PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 15:
Continue reading Chapter 4

1. Normal modes for extended one-
dimensional systems

2. Normal modes for 2 and 3
dimensional systems
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9/26/2019

Course schedule

(Preliminary schedule -- subject to frequent adj 1t.)
Date F&W Reading |Topic i Due
1 |Mon, 8/26/2019 |Chap. 1 Introduction #1 8/30/2019
2 |Wed, 8/28/2019 [Chap. 1 Scattering theory #2 9/02/2019
3 ||Fri, 8/30/2019 [Chap. 1 Scattering theory #3 9/04/2019
|4 |Mon, 9/02/2019 |Chap. 1 Scattering theory #4 9/06/2019
5 |Wed, 9/04/2019 [Chap. 2 Non-inertial coordinate systems #5 9/09/2019
6 ||Fri, 9/06/2019 |Chap. 3 (Calculus of Variation #6 9/11/2019
7 |Mon, 9/9/2019 |Chap. 3 (Calculus of Variation 74 9/13/2019
8 |Wed, 9/11/2019 |Chap. 3 Lagrangian Mechanics
9 ||Fri, 9/13/2019 |Chap. 3 Lagrangian Mechanics #8 9/16/2019
10 Mon, 9/16/2019 |Chap. 3 & 6 |Constants of the motion #9 9/20/2019
11 |Wed, 9/18/2019 |Chap. 3 & 6 |Hamiltonian equations of motion
12|Fri, 9/20/2019 |Chap. 3 &6 |Liouville theorm #10 9/23/2019
13Mon, 9/23/2019 |Chap. 3 &6  |Canonical transformations
14|Wed, 9/25/2019 (Chap. 4 'Small oscillations about equilibrium [#11 9/30/2019
» 15||Fri, 9/27/2019 |Chap. 4 Normal modes of vibration #12 10/02/2019
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Example — linear molecule
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. 0 0 0
Let: x,»>x-x x,2>x-x —f, x3—>x-x —l,—/{,

I, 1 5, 1 5 1 1
L=7m1x12+Em2x22+5m3x32—5k(x2—x1) —Ek(x3—x2)

2
Coupled equations of motion :
mX, = k(xz _xl)

m,x, = _k(xz _x1)+k(x3 _xz): k(xl —2x,+ x3)
myx; = _k(xz - xz)

Let x()=X/e™"

—otm X¢ =k(xs - x7)

—lm X7 =KXy —2x5 + X7

—@m XY =—k(xy - x7)
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For m =m,=m,
and m, =m,
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Consider an extended system of masses and springs:

X k k k
) )
) W
X
X X; i+l

Note : each mass coordinate is measured relative
to its equilibrium position x;
1 N > 1 N 2
L=T-V :—mZx,. ——kZ(xl.+l - X, )
2 3 2=
Note: In fact, we have N masses; x, andx,,,
will be treated using boundary conditions.

9/27/2019 PHY 711 Fall 2019 — Lecture 15 6




L =T—V=lmzN:Xf —lki(xm —xf
2 ‘I 2 =

X,=0andx,,, =0

From Euler - Lagrange equations :
mx, = k(x2 _2x1)
mx, = k(x3 -2x, +x1)

mx; = k(xm —2x,+ xl—l)

miy = k(fol - 2xN)
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From Euler - Lagrange equations :

m)‘c'/:k(xj+172x/+xj71) with x, =0=x,,

Try: x;(t)=Ae” ™™

— 0 Ao :E(eiqu D4 )Ae—mmqaj
m

-0’ = %(2 cos(qa)-2)

== ﬁsinz[ﬂ)
m 2

From Euler - Lagrange equations - - continued :

mj€j=k(x/+l—2xj+x/71) with x, =0=x,,,

Try: X, )= Aeir+iadl — @’ = ﬁsinz(i;)
m

Note that:  x,(¢) = Be™ ™ — @ = ﬁsinz[q—;)

General solution :
x;(t)= ‘R(Ae"‘”’“"“f + Be ™9 )
Impose boundary conditions :
%,(t) = R(4e ™ + Be ™ )=0
Xy, (1) = m(Ae—uulan(NH) n Beﬂ'wuqu(ml)): 0




Impose boundary conditions - - continued :
x,(6)=R(4e™ + Be™)=0
Xy, (1) = E}»{(Aeﬂ'wlﬂqa(NH) i Beﬂ'(ulﬂ'qu(NJrl)): 0
=B=-4
5y () =R(de ™ [0 el )= 0
= sin(ga(N +1))=0
=qa(N+1)=vz wherev=0,1,2--
VIT
TN

qa
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Recap - - solution for integer parameter v

x, ()= ‘R(%Ae”‘””’ sin( ]:,”i’ 1))

» 4k . L wvx
W, =—SIn
Y om 2(N +1)

Note that non - trivial, unique values are
v=12,--N

11

Example for N=4: w = ﬁ
! Vm

w{5)

0 o5 T 15 2 25 3
qa
Note that solution form remains correct for N >«

w(qa)=~4k/m ‘sin(qa)‘

12




For extended chain without boundaries:

. & k
\MMJ U\Gl)( /‘Q J\)U( { J°

From Euler-Lagrange equatlons

mi; :k( —2x; +x, 1) forall x;

