PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 19:
Read Chapter 7 & Appendices A-D

Generalization of the one dimensional wave equation 2

various mathematical problems and techniques including:
1. Orthogonal function expansions

. Fourier series

. Fourier transforms

. Fast Fourier transforms
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Date F&W Reading | Topic [Assi Due

1 |[Mon, 8/26/2019 |Chap. 1 Introduction ‘ﬂ 8/30/2019
2 |Wed, 8/28/2019 |Chap. 1 Scattering theory @ 9/02/2019
3 |Fri, 8/30/2019  ||Chap. 1 Scattering theory \ﬁ 9/04/2019
4 |Mon, 9/02/2019 |Chap. 1 Scattering theory \E 9/06/2019
5 |Wed, 9/04/2019 |Chap. 2 INon-inertial coordinate systems \ﬁ 19/09/2019
6 |Fri, 9/06/2019 |Chap.3 (Calculus of Variation \@ 9/11/2019
7 |Mon, 9/9/2019 |Chap. 3 (Calculus of Variation #7 9/13/2019
8 |Wed, 9/11/2019 |Chap. 3 Lagrangian Mechanics \
9 ||Fri, 9/13/2019  |Chap. 3 Lagrangian Mechanics \@ 9/16/2019
10 Mon, 9/16/2019 |Chap.3& 6 |Constants of the motion #9 9/20/2019
11 |Wed, 9/18/2019 |Chap. 3 &6 |Hamiltonian equations of motion
12||Fri, 9/20/2019  ||Chap. 3& 6 |Liouville theorm #10 19/23/2019
13 |Mon, 9/23/2019 |Chap. 3 &6 |Canonical transformations
14|Wed, 9/25/2019 |Chap. 4 'Small oscillations about equilibrium|[#11 9/30/2019
15|Fri, 9/27/2019  |Chap. 4 INormal modes of vibration #12 10/02/2019
16 Mon, 9/30/2019 |Chap. 7 Motion of strings #13 10/04/2019
17 |Wed, 10/02/2019 (Chap. 7 'Sturm-Liouville equations #14 10/07/2019
18 |Fri, 10/04/2019 |Chap. 7 'Sturm-Liouville equations
19 |Mon, 10/07/2019 |Chap. 7 Fourier transform methods

20| Wed, 10/09/2019 Chap. 1-4,6-7 |Review
Fri, 10/11/2019 |No class Fall break
Mon, 10/14/2019 |No class 'Take-home exam
Wed, 10/16/2019|No class Take-home exam
"[Zi[Fri 1011812019 [Chap.7  "[Takéhoitie exam dus ’

Eigenvalues and eigenfunctions of Sturm-Liouville equations

0 L0 |10 = 2,000 1,00
X dx

Properties:

Eigenvalues A, are real

nm> " n?

Eigenfunctions are orthogonal: J ’ o(x)f,(x)f, (x)dx=0,,N,

where N, = [ o(x)(/,(x))"dx.
Special case: 7(x)=1=0(x) v(x)=0

—:—zzﬁl(x)zinfu(x) for 0 <x<a, withf,(0)=f (a)=0
x
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Special case:  7(x)=1=0(x) v(x)=0

—5—22]’;1(x) =Af,(x) for 0 <x<a, withf,(0)=f (a)=0
X

- (=) a-{2)
a a a

Fourier series representation of function /(x) in the interval 0<x<a:

N 2 . (nxx
h(x)fnzz;A”\/;sm(T)
4, :\Ejdx' h(x') sin(”’”"]

ay a

*Note that if #(x) does not vanish at x =0 and x = a, the more general

expression applies: h(x)= ZAH\/gsin(@j + ZB”\/gcos[@j
n=1 a a n=0 a a

(with some restrictions).
10/7/2019

PHY 711 Fall 2019 ~ Lect

19 4

10/7/2019

Example

sin(7x) _ 2sin(27zx)

Hom (=)' 2

. . sin(nzx)
h(x) =sinh(x) = 27 sinh(l +on
h(x) = sinh(x) ~ 27 sinh( )( 71 PRER) P j
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Example
) =1 s w 47| SEDHIRD) 25D (1=sinhh) sin(uz)(1- (1)’ sinh()
’ (=2 +1) (az* 1)’ (mz* 1)
0.25 n=1.1
0.20 h(x) n=1.3
0.15+
0.10
0.05
0 | ! | \
0 0.2 0.4 0.6 0.8 1
X
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Fourier series representation of function 4(x) in the interval 0<x<a:

h(x):ZAn\/ZSin(@) with A, :\/gj‘dnx' h(x") sin(n”x j
n=1 a a ay a

Can show that the series converges provided that A(x) is
piecewise continuous.

