PHY 711 Classical Mechanics and

Mathematical Methods

10-10:50 AM  MWF Olin 103

Plan for Lecture 25:
Rotational motion (Chapter 5)
1. Rigid body motion
2. Moment of inertia tensor

3. Torque free motion

10/22/2019

PHY 711 Fall 2019 - L

Date |[F&W Reading Topic [
1 [Mon, 8/26/2019 _[Chap. 1 Introduction [t 8/3012019
2 |Wed, 8/28/2019 [Chap. 1 Scattering theory 2 9/02/2019
[3 |Fri, 8/30/2019  [Chap. 1 [Scattering theory 3 9/04/2019
4 [Mon, 9/02/2019 [Chap. 1 Scattering theory m /0612019
5 |Wed, 9/0412019 [Chap. 2 Non-inertial coordinate systems _[#5 /0972019
6 [Fri, 9/06/2019 _|Chap. 3 Calculus of Variation 6 91112019
7 [Mon, 9/9/2019 |Chap. 3 (Calculus of Variation ez 9132019
8 |Wed, 9/11/2019 |Chap. 3 Lagrangian Mechanics [
9 [Fri, 9/13/2019 [Chap. 3 Lagrangian Mechanics #8 911612019
10[Mon, 9/16/2019 [Chap.3&6 _[Constants of the motion [t 9/2012019
11|Wed, 9/18/2019 [Chap. 3&6 _|Hamiltonian equations of motion
[12|Fi, 9/202019 _[Chap.3&6 _|Liouville theorm 10 9/23/2019
13[Mon, 9/23/2019 [Chap. 3&6 _[Canonical transformations
14|Wed, 9/25/2019 [Chap. 4 Small oscil about equilibrium [#41 9/3012019
[15|Fri, 9/27/2019 [Chap. 4 Normal modes of vibration #12 10/02/2019
16[Mon, 9/30/2019 |Chap. 7 Motion of strings 13 10/04/2019
[17|Wed, 10/02/2019|Chap. 7 [Sturm-Liouville equations 14 10/07/2019
[18[Fri, 10/04/2019 [Chap. 7 [Sturm-Liouville equations
19|Mon, 10/07/2019 [Chap. 7 [Fourier transform methods
[20|Wed, 10/09/2019|Chap. 1-4,6-7 [Review

Fri, 10/11/2019_|No class Fall break

[Mon, 10/14/2019|No class___[Take-home exam

Wed, 10/16/2019[No class __[Take-home exam
21[Fri, 1011812019 [Chap. 7 (Contour integrals; Exam due [#15 10/23/2019
[22|Mon, 10/21/2019|Chap. 7 More about contour integrals

# [23|Wed, 10/23/2019|Chap. 5 Rigid body motion 16 10/25/2019
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Master and PhD theses.

the discovery of the Higgs boson.

detection.

This talk will address two research topics which were bases of my

‘The search for new physics at high energies was motivation for
building the Large Hadron Collider (LHC), the world's most
powerful man-made particle accelerator. Five experiments have
been constructed along the accelerator tunnel. The two largest
ones, ATLAS (A Toroidal LHC Apparatus) and CMS (Compact Muon
Solenoid), are multi-purpose detectors. The Nobel Prize in Physics
2013 was awarded jointly to Frangois Englert and Peter W. Higgs
“for the theoretical discovery of a mechanism that contributes to
our understanding of the origin of mass of subatomic particles, and
which recently was confirmed through the discovery of the
predicted fundamental particle, by the ATLAS and CMS experiments
at CERN's Large Hadron Collider.". Here I will present my
contribution to the CMS experiment and research before

Scintillators are important materials for ionizing radiation
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Comparison of analysis in “inertial frame” versus “non-
inertial frame”

Denote by ¢ a fixed coordinate system

Denote by é, a moving coordinate system

3 3
For an arbitrary vector V: 'V = Z Ve = ZV,.él.
i i=1

i=1

0 3 N

(&) -3De-3ti e yn s
inertial i i

3
Define: [ﬂj = Zﬁé
body

3 A
= (ﬂj - [ﬂj + Z V, d i
At ) eriial dt body dt

The physics of rigid body motion; body fixed frame vs
inertial frame; results from Chapter 2:
Figure 6.1 Transiormation to a rotating co-
ordinate system.
Let V be a general vector, ¢.g., the position of a particle. This vector can be
characterized by its components with respect to either orthonormal triad. Thus we
can write
V= ¥y (61a)
V= il{é, (6.16)
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Properties of the frame motion (rotation):

de é.

de, dé, = doe,
dé, =-dee,
= de=dOxeé
dée do
—= xe
dt dt

":d e, de

()i &2

dt
0010
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3 N
(ﬂj = [ﬂ] + z v, dei
At ) eria dt body =1 dt

(). (%)
— =|— +oxV
dt inertial dr body

Effects on acceleration:

( d dV [ d ( A%
—— =||— +ox [§| — +oxV
dr dt inertial dr body dr body

2 2
[d YJ :[d Yj +2(0X(ﬂj +d—me+c)><c)><V
dt inertial dt body dt body dt
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Kinetic energy of rigid body :

dr r
— = +oxr
dt inertial body

=0 for rigid body

> [ﬂ) =@Xr
dl inertial

1 1 ;
T :ngpv; = ngpq‘””p‘)
P P

:Zp:%mp(mxrp)(mxrp)
S Ll ol )b o
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Moment of inertia tensor:

I=>'m, (lrp2 - rpr,,) (dyad notation)
P

Matrix notation :

- 2 _
1&/ =zmp(5urp rplr;a/)
>
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Angular momentum of rigid body:

