PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 6:

Start reading Chapter 3.17 —

1. Introduction to the calculus of
variations

2. Example problems
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Course schedule
(Preliminary schedule -- subject to frequent adjustment.)

Date F&W Reading [Topic A Due
1|Mon, 8/26/2019 |Chap. 1 Introduction #1 8/30/2019
2|Wed, 8/28/2019 [Chap. 1 Scattering theory #2 9/02/2019
3 |Fri, 8/30/2019 [Chap. 1 Scattering theory #3 9/04/2019
4|Mon, 9/02/2019 (Chap. 1 Scattering theory #4 9/06/2019
5|Wed, 9/04/2019 |Chap. 2 Non-inertial coordinate systems #5 9/09/2019

*E Fri, 9/06/2019 |Chap. 3 Calculus of Variation #6 9/11/2019
‘7 Mon, 9/9/2019 [Chap. 3 Calculus of Variation
\8 Wed, 9/11/2019 [Chap. 3 Calculus of Variation
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tool known as “the calculus of variation”.

Minimization of a simple function

In Chapter 3, the notion of Lagrangian dynamics is developed;
reformulating Newton’s laws in terms of minimization of related
functions. In preparation, we need to develop a mathematical
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Minimization of a simple function
Given a function V' (x), find the value(s) of x

for which ¥ (x) is minimized (or maximized).

.. dv
Necessary condition : o =0
X

4
Functional minimization
Consider a family of functions y(x), with fixed end points
¥(x;)=y, and y(x,)=y, and a function L[{y(x),j—y},x].
; ; e
Find the function y(x) which extremizes L[{ y(x),%},xj.
Necessary condition: 5L =0
1
Example : y 0.6
11
- [f@F+@) oJle=——r7T__
(0.0) 0 0.2 04 06 0.8 1
X
5
1
Example: y L

.h

L= I ,/(dx)z-f—(dy)z 0
(0,0) 0 0.2 0.4 0.6 0.8 1

1 2
/ dy
= ,[ I+ (;) dx Sample functions :
0

() =Vx L=[ 1+

dx=1.4789

1
4x

1
Py(x)=x L :I\/1+1dx:\/§:1.4142
0

1
3, (x) = x* L =I«/1+4x2dx=1.4789
0
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Calculus of variation example for a pure integral functions

Find the function y(x) which extremizes L[{ y(x),?}, xJ
x

where L[{y(x),%},x] = If[{y(x),%}, x}ix.

Necessary condition: oL =0

Atany x, let y(x) = y(x)+&(x)
dy(x) N dy(x) +5dy(x)
dx dx dx

Formally :

v (5) ) A2
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After some derivations, we find

(|~ T ) fa)]L,
e I [ayldray{[ aldy/ dX)ly 5( dxﬂ i
(o d or
= I [ayldy _ﬁ{[a(a’y/dx)j“} Gydx =0 forallx, <x<x,

- (4 _dif_9 =0 forally,<x<x,
ay) o dx|\oldy/dx)) :
i :

“Some” derivations --
Consider term

(s ()b

Ppe—

—_
=

y(x) is a well-defined function, then & (ﬂj = ié‘ y
dx) dx

() A ). 2

e

-Mallw) o Sl o
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“Some” derivations (continued)--

[ lrts) o] )
) #]

Il
=
|
IoRE—

Euler-Lagrange equation:

= 4 _ 4 i =0 forally,<x<x,
) o dx|\ 0(dy/dx) § ’
s X,
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Example: End points--»(0)=0;y(1) =1

a9 & o @1 (@)
L= ”[dxjd jf[{y( )’dx}’ ]_ ”[dxj
Lo/ A | /A I N
oy L dx 6(dy/dx) ey -

-_4d % =0
dx| 1+ (dy!dx)

Solution:
dy | dx _ |-k ﬂ:K'E K :
1+ (dy/ dx)’ dx 1-K
= y(x)=K'x+C y(x)=x

11

Example : Lamp shade shape y(x)

A=2ﬂ'£x l+[%]hdx 2f({y(x),%},xj

%J @ _i{[a(dijjdx)lj - yT

I
=
+
N\
&
%

X =
dx

LA xdviax ||
dx | \[1+(dy!dx)

12




_d xdy / dx
dx| 1+ (dy/ dx)
xdy / dx

J1+(dv/ dx)’

dy 1

dx X 2
Sl
[Klj

X x2
=>y(x)=K,-K,In| —+ | — -1
»(x) 2 1 [Kl K12

=0

=K,
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General form of solution --

X )Cz
x)=K,- K, In| =—+ f——l
y() 2 1 [Kl K12 ]

Suppose K, =1 and K, = 2443

g yx)=n| 233 3
0.8 / x+x* -1
0.6

0.4

0.2
0

05 1 15 2
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2 2
A =27r_[x 1+(Z—yj dx =15.02014144
| X

(according to Maple)

9/6/2019 PHY 711 Fall 2019 - Lecture 6 15

15




Another example:
(Courtesy of F. B. Hildebrand, Methods of Applied Mathematics)

Consider all curves y(x) with y(O) =0and y(l) =1
that minimize the integral :

1

2
1=J. Ll —ay® |dx for constanta >0
dx

0

Euler - Lagrange equation :
2

d’y

o +ay=0
= () = sin!\/gx’
sin(va
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Review : for f[{y(x),d—y},x}
dx
. o dy
a necessary condition to extremize J 1] y(x),a X |dx:

o) _4d o _ )
(ayl W Ka(dy/dx)l } =0 <:I Euler-Lagrange equation
Tdx >

Note that for f] [{y(x),d—y},x],
dx
L(@]@{ o ]1@{@)

dx \oy)dx \oldy/dx))dxdx \ox
d of dy of ddy (of
=| — 7+ 77_*_ -
dx\o(dy/dx)))dx \ oldy/dx))dx dx \ox
- df,. o dy :[gj Alternate Euler-Lagrange
dx ady/dx)dx) \ox equation
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Brachistochrone problem: (solved by Newton in 1696)
http:/mathworld.wolfram.com/BrachistochroneProblem.html

0 A particle of weight
mgq travels
-0.5] frictionlessly down a
1 path of shape y(x).
y What is the shape of
L5 the path y(x) that
minimizes the travel
55 ‘ | _| time from
0 1 2 3  y(0)=0to y(n)=-27
b

18
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Note that for the original form of

Euler-Lagrange equation:

i, g ), (2] all )],
dx o(dy / dx) dx oy 8 dx|\0(dy/dx)) ’

differential equation is more complicated:

2
71 =0 1+ dy) 12
1 dc) _d dx

El
|
<
—
—_
+
~—
F[e
%
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|
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&
gl_
<
[
i
—
=
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~—

19
£t (2
de\" ody/dx)dx) \ox
:i % =0 -y 1+(ﬂ]2 =K=2a
dx dy 2 dx
— | 1+(dx)
20

2
—y(l-%—(j—yj J:KEZa Let y=-2asin’2=a(cosd-1)
x
dy  2asinfcos4dd

- = d.
dy __|2a 1 2a 2a '
= -1 1

x y —

2asin’ ¢

dy _d 0

" 24 1_ o x:ja(l—cosﬁ')dﬂ':a(ﬁ—sinﬁ)
- = 0
-y

Parametric equations for Brachistochrone:
x=a(@-sin )
y=a(cos@-1)
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Parametric plot --
plot([theta-sin(theta), cos(theta)-1, theta = 0 .. Pi])
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