PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 16:
Start reading Chapter 7

1. Comments on linear vs. non-linear equations

2. Masses coupled by springs €=>masses coupled
by string

3. Mechanics one-dimensional continuous system

4. The wave equation
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Course schedule
(Preliminary schedule - subject to frequent adjustment.)
[ |Date F&W Reading|Topic [s Due
[1|Mon, 8/26/2019 _[Chap. 1 Introduction = /8/30/2019
2 |Wed, 8/28/2019_[Chap. 1 Scattering theory 2 [9/02/2019
[3 |Fri, 8/30/2019 [Chap. 1 [Scattering theory ] [0/04/2019
[4 [Mon, 9/02/2019 |Chap. 1 [Scattering theory = [0/06/2019
5 |Wed, 910472019 |Chap. 2 [Non-inertial coordinate systems _|#5 (070872019
/6 [Fri, 9/06/2019 _[Chap. 3 (Calculus of Variation #6 (911172019
7 [Mon, 91972019 [Chap. 3 (Caloulus of Variation 7 1911312019
8 |Wed, 9/11/2019_|Chap. 3 Lagrangian Mechanics I
lo |Fri, 9/13/2019 |Chap. 3 Lagrangian Mechanics #8 911612019 |
[10[Mon, 9/16/2019 |Chap. 3& 6 __[Constants of the motion m [9/20/2019
[11]Wed, 9/18/2019_[Chap. 3 &6 _|Hamiltonian equations of motion
[12[Fri, 912072019 _[Chap. 3 &6 _[Liouville theorm #10 [0/23/2019
[13]Mon, 6/23/2019_|Chap. 3& 6 _[Canonical
[14Wed, 972512019 |Chap. 4 [Small oscillations about equilbrium #11 (073072019
[15]Fri, 9/27/2019 _[Chap. 4 [Normal modes of vibration #2 1010212019
‘ [16|Mon, 9/30/2019 [Chap. 7 [Motion of strings #13 1010412019
[17|Wed, 1010212019 |Chap. 7 [The wave equation
[18[Fri, 10/04/2019 _[Chap. 7 [The wave equation
[19|Mon, 10/07/2019 [Chap. 7 [Fourier transform methods
[20[Wed, 10/09/2019|Chap. 1-4,6-7 [Review
Fri, 10/1172019|No class [Fall break
[Mon, 10/1472019|No class ___[Take-home exam
[ |Wed, 10/16/2019|No class _[Take-home exam
[24]Fri, 1011872019 _[Chap. 7 [Take-home exam due???
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Linear oscillator equations (example from one dimension)

1 dv
V(x) = V(qu)+5(x7xw)2 il

= lkx2 = lma)zx2
2 2
R S
L(x,x) =—mx  ——maw'x
2 2
Euler-Lagrange equations: P=-w'x

Superposition property of linear equations: --
Suppose that the functions x, (¢) and x, (¢) are solutions

= Ax, (t)+ Bx, () are also solutions (all 4, B)
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Non - linear oscillator equations (example from one dimension)
)2 d*v
eq

T epben )
X

V(x)z V(xeq)+l(x7x +1 X, e

2

X,

oq X

= lma)z[x2 +lgx“)
2 2
L(x,)'c):lm)‘c2 L R
2 2 2

Euler - Lagrange equations :

i= —a)z(x +ex )
Superposition-- no longer applies
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4
V(x)z fma)z(xz + gx“)
‘] >0
] €=0
. <0
X
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Non - linear example - - continued
N1, 1
L(x, %)= =mi® ——me?| x* +—&x*
2 2 2
Euler - Lagrange equations :
jc‘+a)2(x+gx3):0
Perturbation expansion :
x(t)=x, (1) +&x,(e)+ ...
Euler - Lagrange equations :
zeroorder: ¥, +w’x, =0
firstorder: ¥ +@’x, +@’x; =0
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Non - linear example - - continued
i+e’ (x +ax’ ) =0 Initial conditions :
Perturbation expansion : x(0)= X, x(0)=0
x(t) =X, (t)+ &x, (t)+ e
Euler - Lagrange equations :
zeroorder : X, +@’x, =0 = x,(1) = X, cos(wrt)

firstorder: ¥, +@’x, +@’x; =0
3
= X(0)+o'x, (1) ==X, cos’ (wt) = —%(SCos(wt)ﬂos(Sa)t))

