi) = ka? <cosz[ LN aj> = %kAZ

_<;Fﬂ -r,,>:<kxz>:kAz <sinz[\/§t+aj>:%k/4:
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Examples of the Virial Theorem  2(T)=~(>'F, »rg>

Circular orbit due to gravitational field
of massive object: '

F:_Gﬂ/zfmf T:lmvz <mv2>:<GMm>
r 2 ”
Check: for Y= Gf!’[ - <mv2 >:<GMm>
r r r
centripetal gravitational

acceleration ~ force
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Hamiltonian formalism and the canonical equations of
motion:

H=H({g,O}{p,O})

Canonical equations of motion

dq, _0H
dt  dp,
dp, __OH
dt 0q,,
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Notion of “Canonical” generalized coordinate transformations

qﬁ:qﬁ({Ql--~Qn},{f{-~-Pn},z) for each o
pg=pd({Ql»--Q,,},{leP”},t) for each o

For some H and F,  using Legendre transformations

3 pude =g, p o) = TR0 ~A(QE o)+ 5 F ({2,140,

Apply Hamilton's prlnmple

5][;%@ _H({sz}’{Pn},l‘)+iF({qa} {Qa},t)}dt: 0

dt

5]‘{%F({%}’{Qﬂ } .t):|dt :H%&F({qﬂ},{gd},,)}”
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Some details --
qs :q,,({Ql'“Q,,},{P|~--P”},l) for each o
P =P, ({00} {RP}t)  foreach o
For some H and F,  using Legendre transformations
d
2o~ H ({4, }:APo} 1) = R0, ~H({Q )48 }-1) + 4 F (19,):40.)-1)
Action integral:
§= de[ngqg H({q,}.{p,}s )j
é‘S:Jdl[Z(&pﬁqﬁ +p“é‘qﬁ)—5H({q{r},{pg},t)]
Note that §Jdt[dF(t)) J’d(daF(’)j 0
8

Some relations between old and new variables:

Zpaqg AP ht)=
Z,PJQJ*H (o, . {Pg},t) - (g, 10, 31)

el z[@)?( Wi
L

Pt E%JJQ « }’{Pv}ﬂ*%‘?
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= Ao, 1 p, be)= Hllg, b ip, b1)+ L
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Note that it is conceivable that if we were extraordinarily
clever, we could find all of the constants of the motion!

0, _ofn 3 __od
oF, 00,

Suppose : Q’(X = aiH =0 and P{r = —ai =
oF, 00,
= Q,,P,  areconstants of the motion

0

Possible solution — Hamilton-Jacobi theory:

Suppose: Fllg, 10, }1)= -2 .0, + (g, 1 £, }1)
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11

3 .o~ Hla, Mo, b=
300, ~AllQ. e i)+t -3 20, (i (2.1

RTINS Y2 +z[jjq-a+“a]+“

OP, ot
Solution :
_ oS _ oS
", Y
~ oS
Ao, ip )= Hllg, b {p. o)+ =
12
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When the dust clears :
Assume {Q[r }, {PE, }, H  are constants; choose H =0
Need to find S({g, },{P, }.¢)
oS oS

., T

{2

Note: Sis the "action":

Ps=

Zpgq[, AP ht)=
"0
;p;@fﬁgm{a},»%(;agg ssllah .00
13

Zpgqa o AP, )=
0 d 0
VIR (l0:br -0, w5l )

j[;pgng({qw{ }))dt tj[(ddt(S({qg},{Pa},t))jdt
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Differential equation for S:

(w2

1
Example: H({q},{p},t):%m e’

Hamilton - Jacobi Eq : H[ {87S ]

q
€ 6S +lma)2q2+§:0
2m 0q 2 ot

Assume:  S(q,t)=W(q)—Et (E constant)
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Continued:

1(asY 1 oS
+—ma’q’ +—=0
2m 6q 2 ot

Assume:  S(q,t)=W(q)—Et (E constant)
nE dW + lma)zq2 =FE
dq 2
d w_
dg

W(q)= [\2mE~(mo) ¢’ dg

2mE — ( ) q°
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Continued:

W(q)=J. 2mE—(ma))2q2dq
1 JomE— (o) d E . . mag
=—q+2mE +-—sin +C
o2} + £

S(q,E, t)—fq 2mE — ( q +—sm [quj Et
2mE

ol =0 :lsin"( nog th
OE w 2mE

V2E (ol 0)

=q()=

17

Another example of Hamilton Jacobi equations

Assume:

23/2019

Example:

H{{ah{pht) = L mey

Assume y(0) = k; p0)=0
Hamilton-Jacobi Eq: H({q},{as},tj as =0

1 (asY
— = +
2m\ Oy

0q o

oS

mgy+-—=0

ot
S(y,t)=W(y)-Et (E constant)
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2
Example: H({q},{p},t):é)—m+mgy

Assume y(0) = 4; p0)=0

2
1 (dw
— =F= h
2m( & J + mgy mg
A
2
W(y)=mJ'JZg(h—y')dy'=§m1/2g(h—y)3/2

S(y,t)=W(y)—Et = %m@(h — )" —mght
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Check action:

For this case: y(¢)=h— %gt2
t1 1

S= J(—mjzz - mgyjdt' =—mg’t’ —mght
2 3

S(y,t)=W(y)—Et = %m@(h — )" —mght
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Recap --

Lagrangian picture
For independent generalized coordinates ¢, (f):
L=1({g, Oh{g, O}1)
dor oL _

diog, oq,

= Second order differential equations for g (¢)

Hamiltonian picture
H=H(lg,0}{p,0})
dq, OH dp, OH
T o, 4t ag,
= Coupled first order differential equations for
q,() and  p,(1)
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General treatment of particle of mass m and charge ¢ moving
in 3 dimensions in an potential U (r) as well as electromagnetic

scalar and vector potentials ®(r,) and A(r,z):

9/23/2019

Lagrangian: L(l‘,i‘,l)=%ml"2 ~U(r)—q®(r,t)+ 4. A(r,z)
¢
Hamiltonian: p= % =mr+ %A(r,t)
H(r,p,t)=p-t—L(ri,)
2
=ﬁ[p -EA(r,t)) LU(r)+ q0(r,1)
22

Recipe for constructing the Hamiltonian and analyzing
the equations of motion

1. Construct Lagrangian function : L = L({g_ ()}, {g. () }¢)
2. Compute generalized momenta: p_= ;—L
95
3. Construct Hamiltonian expression : H = Z q,p,—L
4. Form Hamiltonian function : # = H({g, (1)}, {p, () }?)
5. Analyze canonical equations of motion :
dq, _OH  dp, _OH
dt  dp, dt aq.,
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