PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 17:

Continue reading Chapter 7
1. The wave equation

2. Sturm-Liouville equation

10/2/2019

3. Green’s function solution methods
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Date F&W Reading|Topic Due
1 |Mon, 8/26/2019 |Chap. 1 Introduction #1 8/30/2019
2 |Wed, 8/28/2019 (Chap. 1 Scattering theory #2 9/02/2019
3 |Fri, 8/30/2019 Chap. 1 Scattering theory #3 9/04/2019
4 [Mon, 9/02/2019 |Chap. 1 Scattering theory #4 9/06/2019
5 |Wed, 9/04/2019 (Chap. 2 Non-inertial coordinate systems  #5 9/09/2019
6 |Fri, 9/06/2019  [Chap. 3 Calculus of Variation [#6 9/11/2019
7 |Mon, 9/9/2019  [Chap. 3 Calculus of Variation H#T 9/13/2019
8 |Wed, 9/11/2019 |Chap. 3 Lagrangian Mechanics
9 |Fri, 9/13/2019  |Chap. 3 Lagrangian Mechanics #8 9/16/2019
10 Mon, 9/16/2019 |Chap.3 &6 |Constants of the motion #9 9/20/2019
11|Wed, 9/18/2019 |Chap.3&6 |Hamil equations of motion
12|Fri, 9/20/2019  |Chap.3 & 6 |Liouville theorm #10 9/23/2019
13|Mon, 9/23/2019 |Chap.3& 6 |Canonical
14|Wed, 9/25/2019 |Chap. 4 Small about #11 9/30/2019
[15[Fri, 9/27/2019  [Chap. 4 Normal modes of vibration #12 10/02/2019
16 Mon, 9/30/2019 |Chap. 7 Motion of strings #13 10/04/2019
- 17 |Wed, 10/02/2019 |Chap. 7 Sturm-Liouville equations #14 10/07/2019
18 |Fri, 10/04/2019 |Chap. 7 Sturm-Liouville equations
19|Mon, 10/07/2019 |Chap. 7 Fourier transform methods
20 |Wed, 10/09/2019 Chap. 1-4,6-7 |Review
Fri, 10/11/2019 |No class Fall break
Mon, 10/14/2019 |No class Take-home exam
Wed, 10/16/2019|No class Take-home exam
21 |Fri, 10/18/2019 |Chap. 7 'Take-home exam due
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One-dimensional wave equation
representing longitudinal or transverse displacements
as a function of x and t, an example of a partial
differential equation --

For the displacement function, x(x,¢), the wave equation has the form:

8'/;1 - on =0
ot” ox?

Note that for any function f{g) or g(q):
uxt) = f(x—ct)+g(x+cr)

satisfies the wave equation.
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The wave equation and related linear PDE’s

One dimensional wave equation for u(x,?):
2 2
9 ':l —c? 67/21 =0
ot Ox
Generalization for spacially dependent tension and mass density plus

where ¢* =—

an extra potential energy density:
& u(x,t) 0 ou(x,t
o) A0 - ( () 24 )jw(x)ﬂ(x,t) ~0
Factoring time and spatial variables:
p(x,0) = p(x) cos(at +4)
Sturm-Liouville equation for spatial function:

( ( )dp( ))+v(x)p(x):a)20'(x)P(X)
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Linear second-order ordinary differential equations
Sturm-Liouville equations

Inhomogenous problem: [—— r(x)— +v(x)— Za(x) o(x)=F(x)

\/

given functions applied

force

solution to be
determined

Homogenous problem: F(x)=0
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Examples of Sturm-Liouville eigenvalue equations --

(—%r(x)% +v(x)— ﬂo’(x)j(p(x) =0

Bessel functions:

r(x)=—x v(x)=x o(x) :l A=v p(x)=J,(x)
X

Legendre functions:

() =—(1-¥") v0)=0 o(x)=1 A=Il+1) ¢(x)=PR(x)
Fourier functions:

r(x)=1 v(x)=0 o(x)=1 A=n’7" ¢(x)=sin(nrx)
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Solution methods of Sturm-Liouville equations

(assume all functions dgonstagts are real):

Homogenous problem : T— ™ z'(x)a +v(x)— io‘(x))gﬁo (x)=0
X

Inhomogenous problem: [— % 7(x) % +v(x)— io‘(x))gﬁ(x) =F(x)

