PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 4:
Reading: Chapter 1 F&W

1. Summary of previous discussion of
scattering theory; transformation between
lab and center of mass frames

2. Scattering theory in the center of mass
frame; Calculation of the scattering cross
section

3. Cross section for Rutherford scattering
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Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

Date F&W Reading| Topic |IAssignment Due

1|Mon, 8/26/2019||Chap. 1 Introduction #1 8/30/2019

2|Wed, 8/28/2019 |Chap. 1 Scattering theory #2 9/02/2019

3 |Fri, 8/30/2019 |Chap. 1 Scattering theory #3 9/04/2019
|:> 4 Mon, 9/02/2019||Chap. 1 Scattering theory #4 9/06/2019

5 |Wed, 9/04/2019|Chap. 1 Scattering theory

6 |Fri, 9/06/2019 |Chap. 2 Non-inertial coordinate systems

7Mon, 9/9/2019 |Chap. 3 Calculus of Variation

8 |Wed, 9/11/2019 |Chap. 3 Calculus of Variation
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PHY 711 -- Assignment #4

Sept. 2, 2019
Continue reading Chapter 1 in Fetter & Walecka.

1. Work Problem #1.16 at the end of Chapter 1 in Fetter and Walecka.
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Scattering theory:

9 ry @jetector
N
Scattering
<enter
Area = dA =
Large sphere of radins &
Figure £5 The scattering problem and relation of cross section to impact parameter.
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Differential cross section

do ) _ Number of detected particles at & per target particle
dQ Number of incident particles per unit area
= Area of incident beam that is scattered into detector

atangle &

do = dghdb
) "7 da=dapsineds

= 7 (daj dobdb b |db
HEA () N R PRy s
‘(6 Scauering dQ) dpsinddf sind|do

center

dA=27bdb

Figure from Marion & Thorton, Classical Dynamics
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Note: Notion of cross section is common to many areas of
physics including classical mechanics, quantum
mechanics, optics, etc. Only in the classical
mechanics can we calculate it using geometric
considerations

@JFJ @ debdb

Scattering
center

dA=2xbdb

Figure from Marion & Thorton, Classical Dynamics

do)\__debdb _ b |db Note: We are assuming
dQ) dpsinfdé sind|do that the process is
isotropic in ¢
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Transformation between center-of-mass and laboratory
reference frames: (assuming that energy is conserved)

C

Lab (6) vs CM (v) . .
v, = V,+V,, 1 g
tanw—%

cos@+m, / m,

cos@+m, / m,

cosy = -

\/1+2m1/m2cos€+(ml/m2)

Differential cross sections in different reference frames —

(dam (v/)j _ [dam (0))dcoso)|

dQ, dQy, )‘d cos V/‘

do, (W) _ do, () (1+2ml/m2C050+(m1/m2)2T/2
s, ,, dQ.,, (m, /m, eos @ +1
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Differential cross sections in different reference frames —

[dGLAB(‘//)j _ [docu (Q)J (1+2m,/m, cos 0+ (m,/m, )

s, dQ., (m, /m,)cos@+1

sin &

where: tany =————
cos @+m, /m,

Example: suppose m; =m,

sin @ 4
Sy ==

In this case: tany =
cos @ +1 2

note that 0<y S%

[dcmg(v/)j _ (d"w (2W)j-4cos v

dQ, ., dQ,,
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Focusing on the center of mass frame of reference:
Typical two-particle interactions —
Central potential: ¥ (r,—r,)= V(|rl - r2|) =V(r)
o r<D
Hard sphere: V(r)= X
0 r>D
o K
Coulomb or gravitational: V(r) =— €
r
A B
Lennard-Jones: V(r)="-—
r r
11

Total energy of system:

E==

C

For scattering analysis only need \’ ary \
to know trajectory before and after
the collision.
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Total energy of system:
2]

1 P
E=—(m+my)V;,, +—pur"+ +V(r
2( 1 z) o Ty H 2,ur2 ( )
E= ECM + Erel
Focus of analysis
E, =L@ : 4
i = HE + = +V(r)
— 1 -2 Vf,
oM (1)
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For a continuous potential interaction in center of mass
reference frame: 2