Xjn1

. _ —iot+igaj
Try:  x,(t)=Ae

—? Ae iy — &(elqﬂ 24+ e—xqa)Ae—mmqa,
m
k
_t = _
© m(Zcos(qa) 2)

S0 = ﬁsin2 (%] distinct values for 0 < ga <7
m
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Consider an infinite system of masses and springs now
with two kinds of masses:

@@ @ @@

Vi Xivt Yin Xiva

Note : each mass coordinate is measured relative

to its equilibrium position x, y?, -+

L=T-V
I &, 1. &, 1,& 1,
=5mZX,2+5MZy,2—5kZ(x,-ﬂ—y,)Z—EkZ(y, -x,f
i=0 i=0 i=0 i=0
15




L=T-V

Euler - Lagrange equations :
mi; = k(y/—l -2, +y,)
My, =k(x/ —2y; +xj+1)
Trial solution :

X, (£)= A ori2a

y[ (l) — Be—ieran/

mae’* -2k k(e"z"“ +1) (AJ 0o
ke +1) Mo? -2k \B)
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1 & 1 . 1, & 1, &
=Em2x,2 +5MZJ’,2 _EkZ(xiH -V )Z —EkZ(y,
i=0 i=0 i=0 i=0

)2
- X,
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mo* -2k kle +1) [AJ .
ke™ +1) Mo* -2k \B)

Solutions :
o Jiik\/LﬁLﬁM
m- M mM

S oom M
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Eigenvectors:

For qa=0:
2k 2k
w_ =0 w, =,|—+—
m M
A 1 A 1
=N =N
B 1 B), -1
V4
For ga=—
7473
2k 2k
o =.— o, =,|—
M m
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Potential in 2 and more dimensions

20
V() V(X 0.,)+H(x-x,)

o
ox*

Xeg > Ve
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Example — normal modes of a system with the
symmetry of an equilateral triangle
Degrees of freedom for
u . . -
* 2-dimensional motion:
2N =6
k k
)
m Yt K m
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued
U3 Potential contribution for spring 13:
1 2
Y = VIE:Ek(VIS+u37u1‘7V13‘)
2
zlk Ly '(us 7“1)
u 2 |2,
2
1,(1 V3
u, zgk[g(“ﬁ_”xn)‘*?(”yz _MN)J
1.3
L= =X +—=Y
13 ‘ 13‘[2 2 YJ
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued
Potential contributions: V =V, +V,;+V,;

:1k[élz.(uz—u])]2+lk[fw-(u]—ul)]z

2 [€12] 2 €]

2
+lk(zzs '(“3 _“z)}
2 €3]
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued
5 1 1 1 , 1 T
T w0 Uy | Uy
5 1 1 1
P I T U | Uy,
= 1 1 1 1 1
m| 4 4 g ~gy2 gv8 & U Us
1 1 3 3 o
T30 gV o e | Yy,
o -Ly3 Lz o S 3
4 4 4 4 ) U,
Ly 1 3 3 3
-—J3 V3 0 -= -= =
4 4 2 _uy3 ] _uy3 ]
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued
u, 3
3
2
k 3 k
k a)z = 7 -
m
0
u
2 0
0
k
m YU m
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3-dimensional periodic lattices
Example — face-centered-cubic unit cell (Al or Ni)

Diagram of Diagram of g-
atom positions space v(q)

9/26/2019
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From: PRB 59 3395 (1999); Mishin et. al. v(q)
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FIG. 2. Comparison of phonon-dispersion curves for Al (a) and
Ni (b) predicted by the present EAM potentials, with the experi-
mental values measured by neutron diffraction at 80 K (A1) and 298
K (Ni) (Ref. 33 for Al and Ref. 34 for Ni). The phonon frequencies
at point X were included in the fitting database with low weight.
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Lattice vibrations for 3-dimensional lattice

Example: diamond lattice

Ref: http://phycomp.technion.ac.il/~nika/diamond_structure.html
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Atoms located at the positions :
R‘=R, +u’
Potential energy function near equilibriu :

ol )3 w) 2]
Define: ’
w_ OU
tORSRS
so that

Ul )<, +5 Turpyul
2 ik

Ui =3 Xm0 =3 Tt

aj ab.jk
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PR | A~ 1 v
R S W ) R Wl
@) abojk
Equations of motion :
m,iiy == Diju;
bk
Solution form:
1
u; ()= W

Details: R{=1“+T wheret” denotes

fopioriaRy
j

unique sites and

T denotes replicas

9/27/2019 PHY 711 Fall 2019 — Lecture 15

29

Define:

b il
Dol )

wi(a)= Z.: W‘
a""'h

i T

Eigenvalue equations:
2 b b
@ A;’ = ZW(q)':k A
bk
In this equation the summation is only over

unique atomic sites.
= Find "dispersion curves" zo(q)
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B. P. Pandy and B.
Dayal, J. Phys. C.
Solid State Phys. 6
2943 (1973)
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Figure 2. Phonon dispersion curves of diamond. Experimental points
et al (1965, 1967). & and O represent the longitudinal and transverse mq
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