Eigenfunctions :

(7 % r(x)% + v(x))f” x)=A,0(x)f,(x)

Orthogonality of eigenfunctions: J.bcr(x) /. (x) f, (x)dx=0,,N,

nm* ' n>

where N, = [ o(x)(/,(x))"dx.
Completeness of eigenfunctions:

U(x)z ﬁ,(xl)\{;,(x') : 5(x7xv)
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Comment on orthogonality of eigenfunctions

[*%T(){)% + v(x)jf”(x) =A4,0(x)f,(x)

d_ .d o :
[_ET(X)E + V(X)jf", ()= 4,0(x)f, (%)

fm(x)[fir(x)% + v(x)jf”(x) -/, (x)(fir(x)% + v(x)]fm (x)

= (A4~ 4,) 0@ £,(0) £,(x)

_da( 4,(x)
dx(.fm(X)T(X) e

-1, (x)r(x)%]z(i,, =2, 1,00, ()




Comment on orthogonality of eigenfunctions -- continued

(. af,x) _ . 4, (%)
i [fm (x)7(x) i Su(®)z(x) pa
Now consider integrating both sides of the equation in the interval

a<x<bh:

4, (%)
dx

*

Vanishes for various boundary conditions
at x=a and x=b
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]:(ﬂn = 4,)o®) f,(x)f,(x)

~ f e LD '"‘ff)j

=) = fﬂ,,l)idxov(x)f”(x)fm @)

*[fm ()7 (x)

a
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Comment on orthogonality of eigenfunctions -- continued

() . &, _
ACLOE ]

Possible boundary values for Sturm-Liouville equations:

L f,(@)=f,(b)=0

2 20
dx

a

b
—[f;, @)r(x) (A = A) [ o (x) £, (), (x)

&, _,
dx

b
df, (@) _ df, (b)
dx dx

3.fu(@)= £, (b) and

In any of these cases, we can conclude that:

b
j dxo(x) f,(x) f, (x) =0 for 4, # A,
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Comment on “completeness”
It can be shown that for any reasonable function h(x),
defined within the interval a < x <b, we can expand that
function as a linear combination of the eigenfunctions f,(x)

h(x)~ )" C,f,(x),

1 o )
where C, :N—J' o(x"h(x") f,(x")dx'.
These ideas lead to the notion that the set of
eigenfunctions f,(x) form a ““complete" set in the sense
of “'spanning" the space of all functions in the interval
a < x <b, as summarized by the statement:

O'(x)Z—f” (x])\{” @) _ o(x—x").

n
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Comment on “completeness” -- continued
h(x)~ > C,f,(x),
where C, :Ninja"a(x')h(x') ().
Consider the squared error of the expansion:
b 2
= j dxo-(x)[h(x) ->C.f, (x)]

€? can be minimized:

sz =0=-2] dxa(x)[h(x) Yo, (x)]fm(x)

m

=C, = NLM.[de'(x)h(x)fm (x)
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Variation approximation to lowest eigenvalue

In general, there are several techniques to determine the
eigenvalues 4, and eigenfunctions f,(x). When it is not
possible to find the ““exact" functions, there are several
powerful approximation techniques. For example, the
lowest eigenvalue can be approximated by minimizing the

function <}; S };> _d d
ﬂo < ~| | /. S(x) o 7(x) dx+v(x)
(holh)

where #(x) is a variable function which satisfies the
correct boundary values.  The ““proof" of this inequality is
based on the notion that/(x) can in principle be expanded
in terms of the (unknown) exact eigenfunctions f,(x):
h(x)= ZCnf”(x), where the coefficients C, can be

assumed to be real.
0/2/2019
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Estimation of the lowest eigenvalue — continued:

From the eigenfunction equation, we know that
SWh(x) =S C,f,(0) =2 C Ao, (x).
It follows that: ' '

(i|s|k)= Lbﬁ(x)S(x)ﬁ(x)dx =SC, P N4,
It also follows that:

(hloli)= Lbﬁ(x)a(x)ﬂ(x)dx =S PN,

i[s|i) YIC PN,
Therefore J——t =

<il"a_‘ii> ”Zlcn ‘2 NH*Z /1().

