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PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 28: Chap. 9 of F&W

Wave equation for sound in linear
approximation

1. Wave equations for sound

2. Speed of sound

3. Standing wave solutions

Wake Forest College & Graduate School of Arts and Sciences

Events

Colloguium: “Atomic Dynamics in Energy
and Functional Materials: Scattering
Experiments and First.Principles
Simulations” - Wednesday Oct. 30, 2019 at

Professor Olivier Delaire Departmen of
ing and Materials Science
ge P. Willams, J Lecture

Colloquium: “Computational Modeling and
Data Mining for the Study of Solute Carrier
Transporters” - Wednesday Nov. §, 2018 at

21 |Fri, 10/18/2019 |Chap. 7 Contour integrals; Exam due #15 10/23/2019

22|Mon, 10/21/2019 (Chap. 7 More about contour integrals

23|Wed, 10/23/2019 Chap. 5 Rigid body motion #16 10/25/2019

24 |Fri, 10/25/2019 |Chap. 5 Rigid body motion 17 10/28/2019

25 Mon, 10/28/2019 |Chap. 8 Elastic two-dimensional membranes [#18 11/01/2019

126 \Wed, 10/30/2019 [Chap. 9 IMechanics of 3 dimensional fluids

27 |Fri, 11/01/2019 Chap. 9 Fluid mechanics #19 11/04/2019
- 28 |Mon, 11/04/2019 (Chap. 9 'Sound waves

\Wed, 11/06/2019 |No class INAWH out of town

29 |Fri, 11/08/2019 |Chap. 9 Sound waves Project Topic

130 Mon, 11/11/2019

31|Wed, 11/13/2019

32 |Fri, 11/15/2019

33 Mon, 11/18/2019

34 Wed, 11/20/2019

35 |Fri, 11/22/2019

36Mon, 11/25/2019

Wed, 11/27/2019

Thanksgiving holiday

Fri, 11/29/2019

Thanksgiving holiday

Mon, 12/2/2019

Presentations |

‘Wed, 12/4/2019 Presentations Il
Fri, 12/6/2019 IPresentations Il
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Application of fluid equations to the case of air in
equilibrium plus small perturbation

Newton - Euler equation of motion :

ﬂ+(V-V)v:f Vp
ot

applied ~

Continuity equation : %+ \% (pv) =0
Near equilibrium :
P=p+p
P=p,+p
v=0+0v
f 0

applied =
1110412019
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Equations to lowest order in perturbation :

al+(v.v)v:fapplied _Vl = @:_@

ot ot Po

op o%p

L iv(ov)=0 = —+p,V-ov=0
o Vo) e

In terms of the velocity potential :

N=-VOd

o _ Ve _ o[ 0 @),
ot Po o p,
oop o%p

“FtpV-v=0 = -p VD=0
o Po o Po
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Expressing pressure in terms of the density :
p=p(s,p)=p,+p where s denotes the (constant) entropy

Do = p(s,0,)

o= (Z—p] Sp=c’op
)

s

V[_&I)+éj7j:0 = —%+625£=(00nstant)

ot py Po
2 2
j_@?ﬁ_cf@é‘p
ot~ p, Ot
2
%—povch:o :a? VD=0




Wave equation for air :

Note that, we also have :
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2
a?—czvztbzo o%6p
ot " -’V =0
Here, ¢’ = (Gp] 8%
p), — —V2p =0
v=-VO®

Analysis of wave velocity in an ideal gas:

o2

6,01 4== adiabatic conditions
Equation of state for ideal gas:

pV = NkT N=M
0
g Mk ke,
VM, M,

k=138x10%J/K
M, = average mass of each molecule
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Internal energy for ideal gas :

E:iNkT:Mg g:ii]":ig
2 2 M, 2 p
. . C,
In terms of specific heat ratio: y = C/
"

dE =dQ—dW

6 -(42) (%) -Lam
"\ar), \or), 2M,

C/j:(dgj =(a£j +p[alj =£M7k+M7k
ar), \or),"A\or),~ 2m, m,

_C, 441




Digression

Internal energy for ideal gas:

f ="degrees of freedom"

