PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 33:
Chapter 11 in F & W:
Heat conduction
1. Basic equations

2. Boundary value problems

11/18/2019
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|21 |Fri, 10/18/2019 |Chap. 7 |Contour integrals; Exam due #15 10/23/2019
122 Mon, 10/21/2019 [Chap. 7 |More about contour integrals
123|Wed, 10/23/2019 |Chap. 5 |Rigid body motion #16 10/25/2019
24 Fri, 10/25/2019 |Chap. 5 Rigid body motion #17 10/28/2019
25|Mon, 10/28/2019 |Chap. 8 Elastic two-dimensional membranes [#18 11/01/2019
26 Wed, 10/30/2019||Chap. 9 Mechanics of 3 dimensional fluids
127 |Fri, 11/01/2019 |Chap. 9 Fluid mechanics #19 11/04/2019
|28 |Mon, 11/04/2019 |Chap. 9 'Sound waves
\Wed, 11/06/2019 [No class NAWH out of town
129 |Fri, 11/08/2019 |Chap. 9 'Sound waves; Project Topic due #20 11/11/2019)
30|Mon, 11/11/2019 |Chap. 9 Non-linear waves and shocks #21 11/15/2019
31|Wed, 11/13/2019 |Chap. 10 'Surface waves in water #22 11/18/2019
32|Fri, 11/15/2019 |Chap. 10 'Surface waves -- non linear effects
» 33|Mon, 11/18/2019 |Chap. 11 Heat conduction #23 11/22/2019
34 |Wed, 11/20/2019
35||Fri, 11/22/2019
36 Mon, 11/25/2019
Wed, 11/27/2019 Thanksgiving holiday
Fri, 11/29/2019 'Thanksgiving holiday
Mon, 12/2/2019 Presentations |
Wed, 12/4/2019 Presentations Il
Fri, 12/6/2019 Presentations 1l
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Conduction of heat
Jn
Enthalpy of a system at constant pressure p
non uniform temperature 7'(r,t)
mass density p and heat capacity c,
H= ‘[pcp (T(r,t)—To)d3r+H0(T0,p)
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Note that in this treatment we are considering a system at
constant pressure p

Notation: Heat added to system --dQ =TdS
External work done on system - dW =—pdV
Internal energy -~ dE=dQ+dW =TdS — pdV
Entropy --dS
Enthalpy -~ dH =d(E + pV)=TdS +Vdp

Heat capacity at constant pressure:

d\ OH oS
CP E(g] - [7j - T(ij
dT » oT » or »
C,= j pc,d ’r
More generally, note that ¢, can depend on T; we are
assuming that dependence to be trivial.
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Conduction of heat -- continued
H= J‘pcp(T(r,t)—TI))d%’ +H,(T,,p)
v

Time rate of change of enthapy:

dH 8T(r,l‘) 3 . 23
a JV.pcp o T _L['Jh e l‘pqd '
heat flux heat source
c M =-V-j, + pg
pc, o = by T P4

Conduction of heat -- continued

oT (r.1)

c, —
ot

Empirically:  j, =—k,VT(r,z)

==V-j,+ P4

= M: KVT (r,t)+ q
ot G

K= L7 thermal diffusivity
pe,
https://www.engineersedge.com/heat transfer/thermal diffusivity table 13953.htm
Typical values (m?/s)
Air 2x10%
Water  1x10-7
Copper 1x10+
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Boundary value problems for heat conduction

To
Cc
b
— X
a .

5T(l‘,t) —I(VZT(I',[) _4a

ot c,

T

Without source term: 0 (g:’l) —kV°T(r,t)=0

11/18/2019

Example with boundary values:T (0, y,z,t) =T (a,y,2,t) =T,

Boundary value problems for heat conduction
oT (r,1)

a2 _ To
P T(r,1)=0 4

l—
T(O V,z, t) T(a V2, t) T, b
6T(x,0,z,t) 6T(x b,z, t X
5y Assuming thermally
6T(x y 0 l‘) aT x y Cl insulated boundaries
oz
Separation of varables (x V,2,t)=T, + Y (y)Z(z)e ™
L dX oy AV ey 7
dx? dy dz?

371+K(az+ﬁz+y2):0
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Boundary value problems for heat conduction

T(xp.20) =T, + X ()Y (y)Z(z)e

X(O):X(a):O :X x)—sm( X

@:dz(c)zo _CDS( j
dz dz




Boundary value problems for heat conduction

Full solution:

T(x,y,2,t)=T,+.C,, sin( mﬂx]cos(%j cos(ﬂj e
C

nmp a
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Full solution:

T(x,y,z,t)=T,+>.C,,, sin

nmp
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Oscillatory thermal behavior

T(z=0,0)=R(T,e™)

z=0 z
2
or_ oT Let f(z)=Ae™
ot 6z* .
i azz_ﬂzem‘m w

Assume: T(z,1) = R(f(2)e ™) p P

d’f N | @
—i = =+(1-i). [—
= e
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Oscillatory thermal behavior -- continued

T(z=0,0)=R(T,e™)
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z=0 z
T(z,t) _ iR(Aei(l—i)z/&e—iwt)

where o= ,Z—K
w

Physical solution:  T'(z,t) = Toe *'* cos [% - a)t)
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T(z,t)=Te " cos(g - a)tj

1=-0.
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Initial value problem in an infinite domain; Fourier transform
M—WT&,:): 0
ot
7(r,0)=f(r)

Let: T(q,t)= J-djre"“"T(r,t)
Fa)= [ e )
=7(q.0)=7(a)

BZN"(q,t)

:Tz—trqu(q,t)
~ ~~ _ 2
T(q.7)=T(q,0)e "
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Initial value problem in an infinite domain; Fourier transform

T(q.1)= J.dzre’""rT(r,t) =T(r,t)= ;J‘fqe"q"f(q,t)

(@2x)
T(q,t)=T(q,0)™"
= b [ ok
T(a.0)=7(a)=[d’re " £(r)

7(r,t)= J-dzr‘ G(r—r,0)r(r',0)

I
(@z)
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with G(r—r',7)=

J'dlqexqv(r—r')e—mfz
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Initial value problem in an infinite domain; Fourier transform

7(r,t)= J.a”r'G(r —r', )7 (r',0)

with G(l‘—r’,t)E (271[)3 jd3qeiq'(r—r')e—/rq2t
1 —le-r
G(l‘—r',t): (4727(_[)3/2 o)
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Heat equation in half-space

D) r(e )0
ot
T(r, t) = T(z,t) with initial and boundary values :
T(z,t)=0 forz<0
T(z,0)=0 forz>0

T(0,0)=T1, fort=0

z
Solution : T =T erfc
’ [2\/2 j

where erfe(x)=—= I e du

18
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Heat equation in half-space -- continued
2
6T(z,t)_K5 T(z,t):()
ot 07 B
Solution : T =T, erfc
’ L\/E ]
2 e
where erfc(x)=—=|e™ du
(x) J;I .
derfc(x) d 2 % _» 2 e
Note that ——~=—-—"|e"du=——=e"
ote tha T o \/;'[e u \/;e
z 2 (=2 /(4x0)) z
erfc| —— |=—e —_—
ot [%/E j N 4xt®
62 z 2 ,(.z a ,)) z
—erfc =——e ¢
el ol
19
z
T =T, erfc| ——
0 (2\//(1‘]
1
0.8
e \ =50
P N — ~1 ]
0.4 =3
0.2 j@u)—,
0
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b'e
20
Temperature profile
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