Note that this analysis can also apply to time dependent

functions.  In the remainder of the lecture, we will consider

time dependent functions.

nwr_nw
x>t a—>T 0<Lt<T —_

ST
a

h(t):gAn\/%sin(wnt) 4, :\/%_!'dt' h(t') sin(@,t")

Note that for this finite time range, Fourier series is

discrete in frequency and continuous in time.
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Generalization to infinite range -- Fourier transforms
A useful identity

I dr & =275 (0 - @,)

Note that

M ~ 275(0 - w,)

r
J‘dt e—f(m—%)z _
°r w—a, T—n

Definition of Fourier Transform for a function f(¢):
f0)= [do F(@)e™
Backward transform :

1T jon

F(w)= EJ difi1) e
Check :

. T | I R
1= Jf‘”[ﬁ,{f’ i) e ]e

. _m ' ' 15 m:(t'f/)_AC Vo '
/ (z)—idz i) [Z j do ¢ |= j ar fit') 8(e~0)

Note: The location of the 2n factor varies among texts.
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Properties of Fourier transforms -- Parseval's theorem:

[at(10) fi =27 [ do (F(@)) F(o)

Check: Tddfmfjﬂ):Tdt[wdwF(wkm]‘Tme(wjéw
~ [ dor" (0)[ do'F(0) [ dr e

= [ doF* (o) [ do'F () 278 (0 - 0)
“27 | doF" (0)F (o)

Note that for an infinite time range, the Fourier transform
is continuous in both time and frequency.
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Use of Fourier transforms to solve wave equation
2 2.
Wave equation: 67174 - a—l: =
ot Ox
Suppose  u(x,t) = e F(x,w) where F(x,w) satisfies the equation:
2 F 2 . More generally:

T -2 F(x,0) = KF(x,0) L

ox” c u(x,t) =— j doF (x,w)e "™

27,

Further assume that fixed boundary conditions apply: 0<x< L

with F(0,0)=0 and F(L,w)=0

Forn=123---

ﬁ,(x,w):sin(ﬂJ k—k, IT_O

L L c
ikx o —ik,x ik, (x=ct) _ =ik, (x+er)
u(x,ty=e"" sin(k"x) =e ' (e ¢ ) = (e ¢ )
2i 2i
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Use of Fourier transforms to solve wave equation -- continued

62 2
’f —c? o L,l =0
o ox”
Using superposition:  Suppose  u(x,?) = ZA“e"’“"'ﬁ“ (x,w,)

CRAC 2 p
— o =-—"F(x0,) =k F(x,0,)
OX C
For F (x,w)=sin e k—k, LA
L L c

= u(x,t) = ZA”e"’“”' sin(k,x) = Z%e"’“"’ (e"”‘ - e”""‘)
o i

4 - ik (xe .
= Z—’f(e"‘”(r ) _ gl ’)) = f(x—ct)+g(x+ct)
2i

Note that at this point, we do not know the coefficients A,;
however, it clear that the solutions are consistent with
D’Alembert’s analysis of the wave equation.
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Now consider the Fourier transform for a time periodic function:
Suppose f(t+nT)=f(t) for any integer n
17 w1 &[] ;
F =— (a1t jor _ "~ dr it ioft+nT)
(@)= I fie =—— ZU ftve
Note that:
Ze’"“’TzQZzS(a)—vQ), where Q=—
n=-o0 V=—0 T
Details:
I N sin((N +1)eoT
Z emwT — Nhllw Z em(uT — le;lw (( 1 2) )
= = sin(1@T)
13
sin((N + %)a)T)
sin(@T)
40
30 2 4r
o O1T 7T
10
®=0 0 >
Note that:
= V4
z ol — () z 5(0—1Q), where Q=—"—
n=-x v=-0
14
N ;i N+ T
Geometric summation: i "l = M
o sin(L@T)
. sin((N-%—iz)wT) _ 2z
AIE[W = 27[26(&# —QT) 7725(50 -1Q)

= ie’"‘”r :Qié(a)fvﬂ), where sz%

fr—

= F(0) = i j dt fie™ = i Z Q5(w- m)( Jat fve™ ]

