PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 22:

Read Chapter 7 & Appendices A-D

Generalization of the one dimensional wave equation 2
various mathematical problems and techniques including:
1. Complex variables
2. Contour integrals
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Date . [F&W Reading| Topic TRSSignment Due
1 |Mon, 8/26/2019 |Chap. 1 Introduction et 8/3012019
2 |Wed, 8/28/2019 Chap. 1 Scattering theory 2 /022019
3 [Fri, 8/30/2019 [Chap. 1 Scattering theory 3 9/04/2019
4 |Mon, 9/02/2019 |Chap. 1 Scattering theory #4 /0612019
5 |Wed, 9/04/12019 |Chap. 2 Non-inertial coordinate systems 5 /0912019
6 [Fri, 9/06/2019 |Chap. 3 Calculus of Variation 6 9/11/2019
7 |Mon, 9/9/2019 |Chap. 3 Calculus of Variation ez 91312019
8 |Wed, 9/11/2019 | Chap. 3 Lagrangian Mechanics I
9 [Fri, 91312019 |Chap. 3 Lagrangian Mechanics 8 9/16/2019
10[Mon, 9/16/2019 [Chap. 3 &6 | Constants of the motion m 9/2012019
11|Wed, 9/18/2019 Chap. 386 | Hamiltonian equations of motion
12[Fri, 9/2012019 [Chap. 3&6 | Liouville theorm 10 9/23/2019
13[Mon, 9/23/2019 [Chap.3&6 | Canonical i
14|Wed, 9/25/2019 |Chap. 4 'Small oscillations about equilibrium [#11 9/3012019
[15[Fri, 9/27/2019_|Chap. 4 Normal modes of vibration 12 10/02/2019
16[Mon, 9/30/2019 | Chap. 7 Motion of strings #13 10/04/2019
17 |Wed, 100212019 Chap. 7 'Sturm-Liouville equations 14 10/07/2019
[18[Fri, 100412019 |Chap. 7 'Sturm-Liouville equations
[19|Mon, 10/07/2019 | Chap. 7 Fourier transform methods
20|Wed, 10/09/2019 Chap. 1-4,6-7 |Review

Fri, 10/11/2019_|No class Fall break

Mon, 10/14/2019No class | Take-home exam

Wed, 10/16/2019|No class | Take-home exam
21[Fri, 10/18/2019 _|Chap. 7 Contour integrals; Exam due 15 10/23/2019

- 22|Mon, 10/21/2019|Chap. 7 More about contour integrals
23|Wed, 1072312019 Chap. 5 Rigid body motion
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Complex numbers

Define z=x+iy

=zz*=(x+iy)(x—iy)=x"+)’
Polar representation
z= p(cos¢+ isin¢) =pe’
Functions of complex variables
f(z) = ‘R(f(z)) + i’:s(f(z)) =u(x,y)+iv(x,y)
Derivatives: Cauchy-Riemann equations

@‘(Z):L(Z)HM 8f(z):8u(z) Bv(z) 8v(z) ou(z)

e .
ox ox ox iy iy ! idy ady ! dy
Argue that ﬂ:f‘j(z) _ 9](2) N ("u(z) _ f}v(z) and 8v(z) :7611(2)
dz  Ox iy ox ) Ox y
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Analytic function

f(2) is analytic if it is:
o continuous
osingle valued
o its first derivative satisfies Cauchy-Rieman conditions

Examples of analytic functions

e’ =e"" =e"cos(y)+ie*sin(y)
a—u:e*'cos(y):@ av:e‘sin(y):fa—l'{ J
Ox oy oy

ox
z° =(x+iy)2 = (x2 7y2)+2ixy

Ou ov ov Ou
- =2x=— 7:2y:,7
Ox oy Ox oy
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Examples of non-analytic functions