= xl(t):—% {3@! sin(wz)+i[cos(wt)—cos(3wt)]}

x(1) = X, cos(wt ) - s% {3wt sin(a)t)Jr%[cos(wt) - cos(3wt)]} + 0(52)
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Non - linear example - - continued
i+’ (x +ax’ ) =0 Initial conditions :
x(0)=X, x(0)=0

Perturbation expansion:
x(t)=x, (1) +ex, (1) +...
Previous result (blows up at large #):

x(t)= X, cos(wt)—& ;(wéz {Sa)t sin(a)t)-*-%[cos(a)t) —cos(3wt):|} +0(£2)

By rearranging terms (allowing effective frequency to vary):

xt)=X, cos[w[l +& 3;;; Jt] —-& Xy {cos(wt)— cos(Swt)} + 0(52)

320°
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Foro=1, X,=1, €=05

3 Regrouped expansion
2
1 A '
x | t
NI Vp e o
-2
N
Original perturbation
expansion
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Returning to linear case;  continuum limit --
Longitudinal versus transverse vibrations
Images from web page:
http://www.physicsclassroom.com/class/waves/u10l1c.cfm

Longitudinal Wave
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Longitudinal case: a system of masses and springs:

" k e
JUY JEUs JUU
X X; Xisl
L=T-V :%mixrz 7%ki(xi+l =X )Z

= mi, = k(xl.+l —onl. +xH) o

Now imagine the continuum version of this system :

. 0*
X ()= ) ¥ =SE
ot
62
X = 2%+ x,, = 4 (Ax)
Ox
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Discrete equation :  m5, = k(x,,, —2x, +x,,)

i+1
*u 2 0’u
Ay N
or’ ( ) ox?
Pu_(dar \ou
or? m/Ax ) ox*

Continuum equation : m

system parameter with
units of (velocity)?

For transverse oscillations on a string

with tension 7 and mass/length o:

[kAx) T
— =
m/ Ax o
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Transverse displacement:

Hx,t)
Wave equation :
or ox?
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Lagrangian for continuous system :

L:L[ a—’ua—’uxt)
Ox O

Hamilton's principle :
5jdtjde oK O =0
Tox ot
oL o oL 0 oL

= - =
du 0Ox 8o/ ox) or dou/or)
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Denote the generalized displacement by x(x,?):

14

oL 0 oL 0 oL

ou oxo(ouiox) ordoular)

Example:
Lzz[iﬂ) oz i)
2\ ot 2( @

2
éaa—f - a—‘u =0
ot o’

2 2
ou cza#=0 for ¢* =

o’ o

Q|

Euler - Lagrange equations for continuous system :
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General solutions x(x,?) to the wave equation :

2 2
6—’2‘ - 6—"; =0
ot Ox
Note that for any function f{g)or g(g):
uxy)=f(x—ct)+g(x+cr)

satisfies the wave equation.
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Initial value solutions x(x,?) to the wave equation;
attributed to D' Alembert :

ot ox’
Assume:
ux,t)= f(x—ct)+g(x+ct)
then:  u(x0)=¢(x)= f(x)+g(x)
B 0) = () = Y _dg®)
o V== C( dx  dx J

= f(0)- g0 =1 [y
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oH c? ou =0 where u(x,0) = ¢(x) and %(x,O) =y (x)
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Solution - - continued : uxt)=f(x—ct)+g(x+ct)
then: u(x0)=d(x)= f(x)+g(x)

O 0)=p(x) = — Y& _ 98
506’0)7'//0{)7 C( dx dx J

= f()-g(0) = [y (x)ax
¢
For each x, find f(x)and g(x):

f(x);(ﬂx)ijw(x')dx}

2() =;[¢(X)+ij[u/(f)dX'J

x+ct

= u(x,t)= %(gb(x —ct)+d(x+ ct))+ i Iu/(x‘ )dx'

9/30/2019 PHY 711 Fall 2019 ~ Lecture 16 *~¢* 18

18



9/29/2019

Example:
Oy ,0u ot ou
—-c =0 where u(x,0)=e and —(x,0)=0
o o #x=0) a0

jy(x’t):%(efh+c/)l/al +87(H/)2/al)

1 -2 o H 1
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Example :
62/” 2 62/” a,u 2x _ 2,52
—— —¢"—--=0 where ux,0)=0 and —(x,0)=—"F¢" "7
o P Hx0) 0=

= ux,t)= i (ef(nc/)2 lo* _ ef(xfc/)z Jo? )

Note that ) 1 ((x + ct)e’(””')2 g (x —ct)e’('H'); /”2 )

2

ot
t=0.
1
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