PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 34

Viscous fluids — Chap.12in F & W
1. Viscous stress tensor
2. Navier-Stokes equation

3. Example for incompressible fluid
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|21Fri, 10/18/2019 |Chap. 7 Contour integrals; Exam due [#15 10/23/2019
22 |Mon, 10/21/2019 |Chap. 7 More about contour integrals
123 |Wed, 10/23/2019 |Chap. 5 Rigid body motion #16 10/25/2019
24 Fri, 10/25/2019 [Chap. 5 Rigid body motion #7 10/28/2019
25 |Mon, 10/28/2019 [Chap. 8 Elastic two-dimensional membranes [#18 11/01/2019
126 \Wed, 10/30/2019 [Chap. 9 Mechanics of 3 dimensional fluids
|27 |Fri, 11/01/2019 |Chap. 9 Fluid mechanics #19 11/04/2019
28 Mon, 11/04/2019 Chap. 9 'Sound waves
| |Wed, 11/06/2019 |No class NAWH out of town
29 |Fri, 11/08/2019 |Chap. 9 Sound waves; Project Topic due #20 11/11/2019
30 Mon, 11/11/2019 |Chap. 9 Non-linear waves and shocks #21 11/15/2019
31 Wed, 11/13/2019 [Chap. 10 Surface waves in water #22 11/18/2019
132|Fri, 11/15/2019 |Chap. 10 Surface waves -- non linear effects
33 Mon, 11/18/2019 |Chap. 11 Heat conduction [#23 11/22/2019
‘ |34 |Wed, 11/20/2019 |Chap. 12 Effects of viscosity on fluid dynamics

35 Fri, 11/22/2019
36 Mon, 11/25/2019

\Wed, 11/27/2019 'Thanksgiving holiday

Fri, 11/29/2019 Thanksgiving holiday

Mon, 12/2/2019 Presentations |
| |Wed, 12/4/2019 Presentations Il
\ Fri, 12/6/2019 Presentations Il
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Events

Colloquium: “From Enzyme-Catalyzed
Living Polymerization Reactions to
Microfluidic Shear Wave Resonator
Sensors” - Wednesday Nov. 13, 2019 at 3
Pm

Professor Stefan Zauscher Department of
Mechanical Engineering
Duke University Ges ams, Jr Lecture
Hal, (Ol 101) Wednesday, Nov. 13, 2019, at
200PH ™

d Materials Science

Colloquium: “Understanding and Talloring
Molecular Co-adsorption in Nanoporous
Materials” - Wednesday, Nov. 20, 2019 at 3
2

Kui Tan, PhD Research Scientist The
University of Texas at Dailas Department of
Materials Science and Engineering George P
Wiiams, Jr Lecture Hall (Oin 101)
Wednesday, Nov. 20, 2019, at
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Equations for motion of non-viscous fluid

Newton-Euler equation of motion:

ov
pa + p(V : V)V = pfapplwt[ -Vp
Continuity equation:

op op j
o + (pV) = v( " + (pv)

Add two equations:

p%+6fpv+p(vlv)v+vv~(pv):pf

o applied Vp
o(pv) i—alp )
ot = oy
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Equations for motion of non-viscous fluid -- continued

Newton-Euler equation in terms of momentum:

a(pv) &o(pvy)
= f *V
5t +./§ 6)6}/. p applied P
F
a(;v) £y (pv,v) Sp =l

= ox;
Fluid momentum:  pv

Stress tensor: T, = pvyv; + po,

i" component of Newton-Euler equation:

6(,0\/,) S 57;/ —
ot +,Z::‘6xj =pl,

Now consider the effects of viscosity

In terms of stress tensor:
__ rpideal viscous
T, =13+,

ideal ideal
™ =pvy, + pé:j =T;

Newton's "law" of viscosity
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Effects of viscosity
Argue that viscosity is due to shear forces in a fluid of the form:

[
4 o
Formulate viscosity stress tensor with traceless and diagonal terms:
. ov, ov, 2
T =—n| =2 +—L-26,(V-v)|-¢5,(V v
e 20 225, (v) |- o)
viscosity bulk viscosity