Note that z = pe = pe'**™  for any integer n

=Inz=lnp+i(p+27n)
Inz is not analytic because it is multivalued

a a iag i2xna
=z = pe™e
z“ is not analytic for non-integer

because it is multivalued

Behavior of f(z)= iﬂ about the pointz=0:
z

For an integer n, consider

k4 0 n=l
27i n=1

2 g
%dz _ J‘ Pen l:'f =p J‘ EMid =
z v Pe 0
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§ f(2)dz =271y Res(f(z,))




General formula for determining residue:

g Res(/(z)
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Suppose that in the neighborhood of z , f(z) = — =
(z—zp) >, Z7Z,

Since g(z) is analytic near z,, we can make a Taylor exansion about z,, :

m-1 .
@@»+m+@—a) d"'g(z,)

sera) (a2, )= m-nl &
"' ((z -z )m f(z))
i . 1 ,
=Res(f(z,))= hP? D dz”’I"
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w2 w2 2
Example: j T _dx= J' Al dx+0=<f> = _d-
S 1+x  1+x 14z
Im(z)
/’T— N
Izt = (z _em/a)(z o 4)(2 —e”"’"‘)(z _e—zin/A) Re(2)
Note:
q.) 1524 dz= 27ti(Res(zp = e‘”/")+ Res(zll =" )) mc;t?
in/4 . 3izl4
Res(zll =™ ) = % Res(zp = es”’”) = _e4i
Z?. . eil{/4 e}ur’4 _ T 1 . 1 1 . 1 _ L
(J31+Z4 dz:Zm( yraliare ]75[[\/;“\/;]—[—\/;“\/;]]7 N
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Some details:
2
z
/@)= 1+z*
ini4\2
| (e
Res (f(z =™ ) = (emm _ i ) (ei” i _ e)izr/A)(eimA _ gt )
ell! /2
- (ew/4 Lo '4)(6171’4 _e—zmzt)(ezmzt +ex/r'4)
B eiﬂ/4 B eiﬂ/4
C2(i-(-) 4
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©  cos(ar)

Another example: 1 :0 mdl’

iaz

T cos(ax) 17 e
dx=— -1
-ll;4x4+5x2+1 N 2:';4x4+5x2+1 P FENTEL
4z +527 +1=4(z l)(Z—*)(Z+l)(Z+é) N°t1e:
m:
Im(z)
| 7
| Re(z)
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I =27ri(Res(zp =i)+Res(zp :é))

10
T cos(ax) _1 o
'([4x +5x° +1 _29S4z4+5z2+1dz
=2m’(Res(zp = i) + Res(z,, = é))
:%(—e’” +2€’”/2)
11

j“‘“"‘xdx for k>0 and a> 0

I =
Another example: Sl +d
2 H © ik
xsin kx xe ze'™
| S—dx= j - q; —dz
X ta it +d Z+d

22 a (Z ia (z+za)

Im(z)
/ Qia \
I;e(z)
I1=27xi (Res( )) = e

12
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Some details --
T xsin kx _1 Toxe™ 1 ze*
[eareliid el Bt
S )C + Cl I X z"+a
2
2 +a’ ( —za)(z+za)
1 1 eikz
—Cj) —dz =2xi-lim (z—la)—2
17 z°+ Cl [ zoia z"+a
1 iae™ -
=27i————= ;e
i 2ia
2 9 HY 711 all 9 - Lect 1
13
From the Drude model of dielectric response --
G(r)= J do i where w,, @,, and y are positive constants
- 71}/(0
Upper hemisphere:
Im(z) z=x+iy eIt = @ity
/ = Converges for 7 <0
\
Re(z)

Lower hemisphere:

. 5 V4 R eI = g
Vy =4|o; —— Y
0 0
4 = Converges for 7 >0
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From the Drude model of dielectric response -- continued --

e

G(r )— @ Jd ——————— Where ,, @, and y are positive constants
7w - —iyw
0 for 7 <0
G(r) =’ sinv, 7
—yr/2
Plet—2 forz>0
Vo

15



Cauchy integral theorem for analytic function f(z):