EngkT:Mg g=L kg S0P

2 M, 2 p
SV gl Ve e Lk Lp
2 y-1 y—1 y=1M, y-1p
f Y
Spherical atom 3 1.66667
Diatomic molecule 5 1.40000
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10

1
y—

de :—ﬁdV =L ap

[88J _19_,5’( ! pj _
op), P op\y-1p),

Internal energy for ideal gas :

E = NKT = M¢ P S SN

Internal energy for ideal gas under isentropic conditions :

y=1M, y-lp

(Sﬁl (v —11)/9 _ﬁ

Alternative derivation:

Isentropic or adiabatic equation

[@J:&
o), P
Linearized speed of sound

H_(@j P
2 _
op $.10-P0 Po

» _1.5-1.0x10°Pa

C
‘ 1.3kg Im*

deo d(pj:%dp & _dp 31’:(%’}
y-1 \p) p p P

¢, =340 m/s

of state:

Py \ P

12




Density dependence of speed of sound for ideal gas:

cz:(@] _pr
o), P

14
ﬁz[ﬁJ
Po Po

-1
cz:Mp/szcz[ﬁJ

0
Po PP Po

where 2 =2
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Solutions to wave equation:
1 0°D
VO-——-=0
c” ot

Plane wave solution :

2
D(r,t) = Ae™ ™  where k* = (gj
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Wave equation for air :

220 Note that, we also have :

VO =0 2
o %—czvzép =0
Here, ¢’ = (Gp] 625p
p), — —V2p =0
v=-VO

Boundary values:
Impenetrable surface with normal n moving at velocity V :
n-V= n-dv=—1-Vo
Free surface:
0P
op=0 = p,—=0
p Po o
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Time harmonic standing waves in a pipe

2
ZT?—CZVZCD =0

Boundary values :
At fixed surface : A-VO =0

At free surface : aa—q: =0
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(

In cylindrical coordinates :
O(r,9,2,t) = R(VF(9)Z(2)e™ = R(r)F(p)Z(z)e ™

2
VZCD—LZG?:O Define : ksg
c” ot c

1o o 10 &

P Ep +—
2 aZZ

A a2 2

2 2
19 r 9 12 9 5 +a—+k2 D(r,p,z,t)=0
ror or r°op z
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2

2
10,0 +1 0 +—+k2j(l)(r,g0,z,t)20

r or i or r_26¢)2 oz’
O(r,,z,t) = R(r)F(p)Z(z)e
F(p)=e""; F(p)=F(p+27zN)= m = integer

Z(z) =e'“; a =real plus other restrictions

2 2
(d—+li—m—2—a2+k2jR(r):O

ar* rdr r
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d> 1d m?
—2+————2—az+k2 R(r)=0
dr rdr r

For k*>a* define x’=k>-a?

d* 1d m 2

—+———-——+k" [R(r)=0

[a’r2 rdr 1’ KJ ")

Cylinder surface boundary conditions : iTR
»

r=a

= R(r)=J,(xr) where for WZO’ P
x
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Bessel functions :  J, (x)

05 m=0

=1
VAN /A
N

o

20

dJ, (x)

Bessel function derviatives :

R -
AN AT
A FAARY

Zeros of derivatives: m=0: 0.00000, 3.83171, 7.01559
m=1: 1.84118, 5.33144, 8.53632
n}zzz 3.,0’5,42’4,“64.70613, 9.96947
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Boundary condition for z=0, z=L:
For open - open pipe :
Z(0)=Z(L)=0 = Z(z)= sin(%j
pr
>a,= A p=123..

Resonant frequencies :
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@ 2 2 2
PR k*=x,, +a,
' 2 2
2 _ mn + @
SR
22
Example
\ 2 2 2 27 2
k2 — xﬂ +(@j — @j 1+(£j M
" a L L a)\ mp
p =3.14,6.28,9.42....
x',,=0.00,1.84,3.05
23

Alternate boundary condition for z=0, z=L:

For open - closed pipe :

2O _sy=0 = z(z)= COS(MJ
dz 2L

Sa,-= %, p=0123..

e (Fa 2+[,,(2,,+1)jz
" a 2L