Total stress tensor: 7T, = Tk‘]deal N

deal
;™ = pvv, + poy

v, oy 2
T :_77[67);;+07)C‘1_§5k1(v'v)]_ggkl(v‘v)
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Effects of viscosity -- continued
Incorporating generalized stress tensor into Newton-Euler equations

1), 5
z:‘:6(;7\»\» )

J

-l

L»J\»—-

23: R% ;
= 0x,0x 7
Continuity condition

aIZ()

j=1
Vector form (Navier-Stokes equation)

a—v+(v V)v f— le+77Vv+ (§+ 77) (V»v)
gontlnulty condition
op

iy, =0
5 V(o)

1112012019 PHY 711 Fall 2019 — Lecture 34

Newton-Euler equations for viscous fluids
Navier-Stokes equation
ov 1 ne, ( ]
—+(v-V)v=f——Vp+—=-Vv+—| J+—
V=t IV V(Y )

Continuity condition

op

—+V-(pv)=0

o TV ev)
Typical viscosities at 20° C and 1 atm:

[ Fuid | npmis) | _n(Pas) |

Water 1.00x 106 1x103

Air 14.9 x 10° 0.018 x 103

Ethyl alcohol 1.52x 106 1.2x 103

Glycerine 1183 x 10® 1490 x 103
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Example — steady flow of an incompressible fluid in a long

pipe with a circular cross section of radius R
Navier-Stokes equation

‘Z—:+(v~v)v:ffivwgvzwi(g%njv(v-v)

Continuity condition

2—7+V~(pv):0 Note that Vx(Vxv)=V(V-v)-V’v
Incompressible fluid = V-v=0
Steady flow = > 0
Ot
Irrotational flow = Vxv=0

No applied force = =0
Neglect non-linear terms = V(vz) =0
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Navier-Stokes equation becomes:

0=—Lvp+Lyry

P P
Assume that v(r,)=v,(r)z L
Pp

> =nV*_(r) (independent of z)
z

A
Suppose that P__» ) .
oz L (uniform pressure gradient)
=SV, (r)=- A
nL
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L

Apr’
v,(r)==———+C/In(r)+C
.(r) gz 6 (1) +C,

ApR®

=C =0 vZ(R):O:—4p +C,
vz(r):—Ap (Rz—rz)

4nL

Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Vv, (r) = 4
nL

Ld )

rdr dr nL
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

v,(r)= Ap (R2 - r2)
4nL
Mass flow rate through the pipe:

dM

_ R _ AppnR’
% Zﬁpfo rdrv,(r) =————

8nL

Poiseuille formula;
=>Method for measuring n
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Example — steady flow of an incompressible fluid in a long
tube with a circular cross section of outer radius R and inner
radius xR

V(=2

nL
14 a0 &
rdr dr nL

v.(r)=— Apr’ | C/In(r)+C,

L
4nL
2
v (R)=0=-2PR _ cimry+c,
4nL
2p2
v (kR =0=-PR | Ry + €,
4nL
14
Example — steady flow of an incompressible fluid in a long
tube with a circular cross section of outer radius R and inner
radius kR -- continued
Solving for C, and C, :
2 2 2
o)) TI0 A P R
4nL R Inx R
L

Mass flow rate through the pipe:

M R
7 =27p LR rdrv,(r) =
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5 2
ApprR* 1_K4+(1"“ )
8nL Inx

15
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More discussion of viscous effects in incompressible fluids

Stokes' analysis of viscous drag on a sphere of radius R
moving at speed u in medium with viscosity 7 :
Fpy = _77(67ZRM)

Plan:

1. Consider the
equations

2. Consider the solution to the linearized equations
for the case of steady-state flow of a sphere of
radius R

3. Infer the drag force needed to maintain the
steady-state flow
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Newton-Euler equation for incompressible fluid,

ov N
5+(V~V)v:fwm -4 +LViv

v Kinematic viscosity

Typical kinematic viscosities at 20° C and 1 atm:

| Fluid | v(mis) |
Water 1.00 x 106
Air 14.9 x 10°
Ethyl alcohol 1.52x 10%
Glycerine 1183 x 10°
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modified by viscous contribution (Navier-Stokes equation):