{dt] 7 [
inertial
=0 for IIgId body

> (ﬂj =@Xr
dt inertial
:szrP X((,l))(l'p)

L :er X(mpvp)
r P
“Sm (o7 5 (o00n)<i
»

where T= Zmp (lrp2 - rprp)
P

r

d

+OXr
ody

1012312019
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z Example:
c
y
a
b
Moment of inertia tensor :
X
1 (12 2 1 1
g(b +c ) —sab —sac
- 1 1(,2 2 1
I=M| —4ab la"+c ) —5be
1 1 1 2 2
—Jac —3bc ;(a +b )
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Properties of moment of inertia tensor:
» Symmetric matrix <»real eigenvalues /,,/,,/;

>
I-

&>

=1e

=>orthogonal eigenvectors
i=123

Moment of inertia tensor :

%(b2+cz) —tab —tac
I=M| —+ab ;'(a2+cz) —+bc
—+ac —+bc %(a2+b2)
For a=b=c
Il_lMa2 IZ—HMaZ Ix—ﬂMaz
6 12 12




Changing origin of rotation

z )’
Az

_ 2 )
I; = Zmp (‘yij’p Tpil pj
)

v 2 )
Iu_zmp(é‘s/rp Tpi T pj
P

(-
r',=r, + R
y v Define the center of mass :
e
2mE,  m,
r. =2 __r
M -
>m, M
r

Iy=1,+M(R?5, ~ RR, )+ M(2rsy, RS, ~ 1oy R, ~ Ry )
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' 2
r,=1,+M(R,

z )’
AZ

~RR,)+M(2r0, RS, = reyR, ~ Ry )

Suppose that R =—4X-2y—-<2

and r,,, = —-R

I'y=1,-M(R*5,-RR,)

y
a \ X' y %(bZ +cq) —Lab —Lac
b I —tab %(a +c ) —Lbe
\ —tac —Lbe %(a2 +b2)
X Lp*+e?)  —tab —tac
- M| -lab }(az+c“) —Lbe
—tac —1be }(az +b2)
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z o )
AZ Note: This is a special case;
changing the center of rotation
does not necessarily resultin a
diagonal I’
Lf ’
o N\ AT N
y
, y
a \ X
\ b
L +c) 0 0
X
i=m 0 L(a’+c?) 0
0 0 L(a*+5)
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Descriptions of rotation about a given origin

For general coordinate system

1
T= E z 1 0,0,
i
For (body fixed) coordinate system that diagonalizes
moment of inertia tensor :
I-é=1e, i=123
O = 0,8,+0,8,+0,€,

= T=%ZI@E
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Descriptions of rotation about a given origin -- continued
Time rate of change of angular momentum

a )

—=— +oxL

dt at Jyoa,

For (body fixed) coordinate system that diagonalizes

moment of inertia tensor:

dL ~ A ~ A A A ~ o~ A~
o 1,8, +1,0,8 ,+1,0,8 ;+@,, (1, - 1,) &,
+a,@,(1, - 1,)e,+@,a,(1, - 1,)€,
17

Descriptions of rotation about a given origin -- continued
Note that the torque equation

dL _(dL
dt dt

= j +oxL=1
body
is very difficult to solve directly in the body fixed frame.

For T = 0 we can solve the Euler equations :
dL ~ A ~ A ~ A ~ o~ ~
o 1,8, +1,0,8,+1,00,8,+@,0,(1; — 1, )8,

+5351(11 _13)62+5152(12 _11)é3:0
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Torqueless Euler equations for rotation in body fixed frame
1,6, + @,0,(1,—1,)=0
1,6, +@,6,(1,-1,)=0

1,6, + @, (1,-1,)=0

= Solution for symmetric top -- 1, =1, :
1,6, +@,0,(I,-1,)=0
1@, +@,,(1, - 1,) =0
L&, =0 = @, = (constant) )
Define: Q=a, Lol o= :529
1, w, = 0, Q2
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Solution of Euler equations for a symmetric top -- continued
@, =~ @y = OQ
I,-1

3 1

where Q = @,
1

Solution: @,(t) = Acos(Qt + ¢)
,(t) = Asin(Qt + @)
@4(t) = @, (constant)
T= %Z[ﬁf = %IlAz +%135;
L =10 +1,0,8,+1,0,¢,
=1, A(cos(Qr + @)e, +sin(Qt + @ &, )+ 1,0,8,
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Torqueless Euler equations for rotation in body fixed frame
1,6, +@,0,(1,-1,)=0
1,6, + @, (1, - 1,)=0
1, +@d,(1,-1,)=0
> Solution for asymmetric top -- 1, # I, # I, :

L, +@,6,(I,~1,)=0

L, +@,6,(1, ~1,)=0

L, +@a,(1,~1,)=0
I,-1,

Suppose : @, ~ 0 Define : Q, = @,
1

13_11

Define : Q, = @,
all 2019 - Lecture 23
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Euler equations for rotation in body fixed frame :
1151 +5253(13 _12): 0
1252 +a~)30~)1(11 _]3)= 0

1353 +a~)152(12_[1)=0

Solution for asymmetric top -- I, # [, # 1

Approximate solution --

13_12

Suppose: @, ~ 0 Define: Q, = &,

[1
[3_11

Define: Q, = @,
IZ
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Euler equations for asymmetric top -- continued
1,6, +@,0,(1,-1,)=0

L, +@,6,(1,-1,)=0

]3712

If IZ) =0, Define: Q, = @,
» ’ Il 12

51 =-Q,0, 52 =0,0,
If Q, and Q, are both positive or both negative :

o,(t)~ A4 cos(,/QIQZI + (o)
B,(1) ~ A\/% sin(\/0,0, 7+ )

=1If Q, and Q, have opposite signs, solution is unstable.
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