15
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Rayleigh-Ritz method of estimating the lowest eigenvalue

= oty

Example: - Zx—zzﬂ,(x) =A,/,(x) withf (0)=f (a)=0

trial function £ (x) = x(x —a)
2
Exact value of 4, = ”—Z _ 9869604404
a

Raleigh-Ritz estimate:

10/2/2019
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Green'’s function solution methods

Suppose that we can find a Green's function defined as follows:

[—%r(x)%+v(x) _ﬂd(x)sz(X,X') =5(x-x")

Completeness of eigenfunctions:

o(0) S LD ()

n

Recall:

In terms of eigenfunctions:

(—%T(x)%+v(x)—/10'(x)jG4(x,x') =a(x)§7f”(xl)f”(xv)

n

e Gy = S LN,

0/2/2019

17

Solution to inhomogeneous problem by using Green’s
functions

Inhomogenous problem:

(—%r(x)%+v(x)—ﬂo(x)jw(x)ﬂ(x)

Green's function :

(— 4 7(x) 4 +v(x) - la(x)]Gl (x,x") = 5(x - x')
dx dx

Formal solution:

() = @,0{) + [ G, (o, x)F (')l

Solution to homogeneous problem

PHY 711 Fall 2019 — Lecture 17
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Example Sturm-Liouville problem:
Example: 7(x)=1 o(x)=1 v(x)=0; a=0 and b=L
A=l F(x)=F, sin(%}

Inhomogenous equation :

[— 5722 - 1J¢(x) =F, sin(%)
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Eigenvalue equation :

(— %zzjfn (x)=4,1,(x)

Eigenfunctions Eigenvalues :

£,(x) = %sin[%) A, = (%j

Completeness of eigenfunctions :

O'(x)z L0/() (x]){” (') = 5(x - x')

n

In this example : %z sin[%) sin[ n;zx ) =5(x - x')

20

Green's function :
d d
— () —+v(x) - Ao (x) |G, (x,x") = 5(x - x')
dx dx

Green's function for the example :

S0 f,(x)Y/N, 2 Sin(nl jsm[nL Vj
X X
Glex)= =T [M)Z

> , P .

21



Using Green's function to solve inhomogenous equation :

d’ (mx
(*ﬁ - 1]¢5(x) =F, sm[fj
T , (Y,
$0) =40+ [ G, sm( i ]dx
. nmx
2 SIH(TJ
=gy (x) *ZZ =
n M _1
(%)
B (=
= (x)+ Sm( i }

i)

ce—n=
2.
=]
I/
3
~|3
o
2
g
—
=3
N
=
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Alternate Green's function method :

Gl) =g, (x e ()

(— " —ljg, D=0 =g,x)=sin()  g(x)=sin(L-x);
X
w=g, (x)dgd”i(x) -g, (X)dgd,,i(x) =sin(L —x)cos(x)+sin(x)cos(L - x)
X X
= sin(L)

P(x) = d(x)+

sin'(L e jsin(x')FU sin{ nx'de,
sin(L) ¢ L

sin(x)
sin(L)

4(x) = () +L‘:sin(ﬂj
(3
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+

L 0
j sin(L —x")F, sin(%)dx'

T

23

General method of constructing Green’s functions using
homogeneous solution

Green's function :
d d
——1(x)—+v(x)-Ao(x) |G, (x,x") = é‘(x - x')
dx dx
Two homogeneous solutions
(—ir(x)i+v(x)—/la(x)jgi(x): 0 for i=a,b
dx dx
Let
N1
Gl(xsx ) = Wgu (x<)gh(x>)
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For ¢—0:
x'+e x'+e

d d
J dx(—;r(x)EJr v(x) - ﬂo’(x)ij(x,x') = Xjfdx&(x—x')

x'—€

d d\1
| dx(—ar(nanga(x()gh(m:1

_r(d e nd o ad
W (dxgu(&)gh(x))]l% W (g[,(X)dxgh(X) gh(X)dxga(X)j

d d
=>W= T(X')[ga(x')ag,,(x') - g,,(x')agu(x')j

Note -- W (Wronskian) is constant, since o 0.
X

G, (x.x') = %gu (r)g,(x.)
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= Useful Green's function construction in one dimension:

25

(f%r(x)%w(x)wa(x)}o(x) — F(x)

Green's function solution:

0,(0)=0,0(x) + [ G, ()P ()’

X1

:¢40<x>+%jguu')m')m&'Tm]:g,,u')m')dx'
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