17

Stokes' analysis of viscous drag on a sphere of radius R
moving at speed u in medi ith vi ity 77:

F,, =-1(67Ru)

Effects of drag force on motion of

particle of mass m with constant force F :
F—67rR7]u=m% withu(0)=0
_6aRn
—ut)=— 1=
6Rn
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Effects of drag force on motion of
particle of mass m with constant force F':

F—67rR77u=m% withu(0)=0
_bzRn

Su(y=—t |1

67Rn
v
19

Effects of drag force on motion of particle of mass m
with an initial velocity with #(0) =U, and no external force
—67Rnu = md—u
dt

_6zRn
=u)=Ue "

t

0 ! B 3 3 s

t
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Recall: PHY 711 -- Assignment #19  Nov. 1, 2019

Determine the form of the velocity potential for an
incompressible fluid representing uniform velocity in the z
direction at large distances from a spherical obstruction
of radius a. Find the form of the velocity potential and the
velocity field for all r > a. Assume that for r = a, the
velocity in the radial direction is 0 but the velocity in the
azimuthal direction is not necessarily 0.

VD=0

0)= + @ o E
(0] = — - b
(r, ) Vo[r 2FZJCOS :
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Newton-Euler equation for incompressible fluid,
modified by viscous contribution (Navier-Stokes equation):

v
&, (V-V)V =1, g — Lt Ly

ot PP
Continuity equation: V-v=0
Assume steady state: = s 0
t

Assume non-linear effects small
Initially setf, ., = 0;

= Vp=npViv
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Vp=nV’v
Take curl of both sides of equation:
Vx(Vp)=0=nV*(VxV)

Assume (with a little insight from Landau):
V=V><(fo(r)u)+u

where  f(r)———0

Note that:

Vx(VxA)=V(V-A)-V’A

23

Digression
Some comment on assumption: v =V x (V x f(r)u) +u
Vx(VxA)=V(V-A)-V’A
Here A= f(r)u
VXV:VX(VX(VXA)):—VX(VZA)

Alsonote: Vp=nV’v
= VxVp=VxpViv or VZ(va)zo

24




u=uz

Vxv=0
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V:Vx(fo(r)u)+u

Vx(Vx f(r))=V(V- f(r)) -V f ()2

:>V2(V><v)=0

VA VX f()2)=0 = V*(Vf(r)x2)=0 =

f(r):Clrz+C2r-!—C3+g
B

v, ZMCOSH( —%ﬁj =ucos€(1—4C1 _2G +£)
r

rdr

) .
v, =—usin@ l—ﬂ—ldl :—usin9[1—4Cl—&—gj
d di r

VF(r)=0

3

r

3
r

25
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Some details:

V@) =0

V:u(Vx(V

1112012019

dr rdr

:Edz +3d] F(r)=0

f(r)=C1r2+C2r+C3+g
,

xf(r)i)+i)

:u(V(V~(f(r)2))—V2f(r)i+i)

Note that: 2 = cos OF —sin 60

e ”(VK%COSGJ ~(V2 (/) ~1)(cosBF —sin eé)]
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rdr r

v, :“0059(172ﬁ):ucosﬁ[174q 7&+2—€“]
r

2
v, =—usiné 1—%—1% =—usin9(1—4Cl—g—%‘j
dr-  rdr roor
To satisfy v(r > o) =u: =C =0
To satisfy v(R) =0 solve for C,,C,
3
v, =ucosd 17£+R—3
2r 2r
3
v, =—usiné 17$7R—3
4r  4r
27




3
v, =uc059[13R+R]

2r 217

4r 45

Determining pressure :

3
vy =usin0(l3RR]

Vp=nViv= nV(u cos 9( R

&
= p=p,—nucosl| —
2r
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= p, — U CoS 9(3—RJ
p pO ’7 2]"2

Corresponds to:
F,cos60=(p(R)— p,)47R’
=F, =—nu(67R)

10