Thus, for a time periodic function

f= j do F(@)e™ = 3 F(1)e ™,
T
where F(1Q)= %ldz) f(t)e“

0/7/2019
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Example:
t—nT
Suppose:  f(t) = T fornT <t <(n+1)T; n=..-3,-2,-1,0,1,2,3..
F(\Q):ifi e'vz’mdt:F‘(fm):_—" for v=1,2,3... F(0)=1
TyT 2zv ? 2

=7

max
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Summary —
Definition of Fourier Transform for a function f (¢) :
f(= I do F(w) e
Backw;rd transform:
L on
Flw)= gidt fine
Find discrete frequencies @ for functions f(t) over finite time
domain of for functions f(t) which are periodic: f(t)=f(t+nT)
=>Numerically, there is an advantage of tabulating double
discrete Fourier transforms (discrete in w and in t).
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Example: 1 & 2 s o )
Suppose: f(t) - z ef(t+nT) lat _ z F(VQ)eﬂvnf
a7 = s

—a*VQ? /4

where QEZ—” and F(VQ):Le
T 2r

7\ [\ / 1\

-

\ i

y / /
FASNyERNFARNY
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. 1 N (r4nT)id & i
Continued: f(¢)= De {(penty e > F (1)
i ANTE n=e Note: "=

F(ve) o u
Q=7 J0= Y P

} because F (v'Q) ~0
a Sy — for |v'|> M
S ! ! T i A . —

19

Constructed frequency periodic function --

Envelope of frequency function F(w)

-30 -20 -10 0 10 20 3

Falsely periodic frequency function F(w)

0/7/2019 PHY 711 Fall 2019 — Lecture 19

20

Thus, for any periodic function: f(¢) = Z F (!/Q)e"vm

v=—0

Now suppose that the transformed function is bounded;
‘F(VQ)‘ <g for |[v|2N

Define a periodic transform function
F(\Q+0W)=F(1Q) for 0 =...—3,-2,-1,0,,2,3... where V' = ((2N +1)Q)

Recall that: i " =Q Zm: S(@-Q), where Q= 27”
1= F(Q) =2~ i ﬁ(@)e"ﬂ'zfs(t T )
=3 TN+ m IN+1
For{— T mT _ z F(Vgl)e—iZ/wm/(ZNH)
NI IN+1) &,
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Falsely discretized time function f(t)

10/7/2019

22
Doubly periodic functions
uT
2N +1
7 1 —127[\//4/(2N+1)
Ju= 2N +1 2
ZN: 7 i2mvul/(2N+1)
f I/ZV/I +
23

More convenient notation

2N+1->M
f LM 1ﬁ —i2vul M
H M s
- T i2mvulM
E/ = z ,ue "
u=0

Note that for W = e">™'™

Fy=f W+ W+ f,w° +ZW°
E=fW'+fW' + [ W+ [+
= fOWO + W sz“ + f3W"’

019 PHY 711 Fall 2
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Note that for W = ¢'>'"

FWO+ fWO 4 [ WO [ 4
FWO+ W+ W2+ [+
FWO+ fW 4 [ W+ WO

o S 2m
I

However, W" = (eiz”/M )M =1

and WM = (emz/MyW? -1

Cooley-Tukey algorithm: J. W. Cooley and J. W. Tukey, “An
algorithm for machine calculation of complex Fourier
series” Math. Computation 19, 297-301 (1965)
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http://www.fftw.org/
Download  GitHub ~ Mailing List Benchmark ~ Features Documentation FAQ Links ~Feedback

Introduction

FFTW is a C subroutine library for computing the discrete Fourier transform (DFT) in one or more dimensions, of
arbitrary input size, and of both real and complex data (as well as of even/odd data, i.e. the discrete cosine/sine transforms
or DCT/DST). We believe that FFTW, which is free software, should become the FFT library of choice for most
applications.

The latest official release of FFTW is version 3.3.8, available from our download page. Version 3.3 introduced support for
the AVX x86 extensi a distributed: i on top of MPI, and a Fortran 2003 APL. Version 3.3.1
introduced support for the ARM Neon extensions. See the release notes for more information.

The FFTW package was developed at MIT by Matteo Frigo and Steven G. Johnson.

Our benchmarks, performed on on a variety of platforms, show that FETW's performance is typically superior to that of
other publicly available FFT software, and is even competitive with vendor-tuned codes. In contrast to vendor-tuned
codes, however, FETW's performance is portable: the same program will perform well on most architectures without

modification. Hence the name, "FFTW," which stands for the somewhat whimsical title of "Fastest Fourier Transform
in the West."
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