£(2) 1 JE)

2miJo ' — 2z

dz'.
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Example
Suppose f(|z| - oo)z 0 and for z =x:
f(x)=a(x)+ib(x)

Im(z)
Re(z)

17

Example -- continued
flz)= L.ﬁMaVZ' where f(x) = a(x)+ib(x)
2mY '~z

Im(z)

e

Re(z)

a(x)+ib(x) zﬁz%dx' +0
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Example -- continued
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Im(z’)
/_ _\
X Re(z)
jf dx'= jf d+jf d+jf dx’
X X o XX X+& x—&
:Pj—f'x dx'+i7rf(x)
ooX'—x
19
Im(z)
//— \
X Re(z)
let u=x'-x
let x —> x+i
et x > x+in ,-\.
j dx ~ f(x)hm = (3l X g,
17—>0 17—»0 M +77

=iz f(x)  since lim— ‘:7772 ~ S (u)
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More details -- .
lim —— =~ 75(u)
0yt +n
100
80
60
40
2
1 05 0 05 1
u
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Example -- continued

:Li;(_);) dx' =<J‘ %dx‘ﬁ— j %dx'ﬁ— J. %dx'

-0 x+& x—&

Kramers-Kronig relationships
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Comment on evaluating principal parts integrals

a(x)zgiwdx': lim [ilrxfb(x')dx'+7lz_ T igx')dx'J

x'—x e—>0 x'-x —x
e L rre

v
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Example:

0 forx'<-2L, —L<x'<L, x'>2L
b(x')=1 B, for L<x'<2L
-B, for —2L<x'<-L
b(x)
-2L -L I
I L2 X
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Example:
forx'<-2L, —L<x'<L, x'>2L
b(x')=1 B, for L<x'<2L
-B, for —-2L<x'<-L
kel 1 l' X—€ Al w0 '
a(x)=£j.7b€x)dx'= m iJ.b(x)dx'+lJ.L(x)dx'
T ox'-x e—>0\7° x'-x o x'-x

Forx<-2L or x>2L —-L<x<L:

a- B [ B B

oS xX=x 7wy x'-x
_B, x+L‘ L Bo ([x=2L\ By (|2 4L
T x+2L V4 ‘x—L‘ T ‘xZ—LZ‘
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a(x)—%?ng')dx': fim [;T (x')dx'Jri T b(x')dx‘j

x'—x e—>0 k

—00 =0 x'_x X+(x_x
2 2
_ B, (|4’ -x
For our example: a(x) =—YIn ?
- X

26
Summary
For a function f'(x), analytic along the real line:
fx)= ‘R(f(x)) + lS(f(x)) = a(x) + ib(x)
_Ppa) . __Pjal) .,
Da(x)_ﬁ;[cx'—xdx b(x)= ,,:l;xv,xdx
Example:
. 1 1
f@=—  a@=—=" b(x)=-——
X+ x +1 x +1
Check:
@ g © ?
ks I de' - I %dx' = Zx =a(x)
T x'-x ﬂﬁ(x'—x)(x"-*—l) x +1
27




Continued:
ff b('x')dx':
T x'—x

X
Note that: I

PT o1
7;[x'7xd)(':

= b(x'
EJ ('x)dx':
pa X=X

"

o
|+

X
41

P 1 \
e e

72 (x=x)(x+1

1

__Pj _ 1
r “:[(.‘c'— x)(x'2+ 1) (x- )c)()(2 +1)

]””(giqii

x+x

! dx' =1

—x

dx'=—
x

X

1 PG
meJ” el

n(Xfx)fln(e):ln[X7X)

€

1 P
g

':thgégiif+u]”“(f+l !
i

1

x'=x

In(—X - x) +In(~¢) =— In [ﬂ]
€

=al

(x)
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lim ln( _x):O Ej‘,;dx'ﬂ
Yoo A X +x o x"+1

1

X'-x

dx'

1

x'=x
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