1
E, , ==+ +V(r
) rel 2 2/,!7’2 ( )
8 S+V(r)
7 2
6 / Need to relate these parameters to
5 differential cross section e
Vg [ X(F =
3 dQCM
2 7 Erel
1 1\
o 2ur”
1 2 3 4
r
Tmin }'}11}'}12
H=—— (=angular momentum
s m +m,
14
E :1yr'z+ : +V(r)
rel 2 2#}"2

Trajectory of relative vector in center of mass frame

r(4)

=>Need to find an equation for r(¢)

@ r(¢)
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Questions:

1. How can we find r(¢p)?

2. Ifwe find 7(¢), how can we relate ¢ to 6?
3. How can we find b(6)?

do)_ b db
dQ sind

do

9/1/2019

16
. do ,dp
{=rx(ur)=rur——= ur - —
() =rar 5= 12
also: ( =bur(t =—w)
1.
Ey =5 (it ===))
= (=b\2uE
(1) =r(1)p(t)
S
®
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Conservation of energy in the center of mass frame:

2 2
bues-Lf %)+
2ur

27\ dt
Transformation of trajectory variables:
r(0) < ()

dr_drdp_dr 1
dt de dt do ur

. d
Here, constant angular momentum is: £ = ur” (fj
| (dar ) P~
=>E=—u —r—z + >+ V(r)
2" \do ur 2ur
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Solving for (¢ ) < ¢(7):
2 2

From: E= 1 Y7, iiz + ‘
do ur 2ur

S +V(r)

2
drY (2t £ ~V(r)
dp) | 2ur’

0/

(2
\/2;1(15 . V(r)]

do=dr
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2
dp = dr Z/r2
l
2u| E - -V
\/ ﬂ[ 2ur’ (r)]
v, —> T -

Special values at large separation (» — o)
= ,u‘rx V‘Hm =uv, b

1
E==m’
2/“@

= (=\2uEb
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When the dust clears:
2
do=dr 1/ r2
/
2ul E—- -V
\/ #[ 2pr? (r)j
2
do=dr b
b V()
-5 ——
r E
m)ﬁ Pinax (ba E) = (0&'; ‘_:C‘)OV)P_‘“({J“(V =T in )

21



. 2

fao = Jar| —-

0 Tain b7_ V(r)

r’ E
where :
2
1 b2 _ V (tin) -0
rmin

9/02/2019
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Relationship between ¢,,,, and 6:
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w© 2
P Sy P B T
2 2, { b V()
‘min 17727
r E
O=-m+2b | dr Ur
i b V(r)
min 17727
r E
Vhpin 1
O=-7+2b j du| ——
0 1—b2u2—V(1/u)
E

24
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Example: Diagram of Rutherford scattering experiment
http://hyperphysics.phy-astr.gsu.edu/hbase/rutsca.html

Flash of

Microscope
Fluorescent

,,,, 0 screen
Scattering
angle
7 Polonium Gold
sample foil
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Scattering angle equation: where:
2
Urign 1 l_b__%:()
n9=77r+2b_[ du| —— 2 E
0

lszusz(l/u) min
E

Rutherford scattering example:

2
Y _x l_bT_E -0
E r r, 7 min

1 1 K Y
— =+, = +1
Tum b 2D 2b

1 Fgin
0=—7+2b j du[%j “osin | — L
0 VI-b*’ — ku (2b/x) +1

9/02/2019 PHY 711 Fall 2019 - Lecture 4 26

26
Rutherford scattering continued :
6 =2sin"" S S
(26/x) +1
2b _ cos(0/2)
K sin(6’/ 2)
()Ll =
dQ) sing|do| 16 sin*(9/2)
27



(22)- Lol =1
dQ) sinf|d6| 16 sin*(6/2)

What happens as
6 >07?

Geiger and Marsden's
data points

Theoretical scattering
of one point charge
off another

Scattered alpha parficles
o

0 200 40° 60° S0P 1007 120° 14
Scatiering ungle

From webpage: http://hyperphysics.phy-astr.gsu.edu/hbase/nuclear/rutsca2.html#c3
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Original experiment performed with o particles on gold

x_ 2,26 Z,2,¢
4 872.60/“‘}30 1 67[€0Erel
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Recap of equations for scattering cross section in
the center of mass frame of reference

(). 2
dQ ) sin6|do

© 2
0=-z+2b [ dr e
Thin I AG)
I-=-
r E
where 7, is found from
2
17’?77 Vit g
Fnin E

30
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